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.\[Js; n c t . T he m ain resu lts in the theo ry of the int erp re ta tio n 'Jf gco po te n tiaJ fi clds arc genera lized to
 

: i:e case o f arbi trary variab le c lcc tr om agnc tic fie lds by mea n s c f ela bor at ing elect rodynamic analogues
 
:' J !' .Ii c in tegral of the Ca uc hy type.
 

, :ICgc nc ralizc d Kertz method for se para ting a variable el ec tro magne tic field into par ts rela te d to
 

' :; , ' ' O Llf CCS lo ca ted in d iffe rc n t reg ions of space is ela bo ra ted o n the basis o f thi s tech niq ue . T he
 
?.'r, .' raiizcd Kertz me th od allows the selection o r e xte rn al ant] internal. norm al a nd anoma lo us parts o f
 

~ ; :" : ~: '': t )ln~u; n c t i c fie ld . ~IS \V t~ll ls t !l ~ sepa ra tio n ')( ~~ o mJgn..:'t i c :l lJ 0!n ~.Ili l,.'s in to ~h ~ <urt'acc and dee p
 
_· 'J' ~ l p,) n ~ n t, ca us ed b y co nductiv ity in ho m o ge uc rties in the Earth's crust and u p pe r mantle .
 

Tile theo ry o f anuly tical co n tin ua tio n o f varia ble elcc tro magne tic fields in a co nd uc ting med ium 
is also deve lope d in the p rese nt work using the tec h niq ue o f ana log ues fo r the integral of the Cauch y g 
t :" ~1t' . It is sh ow n that analy tical co n tin ua tio n o f a field down wa rds permi ts th e de ter minatio n of the ! 
il'2 at io n and form or deep gcoc lcc tric in ho m oge ne ities acco rd ing to th e co n figu rat ion o f the isc linc s 
y. ' Iu :; (u nct io ns fo r magn e tic a nd e lectr ic fie lds. ! 

h 

~ 
f: 
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1. Introduction 

Elaboration of effec tive met hods for the Interpretation of elec tromagne tic anomalies 
r>::lUSCU by inh omogeneities in the structure of the Earth' s crust 111d upper mantle is the 
f, 

challenge in to day's geoelec tr ic methods. Solut ion to th is interest ing prob lem mee ts a ii
varicty of diffi culties re lated to the necessity to divide beforehand the fields in to the f 
external and in ternal. normal and anomal ous, surface and deep parts . as well as to the I; 

r

::l ~ ' ~;' ; 11 i n ;) l i o n of the parameters or J eep geoelectric inhomogeneities. Variou s approaches 'I 
l 
i '
 

ic the solut ion or these q uestions have been discussed in the fo llowing publ icati ons: lj
 

j:
Rikitake , 1966 ; Schmucker, 1970 ; Ro kityan sky , 1972, and in nume rous othe r pap ers.
 

Howeve r, the re is a long way to go to finish the problem. If the degree of perfec tio n of r

!. 

the met ho ds for solving the inverse pro blem in geoelectric sciences cou ld be compare d 
I:

with that, for example , in gravimet ry and magnetcmc try . then . witho ut any do ubts, the I. 
cornp.uison woul d be in favou r of the latter. At the same rune. [here are a variet y of 

~' roJo ; ,, ; ns in the geoelect ric scienc es wh ich can be successfully so lved using principles 

a ;, ~l1 ogous to tho se well develo ped in gravimetry and magnctornctry . The prob lem con­

(,' ,:; ;IF? separation of anoma lous fields and the de termination of the geometry of the 

J;.:: ~ t~ ,~:; rl) r ri1 i n~ the anor uulics. Tile majo rity of th e; results III the theory of po ten tial 

i. sn·;j ' ;i ~ : l t l(J n J. l :1Il(! ')f :l f. i t." ~ll ~ l grll.? t ic ) fie lds have been ~) h ! ~ l i : 1\~ d us in; the technique I) f 

the inte gr:lj 0 1' the Cauchy type lor complcx-unalyncal iuncuons. I II the n rcse nt revi ew 

C; '..J·)phy sh:..J! S1/i'I· ,:." ....· , ~ II L) ;~n ) 1 15- t 311 UO ~~~) ·.5 -/ ! )3 /H()/ IJlJ L ~ 1 Ul15: :; 03 .]O. 
C'_):·j ." r ,i~ J: { 10 I q ;'HJ iJy /J. R t:idc ! l 'ub iish itu; C~ ), npI1IlY. 
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; .~ "	 these results a re generalized to variable electromagne tic fields by elabora ting certain -. \ ... , 
analogues for the int egral o f th e Cau chy type . 

t···· -
 .
 
•: ". I ~ • 

:' . ' 

2. Electrodynamic Analogues for the Integral of the Cauchy Type 

:.i It is worth remembering, first of all, how the concep t of th e integra l of th e Cau chy type 

.. is introduced in the the or y of the fun ct ion s of a complex variable . For functions of a 

complex varia ble the Cauchy integral for mula is kno wn, according to which fro m the 

. {	 values of the analy tical fun ction flf) at the bo un dary C of a region D it is possible t o 

determine j(z ) everywhere in D : 

, Ii f( z) = _' rh f(nd~	 (1)2rri 'Y ;--; z E D
C ~ - z! 

!	 't 

, ' , , where z denotes any internal point of the region D confined by the contour C. If, on the 
r 

contrary , th e point z lies outside the region D , then accor ding to Cauchy's theorem: 

,i
1 cP f(nd~ = 0 ;.Z ED	 (2)I 2rri C ~ - z 

,!, \ 

..\	 (15 = D + C is the region D with the boundary C). The Cauchy integral ( 1) gives a repren­

tation of the funct ion [(z) , analytical in the region D, through its boundary values .... 
'\ 
. \	 However , this integral will make sense also in the case when an arbitrary co ntour C and I
. ,	 a certain continuous function IPCn: 
; I 

i ~ 

! 
K(z) = _I eft <pen d~ ' (3) ./

2rri C ~ - z ' !
! 
i 

on it are given in the complex plane. 

The in tegral (3) is called the integral of the Cauchy type , and the fu nc t io n <p(n is its 

density . The fun ction K(z) defined by the integral of the Cauchy type has a number of 

remarkable fe atures , the basics of which are the foll owing 

(1) K(z) is analytic at any point z which doe s not lie on th e con to ur C. 
, i (2) If ~n are the boundary values on C of the func t ion .p(z),analytic ever ywh ere in1j
 
. ' D, then K(z) == <pC: ) within D and K(z) == 0 outside D.
 

. , ,	 (3) Lim iting value s of the function K(z) exist wh en z tends to a point on C fromi ! 
.', ~ . w ith in and from outside the region D , however these limiting values are di ffe rent , since a . " 

j um p takes plac e when passing across C; the valu e of the jump is equa l to the density ' . ( 

i:': . ., 

\ .. '"~. 

<pen of the in tegr al of the Cauc hy type (t he well-known for m ulas o f Sokho tsky - Plemelj). ' 

In the theory of two-dim en sional: pot ential fie lds the in tegrals of the Cauchy type" 
;-....	 are o f exce pt io nal im po rta nce . With the help of these, method s of th e sepa rat io n of fields 

(Ke rtz , 1954) and those of ana ly t ical con t inuat ion (S trakhov, 1972 ) are elabo rated,'t : 
-~ ~.. 
>
r:-.. ~ ~ 
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, ~, -•. " ' . .	 .~ ( ' 1_::- · : :/;':f-'a\.rf.f~·~"'~'\.~~~>h~~I'~·~~..'1Y.'~1'i~~'M..·:?~i-il '~l~:-r..!··; l';l,"!;l?"to-".;h':: '·~ :-·· : :::'::·-:'~~;1;;.~":' .{..-:·.r:;~t ·"~ . ' " 
: . _ : ~ .'. . .! . , .... ~'?ll ) .~(fQ"~ " 4. .I;~: ~\~~'J. ~ (~" :- ''\ .;t t'P.,-: ..-~~r.... ~. ·~ ~';f..' .. -, :" ~~:"~' to,. t ~~ ~.~; . , \ ~,); 't"" ".J "'~ I " ' · · ..~· ..,·~. --",.;t'~ J, rJ ~~' · (,.....~ .~': , ' . 

• , r. ... - .I' J- ~' ·l~ ..J .I.~~ ~ l!., ,)..-r ·"' -"1. t.~~1-" ' ~~J" '; .' 1-. --:SJ ' ' \.'~ ' " .~, ...",~~ '\;. ... .'«; ' t: '~, '~ " ,~.,. ':-. ..1';- .-1 ,,' jJ ~ !:" " ..f.' .i>~ • •,. ..., . , • 

•: : ... I ': :, ,~" ;" ".~~~~' !~.~ ":/q~(t; .:~1 1\·" ~:~ :i ; !1: ~~,-;~ ~ :.? '1,.;'... : .~ .~:.;..~ ~!5 ::,'L ~~.:~..:~ 't~" J " ~' ".1' ~ 1'.r·· I :'· ::'.: ~' '" ...... ~~ .~: \ ~ :~j.l .-.~'. ~ . .;." '..' . ' . " ~. • \'~...,;.. ~ ·. (... \ '....[. :. ·,~ ,.,~~ " .....).J..• ~r. , j "'~ I ' t ... ," :" ~V '~ r' ~ . ~~-· :, · ' ·:-. r ~: U';. '~':' t . , ',':" " ·'") I · · . J)I ~ (:' '''- ·J .1 · , · ·· · .. :. ,.:·~~l'_·t , :. .....-. '. ~ 
,	 ...... . . ,r . " .~ .. \ ~ . • • , " to" '"t' ''' ; ~ ...:..;; , ,; .!~'·~ ,·~ " ,.h)";·r.1,,:· ·': "" ·:'.· :I\."l ·,, j if:' ~ ot'.~ ." t'. \ • •• •10, ~. I • • • • ~ ':I "(",," ,", ~~f" " .~ ' . " ' \ 

. ' " :.	 •. . • •: .. 1 1 · · ) ·)~';" ·".;f I · I ' .1~ Lr1,.j t .. ;nIJ; (" " /c "'/ ~~ :~ " " :,1 :. , '· -!"6. 1........··!:1.!_.....· , ...:l ,.. r ·1· 1" . ' h ' . l..••-I -, ,·.· : , ; ~.,.".... ., .....' . J . -1-,· ;....... r ,
 
• •	 ~ I "r '" ., ~ ·/ 1· ·j;> - . "...... "" ;t"':; .' • • \f -; ,., ..., . . . • , . ~ ~ :l; V .·r .,, \.., r' "\ ' 1 ••- _ w .,:\ • •• . ' :t" • • ' ' ;~"" 4 

. ' . . . : , .-" ~.'1.. ;") :' ; "' \'1l .~t=')~ ~ ..I' . ";r l~';':· r:,1 ~! ~ ·-\·a .: . ,"'; ..:. . flo;.,. :.,.•,A.; ~. ~ .. ~ ;.l .. ·..:.· _' •...: '..--) ·l ·.f,. . i' :~': : .." ': r.:..;f."i , : "~ "';". ' . - ~ 1 . ' 

• 

'. . I, : , ..-. J.:. ~,\. : ~J>'.~ ~'{-\1~ · : ,}:"'r. ..~~~ i)~ : " t; \". .. t, i .' \ ..l~·r!, " \ \'\ ~ .i l'L," ; \" : '"'" . "'1 ' : . • • • :~ ' ...:-~.: .,: " : . • ••• ~ ; ': (~~ ~ \..~ : ." " , 

• . • . ,'. . ..... . I': . ·.. \ "t. -;,....:......:..o4"..1.' l·. ::~· Jl . '~T :~ ~.J rl, : . "1...-tl~. \ ~ ... . ·.. -,..,· ... ( t.· '~ · ..·,..;.·I·. ..1 ~ ~ ·~ :· ,.~ : h. f ...p) ·l . .,.., ·. ···,_: . f!..rr·~ ."; ' .:.. . \. ::.~~ 0 " 
,)' I'	 · . . 0 ' .", : ..: , : ' ..: , . ,.- """ 'J\ · . I &,; 'JOi •., . (t ·: ; .;., ··.· \ · ~ · : ,' ,:., ~ , " . !' : ., ~ {\·oO '/ 0';' : . .' .. .
::;',.:; - '". ' " ', : .' ". '" ::. . , ' .-. ,~ ;';;:J,·l'" t ; .r, , ; "·'-':';t~ ., " :'(h ~ ' l '~~~:~ ' '~~ "" ~_7)< :' f; .: ' f.t'~:}, ~~:;~~"o? :' :'" .-';I!" \ ' ;'l: .,..,~., :;- :'1,3::'. "':..•,,';-tt;,;--:J:., ':'..... I .',\ 

; • • . ... . .. . 1 ... ' • 'ii . ... .:} I: ' . ... ··· I~ I ~~ ,: ,:.1 : ' S:-"~; i:~ ~" ~ ~ 1\ ' ~. "'~~ ~ o l~' ·' ~·. ~ \ ·~: ' oO' '..~ . ' '1~ .:; :~· ~ I~ . ~/ , "' ':i.r -/ ~' 1 . '~ :~ . "\ ·i ,,\..~ J. rt;C~ ..:-" ~~ ~~ " ' · . r .b~·l . '., 
'4 '~y <'. : 4..~~ (-<t~;1; ,~I:tc~~~~1 j. :J t~..\1J1 · tl~ ~;:c~, ,~ . to -.; ' . I ..'.;:~e.!"ia~' '~' . .. . ~ .. ~~..~:.~}~t;.~\.~ ~~,.~ . ·f/: ~ ; '0" : _. \ 1 ;/ 

., ' \ '..f . r-: ! .. , • ' • • . . • • '\.' '1. '" .. r J . '~"rJ:~~~.Jlr- . ': l~r..,~..tI..•.&i 'l. ' L-.!"..:.~""' ~~ ..... ~ "' .!.•I J. f 'L-· q ' 'I.'i" J .~ ...oa . _ ...\ ... ~~~I . .. ~ ... -4.....Wt.. , .:.~ tl: . .. ... . . " 



117 C.\ UC IY 1:'I TEG ~ ,'\ L :\ :'-1 A LOGU ES FOR .\ N,\ L YSIS Or: E\[ rJ ELDS 

:Jro bk ills concerning the amb iguity in solving inverse problems (Tsirulsky , 1969) are 

Investigate:.! and the location and form of the field sources (Strakhov, 1970) are de ter­

'nined. 
We sha ll demonstra te tha t a theory similar to some ex tent to the theory of the integral 

_,;' the Cau chy type for complex-analyt icJ] functi ons can also be developed for variable 

T ,):l\Jc!lrolll:J tic quasi-steady e le c u o rnagnet ic fields. 
Let S :,c :J smooth closed surface confi ning the region D in the space . Introd uce the 

::c: [arions 

F' (,q. G. Uj= ;: ~/ I(n. L0,"'" G +[ :n XU] X,"d"GJ) dS" ; 

p S o« ,G, U) = ~~ jJ [n X L-1C dS ll ; 
S 

vhc re 11 is the unit vector of the no rmal external to S. C 

; reens fu nction fo r the Helmh oltz equation: 

sco« .r ll) = K 2 (;(r'l . r;J. ) - 4:ro(rq - rll) ; 

) is the Dirac function) , i.e . 

G(rq , rll) =_ _1 _ . ex p( - K ill - rll I). 
I I I - r lJ. l 

(4) 

=G(r q, rll) is the fundamerual 

(5) 

We call the ele ctrodynami c analogues for the integral o f the Cauchy type the follo wing (. 
xpressions:
 

H (r (! ) =P f// . C, U) + ap s(r q . C. V) :
 

E( rtf ) =1"(/' . G. V) + iwppS(rq , C. U) ;
 

~ 
H 
w 

(6) 
u 
F 
f: 
'I 
~ 

here (, J , 11 . () are certain positive constants subject to the condition: - icni o =/\.2; U, V i; 
re vector fun ction s defined on S called the densi ties of the integrals o f the Cauchy type ,j 

I: 
~ 

1 d relate d t o eac h o ther by : I 
(u,«, div, [II X V; 

u;1l \ i: 
I: 
I'I .. [ X ' -J 
~:( V. It ) -- - - 111'/ . II , U 

a 0 h., 
N 
i ~ 

.:rc div is the symb ol f<H the sur face , I iv' ~r:;,~ n cc),
S 

US t o call these analogues fo r the The pr:l1cip:ji tcnturcs o t' integrals (6) allmvi:l:;
 

l egia! o t the Cauchv type . arc the (o llow ing:
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(l) Everywhe re in the space, excep t o n the surface S , ex pressio ns (6) desc ribe the 

funct ion s sat isfying Maxwell's equa tio ns for a quasi-stea dy mo noc hromatic field ;assum ing 

a time factor exp(- iw t): 

curl H =aE 
(7) 

curl E = iwpJl 

Therefore , th e co ns tan t a and /l in tro duce d earlie r are identified with the elec trical 

conductivity and magne tic pe rmeability for a ho mogeneous conducting medium, and w is 

iden tified with the ci rcular frequency of field osc illations . 
(2) If densit ies (6) are the limiting values on S of the functi ons II and e satisfying over 

the region D confine d by S Maxwell's equations 

curl h = ae , 
(8) 

curl e =icouh • 

then outside S ana logues for the integral of the Cauchy type are equal to zero , and within 

S are eq ual to h and e: 

H(r q ) = {0 ; q eo . E(rq ) ={0 ;q fJ- 15; (9)
h (r q);q ED e(r q) ;q E D ; 

If the fundamen ta l Green's fu nction G is subs ti tuted in expressions (6) by an arbitra ry 

solution g of the Helmholtz equation in D, the n 

FS (r q , g, II ) + apS(rq , g, e) == 0, 
(10) 

F S (rq, g, e) + iw pp S( rq , g, h ) == O. 

whe re 

Ag(rq) = K2 g(rq) ; Of E D, 

(3) Fo r the limi ting values of electro dyna mic ana log ues for the integral of th e Cauchy 

type at th e surface of integrati on S , formulas simila r to th e conven tio nal Sokhot sky-Plemelj 

form ulas in th e theor y of th e integral of the Cauch y type are valid , namely 

lJ+(rO) = Jim JI(r q) =FS(ro,G. U) +apS( rO , G, V)+ ~U(rO) (II) 
q-'<-O L. 

qEJJ 

:t· -. 

, I_ . .. #' • ..t,..• • 

t _ 'f'!:?"Ji . : ';;';,.~~ .. ~3?-),iw." ' ,-: ' ''-1M.~ ·.,i~ ~~~~:~!. .~,:"" ~ ~l ~I1ff-~-:-~:£ ' ~; ~ ;l""'d~ · ' ·13- · . : : ' ': ;:!; ~·-l~"; {:"lt;;-I:~ ~.\i~~;"~ . <it;, ,y", · .F :~':; ~~ .. : · "; "': ;~ , : . \. _ " ~ . ... , ... . . " -W' t" 4; \ ;,:J r. ~,· t, -r/1fT." ~.r!! C...... .Ii- .... . 10,,; . - .... .. • • "r: ,..-....10 r' , r· r~ ..... ~ \ " r. o j'~ . . .... .,., .. • 

. ' . • n' .·. ' ..: :...•.f:.-..:! ..~ ' :.. ,:, ; ..~~r j :. ; r: . "r.:~' '~' : ' -i: ..:1. " :" " ' : " , '., -l,'~< ''' - :<.f .y .•;' , ' - ;.,' .. . : ' j , • .. 

; ~ ,: ;.':>:;;~1~1M~!;7fl;~;W¥:t.t\: ,,~.:~fi~5'~i;::J '?;;;~:>·" ,·<,': :;};~~~l~~ );:::1',,;';';<:;: ' ...:j 
.' '~' ;~' : :~:-'= .:~}~:~:~!}~?~i~!~:':1~~ ,~~f r~~;~~~ i ~; I ~~ ;t~;,~~ ·...~r~' · ·.~; ~:. ~\ :' :t;:,~ , ,~:'::'!-(~·:~·~1~J-:;1P;"n" .~:, · ~:Y:jo',:-~ · ''':. i ;:-', ;; ;:..: :. 
. . .. :I-': '; <-'~.r :lrp;:,\; :.:, ~ ' :!.~9"'i(f..:.\ ',: .i .":~ }:-~ :: ,-.{l" ~: ' ~~ . ;: \: ;.,',:<.!\. :. :< ~ .:- ..: , }, " : '~ ;>1~-\' ;" :~\ ',~ · ·, ' -.: ;...•.-'.:~,t; . ;"-. " !: '.: ..: ' . I 

! ,' ,.. ' -,;.. .......;~4 .".;r: ~Jf~""' : ""' '' '" '. ·.1-, ,,',' ~, 1'" ! .... '"" ,. ', ~ . . ' ., "'," ...,.:. J • •~ ..«. . \ ~ , 'l~ ~ I I '(~ '( " '" ,.. , : ~ ': I .~ ) • .• : . ' ,' <
 

" - ­
-
..:: .~ . 

.; ? ~; ;. : . :~:!~·1{~f;~V·~;i;;?;~Ci ;ifi:!:·~;Y , ;- ::'..::.: :~)l}j ;h1 S~t)< ; ;!" ' :. -; ; 

I 



;.:...J ~ .~~' ~"" ';" C·~:::J..-'" .. ' . -'Y"~; 
-~ 

.",:,'; ;;:.,::';r.:;" · 1 .:L:::::;;:£~~·t~~'::~' !:.:.l',,~ ) "' :~'· . 

C.\ CCHY INTE GRAL ANALO GI.;E S FOR .-\0L\ L YSIS OF 0 1 FIELDS 119 

lr(r o )	 lim J1(r!{) =FS(ro. C. U)7 opS(ro. G, V) - ~ U(rO ) , 
q - . r] ~ 

qtf:-15 

"\ ' l e ~ ~ rO Ie; ::11 (' "lciiu5-ve clOr o f the point 0 situ ated Oil the surface S . Th e same rela tion ­

..) ;->.>; !lo lu fur the function t '(rct' j . 

From the la rtcr formu las it (ollcws that: 

ir( ,.o) - lr( r o ) = U( rO j , 
(l ~ ) 

[+(/ 1) _ E - (r o) = V(ra), 

C ; nscquently , whe n passing across the surface S analogues fo r the integ ral of th e Cauchy 

<, ;' e unde rgo a ju mp, the value of the jump being propo rt ional to the corresponding 

j ensitics. 

Th e aforement ioned properties of analogues for the integral of the Cauchy ty pe allow 

.I ,> .o solve the pro blems of separati ng a variable electromag netic field int o differen t parts 

l; l d 'If continu ing it into arbitrary regions of a co nd uct ing me diurn. i.e , the funda men tal 

) roblem s in the theorv of in terpret at ion of geomagnet ic fields, 

3 . Separa tion of Variab le Elect rom agnetic Field into the External and 

Intend Parts (The Generalized Kertz Method) 

) r:e o f the firs t problems result ing from an analysis of the nat ural variable elect romag­

i e tic fiell! o f the Ear th , is its separatio n into exter nal and interna l part s. The separation 

) f the field in to ex tcr nal and intcrnal par ts, first of all , allows us to de term j ne whe the r the 

ie rcrogcncu y observed in the d ist ributio n o f the variable geomagn et ic t"ield at the sur face 

. : the E:lrlh ( the gco magnc ric ano maly) is related to the inho moge neity of ionospheric 

.i:Tcn ts ex cit ing an cx tcrnai t'icld. o r to the he te rogeneity in the st ruct ure of the Earths 

. .c r.o r. Thu s the Sep :lLlted int erna l part of the geomagnet ic field is the principal o bject 

furt he r investi gatio ns. 

The fundamenta ls 01' the: proce dure of separating the geomagnet ic field into exr ern ui 

n d internal parts was elabo rate d in the classical wo rks of Gauss in app lication to the 

:< :;)y, is U!' :1 field o n :1 sphe re . 

These invest iga tio ns have been develope d late ly in the following works (Vcsti nc . 1 9~ 1: 

: ' rt / , 1',154 ; and ~edy : !ik /) v , ! ()6:, ), where me thods have b,:cn present ed I'or the separa­

11 of the pot cnt iu] tick! x prescribed on an arb itr ary su nace o f ob servatio n S, The 

.: . hu ique elaborated above fo r the aualogucs I'or the in tegral of the Cauchy t :v ~,c i" : rllli,s 

.; ,0 ex tend these me thods I II variab le e lectromagne tic fields. 
t elE :lild II he c lc cr ric :t1l ~! n i :l ~~ i1 ~} t lc nel ds excited in :! ho m ogeneo us u !lhul!!!de d Sp :H.:-':: 

.' ~ j 11 ({) n d l : t;~i ',/i r ~/ :.1 hv [\vn sv xt c ms UI S l ) t! rc~s :) ( :lrb:l :-: I:"'.-" n.u urc ! l h: : : ~ t~ t! '.vir ! ~ : l l ~ 1: ~ 
" . 

.>j," ih /) 1 -I lh ! 0 : : F i,lUI<: l ). Th e l'iL' i lL; t.- and If <: :111 :; c: :'-.: prl'5c lll,: d in the f' l [i ll lli' : :l C 
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sum of two fields: 

:. £=£(1)+£(2) , H=H(I)+JI(2) ,.. I :>;.:':. :f/ ~ (13) 
'::' , . .:.,.'.';'
 

" ' ;....
III 
,. " , 

IliIiIIII I 
~ -

F ig, 1. Th e gene ralize d Kertz method for sepa rating a fie ld into th e e x ternal and internal parts. 

where the components EC I), Ill) are related to the sou rces in D I , and £(2 \ /12
) with 

:. th e sources in D 2 • The electromagnetic field at infinity sati sfies the radiation condition . 

We fo rmulate the problem of th e det ermination o f th e field s EC I \ III \ EC 2 
) and 112 ) 

from the given values of 11 and E at the surface 5, i.e. we formulate the problem for the 

separat ion of the electromagnetic field into parts related to the sources loc ated on different 
, 

· , sides of the surface S (the positive direction of the norm al to S is from the region D I to 

D 2 ; the region confined by S we denote as D). 
We calculate the integral of the Cauchy type : 

i ~ 
H(r q) = FS(rq, G. H) + apS(,q, G, E). (14) 

;· , 
In conformity to (9) : 

; } 
H(2)(rq) ;qEI!..q) 

· : H(r = {-H(I)(rq);~ (15) 

; ! 
~ : 

Since th e fields III) and 112 
) are continu ous in the neighbourhood o f 5 , then 

·,
, I H+(rO) = H(2\rO) , 

(16)H'(rO) =- J!.1)(rO) , 

: i 

Substi tu ting formulas (I 1) int o (16) we obtain: 

~ ~. 

H(I)(rO) = ~1l(rO) - P(rO, G, If) - apS(rO , G, E) , f 
(17) iH(2)(rO) = }H(rO) + pS(rO, G, H) + aPS(ro , G. £) , 

~ - ; (
and in a similar manner for th e elect ric fields:t :... '

" ::1 
.i~.. 

~ '"l' , ~ 

?,: ::. 
' . . . . . :. "l 

;~: : .. ~-~' . ~<:"- :'·;U:,· ,. 
\: : ~t ' , ', : ', ',,, ~ . ~ ,I~.\.:<:i;+;: J.'j\~.T~:~$;~~~@f~~k'<'t~:.t.f:\~.~t-:t','~~'?5 ·tl{'i;:-{~;'~\1;1:~f:~~~:?;' ;~~i:t,;lf.i~e:t ';'~~;~ ..;Jj;f, f '/ ":-::.'. 
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E (1\ , O) = + £ (rO ) - P (rO, C, E) ._- iW/1P') (ro. C, f{). 

( 18)
I ) i S ~ 

EY (ro ) = ~_E(rO) + F (rO, C, E) + i0) J.11~ (r ') , C, Hv. 

It is ( 17) and (I 8) that give the solutio n to [he problem poi nted ou t in the title o f this 

-uo n . 

The me thod deve loped (wh ich may be called the gencraliz.id Kertz meth od) can he 

::.1 widely in solving inverse problems in the geoelec tric sciences; for sepa rating the to tal 

:.;uo n1Jgnet ic field of the Earth into the externa l and inte rnal parts o r into [he con tri­

t ion s fro m variou s con duc ting zones within the Eart h . 

4 . Separation of J Field in to its Normal and Anomalous Parts 

is problem is one of the central prob lems for the analysis of a field. In the electrical 

o naissance me thods using artificial fields the aboverncntioned problem is solvcl 

I tive ly easily since the prescribed source norma l field can always be calculated, and th e 

im alous fie ld is obtained by subtrac ting [he lat ter from the ob served field. In studying 

ia tioris in the natura l elec tromagnetic field o f the Eart h such In approach cannot be 

d , since our co ncepts of the sources a t' the field are very schemati c . At the same time , 

separating a variable geomagnet ic field into no rmal and anomalous parts a meth od 

, be used rep resenting a development of the Kert z method and based on the differen ce 

rhe space dist rib ut ion of the normal and anoma lous fields caused by the fact that the 

trees of the norma l and anomalou s component s of the field are disposed on different 

cs o f the surface o f observat ion . 

To illust rate this me thod we consider a model consisting of two half-spaces Il" (the 

pe r) an d 11 + ( the lo wer) divided by a piecewise smooth su rface S (Figure 2) , The half­

.ces ll" and [] + arc charac terized by cond uct ivities 

rl l) . 1= 1. :2 

e re the index I = 1 refe rs to 11-, and I = :2 to n+. and each has constant magnetic 

m eab ility ,u <). 

In the lower half-space I here is a region o f inhomogeneit y Q with some condu ctiv ity 

o(r' l ) '" 0(: ) + ..'!.O(IJ1). q (=Q, ( j 'Y ) 

',: ren t from th at in 11+. where I! is the poin t of observation . The electromagnetic field 

', c'itc d in the me dium bv an arbitrary system of sou rces loca ted in the region P, in the 

l(" l" haif-s pncc. 

Co nsidc ring 1I quusi-stcr. ly ! ~ I 'J n () c : HO ll1at i c field wc xhull wr ite the main equations fo r 

-, 

1 
" 
,i 
il r 

~ ,11,. 
[J 

I; 
I:
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;I Fig. 2. The model of the medium consisting of two ho mogeneo us half-spaces rr and n- separated by 
the surface S . There is a region of inhomogeneity Q in l l", 

, I : t

!~~ I the 'lecto rs of the electric t an d magnetic H fields . 
At any point of the space, except the points belon ging to the regions P and Q the 

Maxwe ll equ ations are valid : 

cur l H =ofl)E 
{cu rl E =iwPol/ (20) 

where 

1= 1 at qEW - P, and 1= 2 at qE O+ - Q. 
: ~ 
; : 
, I 

In th e region P: 
~ 

! ,!~
curl H= aC1)E +I , (2 1) 
curl E = iwP olf, 

where jP is th e density o f external cu rrents . 

In the region Q: 

i 'j curl H =0(2)E + 6.oE =0(2)E +j Q , 
: ! (2 2),;. . 

curl E = iwP oH, 

, 1 

where l2 is the densit y o f excessive electri c currents in th e region Q.,,' . - ... ..:.: . ~.II Thus, relationship (22) ma kes it possible to conside r the lower half -space Il + as every' 

where unifo rm, the presence of th e region Q being ta ken in to accoun t by means of the 
-


>, • 
'.. excessive currents and charges.
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The ele ctric and magnet ic fields can be repre sented in the form of the sum o f two 

ields. i.e . the norma l and anomalous fields: 

E = Ell + I:'a ' H =JIll +H	 ( 2':;)
a 

The no rmal part describes the field excited by exte rnal curre nts in the absence of an 

.i.romogeneity (~a = 0) and the anomalous par t - the field caused by the inhomogeneity. 

;' o the r wo rds, the anomalou s field can be regarded JS that of the charges ami cur rents 

::- dist ribu ted over the region Q. Thi s field propagates in a two-laye red mediu m. 

The normal field is represented in the form of two fields ~ r.he primary (H , E ) and 
, (1)i1" (l l il 

.c o ndarv (H , E ) :
•	 '1: )11 12)1/ 

II = /f +8 , E =E + E ,	 ( :24) 
1/ (I) 11 1:1 11 11 W' 12)"1 

i e re the prima ry no rmal field ch aracterizes a field of external curren ts in the homcge­

o us space wit h the paramete r J l), and the secondary field - a field of the cu rrents 

~	 uce d in the half -space I I ~. In a similar way, the anomalous field can be represent ed in 

fo rm of the sum of the 'pr imary ' (If , E ) and 'secund arv ' I(Hj , E ) fields : 
• IlJa II)a ·:a (:Ia 

H =lf +H E 'OF +E.	 (:25 ) 
a IIIa 1:la ' a (l\ a (:Ja 

e re the primary anomalous field characte rizes the field of the charges and curre nts 

i uce d in the region Q and propagating in the homogeneou s space with the parameter 

.l and the second ary field is the anomalou s field resulting from the int erface S . Consc­

zn tly , the 'primary ' anoma lous field is that exc ited by the inhom ogenei ty Q in the 

o o uude d homoge neous space with the parame ter J,2), i.e. it is 'pure ano maly' , which 

ro t co mp lica ted e ither by the external sources, or by the in flue nce of the interface S , 

re fo re the separation o f this field conside rably simp lifies the solution of the problem 

:c:e rning the de te rminatio n of the heterogeneity region Q. From Equations (:2 3), 
) and (25 ) it fo llows tha t the field observed :It the surface S can be represented in the 

11 of the sum 

ff = H + l/ + II + fl	 (:26)
(J)1l 1: 1il ll}'l 1:111 

similary for' the electric fields. Now we consider method s for the separat ion of thc 

i e lcct romag nc t ic field in to rhc no rmal :uld anomalous parts and for the separation of 
primary nor ma l :lIld anomalou s fields I11H1er the condition 111 :11 the p.un mctc rs of the 
-spaces rr - an d 1[ + ((}I ) . J e) ) arc kn own 

:~ i:> "~ a .)y i t ) 1 ) ~ ) t ; J i.li ;i solu tio n tC thi:; problem ll s j n ~ the general me tho d of sC'l")a r a t i n ~; 

;' ~ l~ l d ~ o utlincd in S·:clion _~ . Spe cifically . by using formu lus ( 17) r J i" ~I :\: i'L: ij s pres­
r: d :l~ the tipper (ma rked hy the ind ex '--') :l lld lowcr ( tl l ~l!" l,~ c J by tlk ' i: h.L~ ~ \ -'r ') jdc ~:; 

~ c stl r ra t..' ·~ S, \V.: oh t:un : 

".
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H -(rQ) =: 2FS(rq e( l ) H-) + 20(I)pS(rq e( l ) r)
a " a J, a ' 

H +(r q) =: _ 2FS(r q C(2 ) H +) - 2i2)pS'(rq C(2 ) E +) (27) 
n " n " n 

where q E S. (In dice s (I) and (2) at the Green funct ions den ote th at the latter are taken 

eithe r for the upper half-space with th e wave num ber K 1 , or for the lower on e with the 

wave number K 2 , respec tively). Similar formulas for the electric field are obtained by 

in te rcha nging H and E and rep lacing J. I ,2) by iwf.1o. 

At the in terface th e fo llowing conditions are fulfilled : 

aC I)_aC2 )+_ _ _ +- _ 
E - E + (2) (E , n)n, H - /I , (28) 

whe re n is the unit vector of the normal to th e surface S directed to the lowe r half-space. 

, With allowa nce for (28), Equation (27) can be reduced to the form : 

H(rq) =: -2FStrq, C(2) , H- H ) + 2P (rq, G(I), H ) ­'i, I a a
- 2i2)PS(rq , C(2) , E _ E +20( 1)pS(rq , C( l) , E . (29)! a) a)

: 1 
I 

An expression of similar for m is also obtained for the elect ric fiel d. 

These vector equalities form a system of 6 in tegral equation s involving 6 unknown
, 1 

functions (E , E ,E ,Ii , H , H_). So , the problem of the separati on of the to tal xa ya za xa )'a za 
field into normal and anomalous parts is, in th e general case, reduced to the soluti on of a 

sys tem of integral eq uations. Methods fo r solving this problem for plane and sphe rical .i 
" 

, , 
surfaces S are described in the fo llowing works : Zhdanov (l 973b) , Be rdichevsky and 

, Zhdanov (l 973 , 1974) . 

At the same time, the pro blem of selecting the primary normal and anomalous fields is 
! 

solved direc tly using in tegrals (l 7) : 
:! 

Hn(,q ) =: ~(rQ) - FS(,q, G( l ),H) - 0( 1)PS(r Q, G(l), E) , 
11) , 

(30)
lJ/,q) =: -2

1 H(r q ) +FS(r q , e(2), H) + o(z)PS(r q , C(2), E) , 
(1) 

and by analogy fo r the electrical fie lds. 

For example , if S is the surface separating the non -conduct ive atmosphere (o( 1) =0) 
from the homogeneous conducti ve Ear th (0(2) =: a) containing th e het erogeneity region 

Q, then formu las (30) can be written as: 

: f . ' q 1
(~n (r q)=: iJI(r ) + 47T JI{(n, H) gradf.1Go + [ [II X III X grad,Lpo]}USf.1, 

S (3 1) 

q q)
l(a(r ) =: iH(r - 4~ ~T {(J1 , ff) gradf.1G + [[ II X If] X gradf.1C J } dSl1­

a -. 
4;r .1.1 [II X E]CdS l1 ; 

S 

I 
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vhere Go = 1/ !rq - ;p. I is the Green 's function fo r the Laplace equat ion and where 
a 

, =: exp ( - !\ !/1 _. rll l)/ i r ~ ril l is the Green's [unction for the Helmholtz equa tion . 

TJ 1'.lS. the ,Jrin1J. r:; normal magnetic field is determined directly from the magnet ic 

: ~'[ d at S withou t .iny additional info rma tion , and to obtain the primar y anomalous 

:.:gne tic field it is necessary to kno w the condu ctivity a of the homogeneous part of the 

:J d1 and . in the general case the electrical field at an arb itr arily shaped surface S, 

5, Separation of Geomagnetic Anomalies in to the Surface and Deep Parts 

e-ct romagneric anomalies can be subdivided in acco rdance with the nature of thei r 

t e rogeneitie s into two groups: ( I) the surface anomalies caused by elect rical inhornoge­

i ty of the near-surface layer of the Ear th; (2) the deep an omalies relate d to the ac tion 

..:onduc tive zo nes in the Earth 's crus t and uppe r mant le" ). 
1n interp ret ing electromagnetic anomalies one has, first of all, to det ermine to which 

the above gro ups they belong. Most frequently . in pract ice both ty pes of anomalie s 

: ob served sim ultaneously . i.e, tile anomalous field represents the effect of two sources 
c tromagne tically in terrela ted . The latter circumstance leads to essential difficult ies in 

l aining resul ts fro m dept h . since shallow inhomogeneities dist ort the field under 

se rvatio n . Th erefore. the separation of electromagnetic anomali es int o the surface and I~ P part is the challenge in the theo ry of interpretat ion . The principles of solving this 

:- o lem arc late r set-forth on the basis of the general theor y for the separation of fields ~ .c ribed above . T he main idea of this method consists in the fact that the elect rornag­
~ :ic field be ing observed is related to three systems of ext rinsic currents : (a) a system ,J 

nIonospherical currents , (b) a system of the currents induced in the near -surface inho­ j:
.gcneous layer, (c) a system of the exce ssive curre nts filling the deep geoelectric inho­

I
I,.' 

,ge neities. The separation of these fields occurs by means of separate determina tion 

t he comp onents stip ulated by everyone of these sources . 

'1 0 illustrate the me thod we change the mode l of the Eart h considere d in Section 4 

.po sing that at the inte rface. i.e . at the surface S there is a thin conduc tive Price sheet L 
the surface conductivity Hrll), ,uES contin uously varying alon g S (F igure 3). The 

'<:r half-space Il " is an insulator. As in Sectio n .~ , we suppose that the medium below 

sheet S is homogeneous, but tha t in D the conduct ivity varies according to an arbitrary i
I' 
I: 
i' 

i: 
t .« I ' IJ =CU Il St , If rf. D . Ii "

u' - ' (r (/ )
 j (5 + :'::" u(r '/ ) . I{ '= f).
 
i: 
, 

i: 
i: n

hi ::i das.-;ill ca riun d il : '.,.~ r s from th. it tl f Sc h muc ker (Sc hm uc ker . 19t;---l.) by the t'act th a t transitio nal 
,.L _' I_' P : i.!1 '~1 J1: 1! ! ': -'; ' [ P_' I J ~ l : ~ ~~ t! ~!1 '~\lh..• ....: b ~ : ~; ,t' h..''-T ~~Il um ali \.",; . Su c h ~ i L : : ji1i'~':Itj l)n h ,.;r i p u Ll l (;d by th o: 

'I.' ll (Pi" tL ...· in trrprc t.r t i o n llt' tr.inxit io nal and l!L',' jl .ruom.rliv-: rlr.i r C:l!1 h f~ , ' l a h l) r ~ l t L J ll :·; i l ~ g th.: .)J IlIC 

'ipk' s ;lIld d ir" :'I.'r s rr om t lh.' ; : : L· t h ·. ~ d lor tlIv· in tc rp rc tari on , ~ f <u rla cc .u.orualics. 
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a)	 ~) 

F ig. 3. (a) Th e mod el of the Earth containing surface and deep geoelectric inhom ogeneiti es and 
exci ted by the currents jP; (b) the mod el of the homogeneo us Ear th ex cit ed by the currents jl', jD,IS, 

In such a model the region D models a deep geo elect ric inh omogenei ty , and the sheet 

S approx ima tes th e near-surface inhomoge neo us layer of the Earth . As above , a field in 

ocr; the model is excited by the external currents / in the region PC Il". The electro magnetic 

field in the model satisfies the equations: 

(1) in n 

curl H = jP , cur l E = iWfJoH .	 (32) 

(2) in rr' 

curl H =aC 2 )(rq)E , curl E =iWfJoH . (33) 
i! 

; ! At th e sheet S the boundary conditions 
i 

[n X (H+ - H -) ] =- ~ET' 

(34)[n X (E+ -- E-)] =0, 

are fulfi lled, where the indices ' - ' and '+' den ore th e field compo nents on the upper and 

lower side of the sur face S, ET is the electri c field tangential component on S, n is the 

unit vec tor of the normal to S direct ed downwards. The tangential co mpo nents of the 

electric and magnetic fie lds are continuous at the sur face .f.confining the region D (F igure 

3(a)) . At infinity the fields satisfy the rad iation condition , 

Equ ati ons (33) and the boundary conditions (34) can be pre sented in the form 

curl H =aE +jD , curl E =iWfJoH ;	 (35) 

,~-:L..~. [n X or: - H- )] = - jS , [II X (E+ ·- E -) ] =0 ;-	 (36) 
! . 

whe re jD and JS are the volume and sur face densit ies of the excessive curren ts in the " 
; i:- . 

region D and sheet S, respectively : 

I
;'" 

'J, . , 
,' : 

r ->: 

" - "', . . ~••• f"' t•• ~ ...r .A-- .	 ... r: Io 
, 
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.n 
J '~ = ;j,r;E , J S = :-E	 (3 7)

C; ~ T ' 

Therefore . the model o f the inhom ogeneous Earth excited by the curre nt s / ) (Figure 
').f) ~ 

i i is equiva lent to that of the homogeneous Earth excited by the currcnts ," .i: . f ) . All 

. rc rogcncines are substituted by these excessive currents (F igure 3tb )) . Coriscqucn tly 

· ~ elec tromagnet ic field in the mode l can be represen ted in the form of the sum of the 
· D an d S -compo nclHs C3 11 ~e d by the excessive currents in the regions P. D and sheet S. 
, s t) ·~ c [ i v e i y : 

H = H P +Il D +H S , E= EF+ Ef)+E S .	 (38) 

~ cordi ng to the te rminology accept ed above the P·compone nt of field rep resents the 
:1113] field am] the sum of the D and S compo nents gives the anoma lous field 

H = HI' H=HD +IJS 
II ' a ' 

,.p	 (39 )E = E = ED+ E S ,11 C , a 

u s the D-c:om poncnt can na turally be identified with deep anomalies, and the S-compo­


1 t with surface ano malies. The proble m describing the sepa ration of electr omagnet ic
 
) !l1alies into the surface and deep ones is ther efore reduced to the separate detcrmina­ /
 
:, of the D and S components. Let us solve this problem. ~
 
~ f the tot al fields on the up per side of the surface S- , viz.: H', I: are known , the n it I,
 

t: 
1 be possible to separate the total field into the normal and ano malous part s using the 

~ 
icedure set forth in Section 4 , in so far as the sources of the corre sponding compo nents	 I 

r: o n differcn t sides of the surface of observation S-. f urth er, under the condition tha t l
sheet conductance i; can be assigned , it is possible to select the D andS field componen ts. I'

II 
Iiusing the bo undary condi tions (36) it is possible to calculate the fields II''' and E+ on
 

lower side S+ of the sheet. After mapp ing the field on the surface S+, the P and S
 ~ 
r .es tu rn nut to he over the su rface of observation S+, and the D-so.urces under it.	 I, 

I' 
i 

· _c' qucntly, if we usc the me thod of sepa rating the fields described in Section 4 to the n 
a nd /:.+ fie lds, then we shall obtain the 'anoma lous ' field H" , 1::*consisting only of the 

Ii 
II

.nup oncn r: i; 
:1 

~ r :::	 i;1/ = H I' -I-J!S E*=EI'+pS	 (c ~O )
Il • /I - • II 

a 
= ifD 

L. a = ED	 I, 
fi 

!. 
.)'"-CC I11P OIIL':lt o r d l ~ fieil! in acco rdance wil: (3()) and (~ O) is determ ined by sim ple l! 
~" : lcl io n: r 

s * II = H - - J! /.-5 = F* - E	 (-~ I )
~ ..I Il iT11 /I' 

~ ) r tl h.~ p \ ! r~ ) I ) s C' I )!' in tc rprc r.u iou al conveni enc e it .s ll scl'uJ ( I) se lec t the p r jrll : lr ~..· 
:"f " ' I · ·~,,' ti " I; ,i) -- ~ 1 --' ';,'! \, ". , - ,, ' I" . 11 - ' . . .... ·f) , . : , . (I ' ., ,1.1, . ,n ,l lv ., . Il l ' t: II; ' l .c . tne l ic ld s c ,L.1Ltl " :' uic LUI I l ,H S j 111 .1 .1L1 ,l d .c'. · 
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i : 

, , 
l 

: ! 

neous unbounded medium with the parameters a, fJ. 1) . This problem is solved directly 
using quadrature formulas of the type (30) , if the fields H +, E+ are known on the lower 
side of the sheet. 

What is the physical sense and practical mean ing of the operation of separating the 
. d u H D ED ?pnm ary eep anorna ies ( 1) ' ( 1) ' 

According to definition , the primary deep anomaly is the field excited by the currents 
j D in a homogeneous isotropic medium . The density of curre nts jD is defined not only 
by the parame te rs of the deep inhomogeneity , but also by the ex ternal curren ts jP and 

the surface inhomogeneity S . However, th e currents jD are localized in the space exclu-. 

ively within the region D, therefore , the field HD 
(l) ' ED (1) allows us in principle to 

det ermine the geometry of deep inhomogeneit ies and their location in space. Thu s, the 

effe ct o f / and S on the field is preserved, bu t their sources are as if transferred in the 

space and are con centrated within region D. Consequentl y , we can consider the primary 

deep field as an anomaly in its 'pure' form, complicated neither by external sources (in 

the sense menti oned above), nor by the surface heterogeneit ies S. The select ion of such 

a field is of convenience from the viewpoint of searching for the dcep inhomogeneities 

D . 

6. Analytic Continuation of Variable Electromagnetic Fields in a Conductive Medium 

In int erpreting gravitational and static magneti c anomalies the meth ods of analytic 
continuation are widely used and consist of the reconstruct ion of the field distrib ution 
with in a domain from its values known at the surface of observation . These methods are 
a powerful tool for solving a number of inverse problems in gravimetry and ma gneto. 

rne t ry . 

Th e possibility of transferring the ideas and meth ods of analyt ical continuation of 
potential fields to variable elec tromagnet ic fields was first considered in the works of the 
Ind ian geophy sicist Roy (R oy , 1968, 1969). We give below the general solution to this 
prob lem based on the technique of analogues for the integralof the Cauchy type. 

The prob lem of the con tinuation of elect romagnetic tl~ lds is, in the general case, 
formulated in the following manner. 

Let D be a region in the half-space confined by two surfaces Sand L. The following 

situations are possible: 
(a) The sur faces S and L are closed, L being entirely within S (Figure 4(a)). 

(b) The surface S is of infinite ex tent, separa ting the whole space into th e lower 

II+ and upper n- half-space, and L is closed , ~ being ent irely situated in Il + not inter­
secting with S (Figure 4(b)) . 

(c) Both the surfaces S and ~ are of infinite extent , l: lying entirely in n ' not inter­

sect ing with S (Figure 4(c)). 
Let the magnetic field If and elect ric field E satisfy everywhere in D the Helmholtz 

equations: 
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_Vi ­ K 2 H == O. (4 2 ) 

.:...\1:: - K 2 E == O. (43) 

'Nlic re K 2 
== - iWllo a == co ns t . 

~s 

/'. // // /t :J/ /7'\ 
.////0/ ~ ill )!/ / )


'I ,/ i;	 ;' 

V / / 1--/ ! 
\ / ; i /~
'{ / / /, , 

0) 

n 
5 n 

~ 

i 

//~ /

'/1/ / tr I 
/ / :£ / / 

/ / / / / 
0)	 c) 

Fig ,4 , On fo rm ula tion o f the pro blem on the con tin uat ion o f electro magnetic field. 

'V ~ assume tha t at the surface S the values of the If,E fields and their norma l derivatives 

'J HF}I1, al:.j an. are know n. 

At infinity th e radia tion co nd ition is fulfilled . It is necessary to det ermine th e If. E. 
I elds everywhere wi th in D, ~ 

~ In such a formulation the pro blem of the contin uation or elect romagnetic field is 

'e duced to the Cauchy boundary -value problem, the uniqueness of solut ion of which is r. 
~ 

,ve 'l known. However , o f importance in the continuation problem in the geoel ect ric ij 

;<.: ; ._" lCC is the circumstance that the bou ndary E of th e region D, within which the field ! 
sausfics Equa tions (42) and (43) . is usually unknown . Moreover , the aim of continuati on 

,~ . .s freque ntly just the det ermin ation of this boundary. II 
Not e. too . that the pro blem formula ted above is reb ted to the class of incorrectly	 I~ 

I:ooscd problems of math ematical phys ics. in so far as infinitely large variations in solutions 
I: 

riay result from small variations in the initial da ta. Therefore in the numerical continua­ f:, 
.ic .: of elec tro magne tic fields the LIse of correspo nding regularizing algor ithms is needed .	 I

I!Zhdanov (1973a) shows that the con tinuation problem can be redu ced for a number II
),' .mportant cases to the spatia I tran sfor rna lions of a field. Here we give the general ,; 
c aer nc for elabo rating suc h meth od s.	 I;

H 

Note , first of all, that as a result of Maxwell's equations . the normal der ivative of the	 j:
II 

n agne tic field can be expressed in terms of the e lec tric field and tangential derivatives 11

i f the magnet ic field , and 'v ice versa. the normal derivative of the electric field can be 

le terminc d from the values of the magnetic field and the tangen tial derivatives of the Ii 
'1'k :tric fie ld 0 11 S , [,! 

:, is therefo re possib le to fo rmulat e the cont inuation proble m just fo r [he eiectr omag­ II!: 
• - !': fields E. If given on S and con tinued in D . and 
:::; u r:Ull . 

iithis prob lem possesses a unique	 II 

r: 
fi 
,I 
n 
I, 
' .' 
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For obtaining the int egral representations of the analytically cont inued elect romagnetic 

field we shall use the technique of electromagnet ic analogues for the int egral of the 
Cauchy type. Consider the poin t q from D. In acco rdance with (9) : 

If(rq ) = FS(rq ,G, If) + opS(rq. C, E ) + 
)' . q )' (44) +F-(f G, If) + op~ (/l . Go E ) , 0 

where G is defined by formula (5) with the wavenu mber K from (42) and (43) . 
Thu s, for solving the problem of electrom agnet ic field con tinuat ion it is suffici cri: to 

calcu late the integrals F 2, and p 2, in terms of field values at the surface S. 

Suppose. th at such a region 'Y(q), r.C'Y(q) ex ists , where the expansion : 

G(rq , r /l) = I f( rq , D) g (0., r/l )dD (45) 
0. 

is valid , the functions g(Q, ,Il ) everywhere in 'Y(q ) sat isfying the Helmholt z eq uation: 

j.p!t(Q. r/l) - K 2 g(D, r /l) = O. (46) 

" " Substituting (45 ) into the int egrals F':-, P- and changing the order of integra .ion 

we obtain : 

F2-(rQ , G, H) + op2,(rq , G, £) 
(47) 

=A- f (rq , D) . {F,~ (D, g, H ) + ap ,,~(n, s. £ ) }dD . 

During th is instant, according to (10) and unde r the radiat ion cond itions to be fulfilled 

at infinity , by virtue of (46) , 

F2-+ S(Q, g, H ) + oP2,+ S(D., g, E ) = O. 

Hence: 

, - ,~ r S 
"':"'( 0 g. H l"- .,P - ( r? rr E\ = - ;; " ( 0 o H \ - oP (C: o r:- ' (4 8) ~ . , .. .. , , • ~ I u ~ . " ! 6 .) .1. \ .. ~ l <."' ) , .. . , ..",. 4 _ " 

Consequently , exp ression (44) 111:1) ' be written in the form: 

H(r q) = FS(rq. G, H) -;- opS(rq, G. E ) ­
' ,1 C)j 

I, r,'rq 0 ) r F S (O g H ).;. orOS (0 rr £1 1 ,10 
~ . •1\. 'W" l w _o ' , " ' -·6 , .' 1 "" - ' 

D I 

A sirnila: formula for the electric field is ob tain ed from (49} ily subsu turing E ;:,1' H. 
Ji for E and a for iW/ln. It is formula (49) tha t solves the problem for the an"lyl;( con' 

n nuatior, o ~ the field into the region IJ. 
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Therefore, the continuat ion problem is reduced to the search for the expressions of 

fhe type (45) that allow us t o represent the Green's funct ion in the form of a sum of 

products of two fun ctions dependin g on the coordinat es of the point of obse rva tion q 
and the coordinates of the pain t of in tegra tion 11 . As is kn own, such expansions are in 

practice realized in those orthogonal coordinate systems, in whi ch the variables in the 

Helmholtz equation are separab le (Morse and Fe shb ach , 195 3) . 

In the three-dimensional case there are 11 basic sep arable coordinate systems for the 

Helmholtz equation : (1) rectangular, (2) circular cylindrical , (3) ellip t ical cy lindrica l, 

(4) parabolic cylindrical , (5) spherical , (6) conical , (7) parabolic, (8) elongated sphero idal, 

(9) obl ate sphero idal, (10) ellipsoidal , and (11) paraboloidal. 

In the two-dimensional case for the Laplace equation (K == 0) all the coordinates 

obtained by conformal transformation of the rectangular co ordinates arc separable , and 

for the Helmholtz equation those coordinate syst em s are separable that are formed by 

confocal conical sec tions. 

For r(q) it is therefore possible to take any region confined by the coordinate surfaces 

(or by the lines in the two-dimensional case) of that coordinate syste m , in which the 

variables in the Helmholtz equation are separable. 

As an example, we consider a three-dimensional sit ua tion (c) with the sur face S 
extended to infinity and with 2:: - th e horizontal pl an e (Figure 4(c». In the rectangul ar 

Cartesian coordinate system expansion (45) for the Green's fun ction takes the form 

(Morse and Feshba ch , 1953) , 

Gtr", r l1 ) == -
1 

exp(-Kl,rq -(111)
 
I,q -rIJI
 

+00 

qIf f exP{i[Q:(x - X I1) + (3( ytl - yl1)] +v(lq -ZIJ)} d~dP 
2rri _ 00 

(5 0) 

Where v == J o:2 + {J2 +K2. Rev>O. 

The sign ' - ' in ex pansion ( 50) is taken un der the co n dition zq> Zll and the sign '+ 
und er th e condition zq < Z I1 . F or ou r case zq>Z fJ. (the Z ax is is direct ed downwards) 

By compa ring (4 5) to (50) we ass ume: 

I
[ (rq , D) = ~exp[i(~q + {3yQ ) - vZ q ] 

_7TlV 
(51 

g(n, rl1) = exp[ - i(cx.X11 + (3 yIJ ) + vZ I1 ]. 
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Sub stituting (51) int o (49) we obtain: 

.
,I	 where D 
: ~ 

H(r q ) FS(rq , G,H) + apS(r q, G, £) + 
00 

+ ~- JJ ~ exp(- vZq) exp[i(aXl + {3 ytl) ] X 
81T 2 

_ 00 lJ 

Xp·{(lI' H)D + [ [n X H X D] + ia[n X £] } X	 (52) 

X exp[ - i(ciXJl. + {3 Yf.1 )] exp(vZ Jl.)dSf.1do:d{3, 

=(0:, (3, iv), n is directed into the lower half-space. 

A similar fo rmula for the electric field can be obtaine d by repla cing E by H, H by EI: ,	
and a by iwJl.o . The se are the formulas that solve the prob lem of the electr omagnetic ;I 

iI	 field continua tio n from an arbitrary surface S into the region D up to th e h orizontal 

plane r . 
' j Formulas (49) and (52) give only the form al solution to the problem in the sense that 

for using the se it is necessary to know th e accurate and continuous values of the fields 

; I 

· ! 

: i	 
at the surface of observation . For a pra ctic al application of thes e formulas it is nece ssary 

to extend them by their regularized approxim ated represen tati ons. The simpl est, but at I 
I	 the same time rather effect ive, method of regularizati on consists in limit ing the range of 

interpretation of the 'frequ encies' 0: and {3 by a finite cut-off frequency Db . Expression 
! (52) thus tak es the form : I 

I	 H(rq)~ Hreg(rq) =FS(r q , G, n0)) + apS(r q , G, £(0)) + 
I 

!	 1 Db Db {
+ 8 2i i 

, j

: I	 7T ­
i
 
f
 

~ I 
X ~ ex p; ~ 

I 
· , 
· ! where nCo), £(0 ) are 
· i
• j	 surface S:.JI 
:i 
I I 
1 i	 nCo)(r f.1)
I ~ 

• 
£ (0)(r f.1) 

J J JJ(n,l.'<,O) )D+ ([n X nCo)] X D]+ ia[n X £(0)] 1X 
Db - D b S I 

[ -lI(zq _zJl.)] exp { i[o:(xtl- x Jl. ) +{3(yq - y,u)]} dSf.1do:d/3, (53) 

approx imate values of the electromagnetic fields assigned at the 

H(rJl.) +oH(rf.1), 

£(rJl.) +o£(r f.1) , 

SH, o£ are obse rvat ional erro rs. 

The cut-off r2b can serve as a regulari zati on parameter. To det ermine the optimum 

value o f r2b , it is ne cessary t o kn ow about a value of int erference : 



c.vucnv INTEGRAL .\ NALOGUES FOR ANALYSIS OF EM FIELDS 133 

11/3H iIQi , Il mSE/KlI,,;;o, (54) 

where 

:15iJ11 = v'j} 18 1I(rJ.l ) i" dS,U (55) 

s 

T;\c op tim um frequency Db CJn then be found on the basis of the Tikh onov-dvanov 

o;;c:rnum principle (Ivanov, 196 6 ; Strakhov, 1969): 

[ W{5 )(r 'U) _ fJ reg(ril ) 1/ 2 _ 0 2 J2 =min. (56) 

It is easy to wo rk out formulas similar to (49)- (56) fo r analytical expressions for the 

contin uatio n of e lect ro mag ne tic fields into the region s confined by the coo rdinate 

sr.r races of the o ther separable coordin at e systems enumerated abo ve . 

The aim of analy tic continuation is, first of all , the det ecti on of singular po ints, lines 

am! surfaces, whi ch by analogy with th e methods of gravime try and magnetometry can 

be regarded as effect ive sources of the anomalou s field . The distribution of these effective 

sources reflec ts the geome try of the bod ies wi th an ex cessive electrical conductivity . 

Zhdanov ( 1975 ) sho ws tha t the type and po sition of singular points, Jines and surfaces 

of the analytically continued electro magnet ic field are closely related to the form of the 

surface of deep inhomogeneities. It is known that under certain simp le situa tions they 

may coincide with the clement s of these surfaces. In part icular , the ribs of conducting 

;'-. :; ~ r t i o n s o r the edges of inf inite ly thin screens are the branch lines of the field . 

A:; J ty pical exam ple , results could be presented fo r the continuation of the variable 

magnetic field in the mode l of Dmit riev and Zakharov ( 1968) . Th e mod el consists of the 

no ncon duc t ive atmos phere in con tact at Z =0 with the con duct ing Earth , where an ideal 

cond uct ing infinitely thin vertical strip exis ts at a cer tain dept h. The field in the mode l 

is excited by a plane E-po larized wave propagating from above downwards. We give 

d iagrams o f the anomalo us magneti c field vertical component real part and the field 

i ~;o l i n e s in the vertical plane that are analyt ically continued into the lower half-space 
. ::- ; :.; u ,,~ 5) (t he diagrams fo r the imagin ary part have similar form ). As is clear , the field 

_~ :) !i n e s are focused at the top of the cond uc ting strip . Th is result corr espon ds to the 

general theory set forth Zhdanov (1 97 5) in conformity to which the infin itely th in ideal 

conduc ting screen edges represen t the singularities for the analytically cont inued elect ro­

rn agne tic field. 

Thus. the analysis of the spatial distr ibution of variable geornagne tic fields permits us 

t o deter mine the location an d character of so urces for the fie ld under stu dy . The refor e , 

t he proced ure fo r the in te rpre tation of analyt ically con tinu ed values for deep electro ­

;'; agne tic anomalies is similar to tho se me thods tha t are of use already for analyzing 

.:: ,' ;)orentia l fields. In int erpre ting the analyt ically con tinued electromagne tic field values 

~ ~ i~ at the same time possible to use J. numb er of importan t and very useful featu res [hat 
a rc th e pro perty <i f e lec trom agne tic fields only. 
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Fig. 5. The analytical contin uat ion of the anomalies of variable magne t ic field over an infinitely thin 
ideal conduc ting stri p ( the graphs and isolines of Re Hz)' I is the ano maly of variable magnet ic field; 
2 are the isolines of an omalous field in the vertical plan e obtained as a result of analy tical conti n uation. 
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As an ex amp le illu str ating some of those featu res we shall co nsider th e two follo wing 

lim it ing ca se s. 
(1) We fo nn the st reamlin es for the elec t rical field in a hom ogeneous cond ucting . 

me dium contain ing a non conducti ve insertion (as an exa mple of such a model the section 

can co nsist of a co nductive cover and a non con du ctiv e base). Then -by virtue of ellip tical 

polarization of the field vectors (with dependence on time as: exp ( - iw t)) the streamlines. 
at any point of the conducting medium wi!! be in different direc t ion s at vario us m oments J 
of time , excep t for those coinciding wi th the non conductive inserti on co n to ur (i.e. 

current at the co nd ucto r-insulato r inte rface is parallel to th e insulator surface). It is 

, 1 

, , 
i 

I ' 
; : 
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p l 41 IW c lc r tro mnunc t ic \\'~ I VL'. 

:xpressed geome t rically by the fact th at streamlines for the real and imaginary parts of 
;;e E vecto rs describing the electrical field, are mutu ally intersec ting and coincide only 

l i lt,: co n tou r o f a no nconductive body. 
( :1 ;\ similar pattern occurs in the streamlines drawn for the magneti c field in a 

nii'c!"m cond ucting (or no nconductive) medium having insertio ns of infinitely large 

l ~ iJ.j li c t i v i t y (t he conducting zone s in the Eart h's crus t and upper mantle may serve as 
:: " \ ample of such a model). In this case the streamlines constructed for the real and 
;1 uginary parts of the jf vecto rs describing the magnetic field are mutually intersecting 
.'2rywhere in the conducting medium, except those streamlines which coincid e with the 

md ucting body con tour (since the vector of magneti c induction directed along the 
) rma! to the surface of a conductor with infinitely large conduc tivity is equal to zero). 

As an example, results will be given for the system of vector lines for a mode l, in 

hi ch a well-conducting body buried in a cond uct ing half-space is excited by a plane 
,po l:lrized wave that propa gates from above downwards (Fig ure 6). As is clear fro m the 
!u re, the isoli nes of the real and imaginary part s of the st ream function 1/J of the 

3.:;ne tic field H (i.e . the real and imaginary vecto r lines H) are reciprocally inter sect ed 

erywhc re in the conducting Earth and coincide only in the vicinity of the surfa ce of 
e well-conducting body . 

Th e examples considered here allow us to concl ude that the interpreta tion o f .he 

a lyt ically con tin ued values of variable elect romagnetic fields under the present appr oach 
n be made in the fol lowing two stages: (a) the construction o f the st reamlines for the 
11 and imaginary parts of the vectors Jl and E (the 're al' and 'imaginary' strea mline s) , 

i l;le searc h for tho se curves (or surface in the three-dimensional case), where the 'real' 
d ' imaginary' streamlines co incide . It is thu s desirable to continue the fields of vario us 
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136 M.S. ZHDANOV 

freq uencies and to study the frequency dependence of th e continued field st reamline 

sys tems. Th is produces a more stab le determination of the contours of conducting and 

insulating bodies, and minimises the ob servation and transformation errors . Note, finally, 

that by means of the co ntinuation methods it is possible to reca lculate downwards not 

only the values of the measured fields and stream fun cti ons , bu t also various pa rame ters 

o f the elec tromagneti c field (impedance, apparent resistance, et c.). Su ch calculations may 

be usefu l in th e study of heterogene ous media . 

As a result o f the present review we may conclude that the technique of ana logues for 

the integral of th e Cauchy type allows us to extend a num ber of achiev ements in the theory 

of geo po tential (gravita tio nal and static magnetic) field s to time -variab le electromagnetic 

fields . This opens a way fo r elaborating a unified approach to the problem of the inter. 

pretation of anomalies of gravitational, magnetic and variable electromagn etic fields of 

the Eart h. 
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