






Foundations of Tensor Induction Well-Logging 
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=cos 2/3(CSHf - CS Hf ) . 

Then division of(40) by (41) permits the cancellation of the 
double-primed vari ables and gives the result 

CSH x: + CSHY,' _ y x 
tan 2/3 =- . , , (42) 

CSHyY, + CSH x ~ 

or, explicitly 

-I xI ( CSHy 
X

: + CSH~' ) _
/3= - tan , , = /3a . (43) 

2 CSH Y, + CSH~ y x 

Note that/3a is expressed solely in terms ofa subset of the 
observations, but it is not uniquely determined by the obser­
vations appearing in the formula . However, the quadrant 
which contains /3ais determined uniquely by the signs of 

H;: and H;" , as shown in Table I . Once /3ais known, the 
effects of sonde rotation on the observations can be 
removed using (35) . The transformed observations depend 

~ T ~ ~ 

onl y on a , os, and avo We shall call R aCS HRa the " resid­

ual " signal. 

Analysis of residual signal: ah, a v, and a determination 

Consider again the case where the orientation of the 
instrument with respect to the principal axes of the medium 
is given by equations (32) . Note that the axis z' of the instru­
ment coordinates coincides with the instrument longitudi­
nal axis . Since the instrument frame x' axis is confined to 
the medium frame x-z plane, the relative rotation /3 is 0 and 
the rotation matrix (II) takes the form 

A [COS a 0 - sin . • 
R ; = 0 I 0 . (10) 

sin a 0 cosa 

The instrument's signal, i.e. , the quadrature component of 
the induction tensor, reduces in the instrument frame to 

~ A A AT 
CS H'= R a CSH R a , (44) 

~ A 

where CS H is given by (33) and CS H' represents the instru­
ment signal for the case /3 = O. In Appendix B we describe a 
det ailed derivation of the expression for the magnetic field 
components in the instrument system of coordinates. Based 

on this analysis we introduce a magnetic induction matrix 
for a sonde whose longitudinal axis makes an angle a with 
the o; axis of the conductivity tensor. Ifwe define 

.Jsin 2 a + A2 cos 2 a - A 
q= (45)

Asin 2 a 

then using (33) and (44 ) 

"SH y'
x' x' x'[ssn: 0.HZ' _ W!J 0 a h "SH Y: ~H' J (46)"Sir = "SH;: os ' ­Y Y 8n L
 

"SH;, "SH;' "SH
z'
z'
 

1+ 2qcos2a 0 2qcosasina 

0 - 2q - l 0[ 2 ]

A.Jsin' a +A' cos' a ' 

2qcosa sina 0 2(1+ qsin 2a) 

The instrument's response-i.e. , the individual magnetic 
field components-are the matrix elements of (46) : 

CSHx: = W!J Oah [1 +2qcos 2 a ], (47) 
x 8nL 

0.H y' - wJl oah [ 2 _ 2q _I] 
os y' - 8nL A.Jsin 2a + A2 cos 2 a ' 

, wJloah ' 
CSHx, = 

8nL 
[2qcosasin a]= CSH~ , 

Z x 

WJloah . 2CSH 
Z

Z
: ---.:.-.::-..:.:.. [2 + 2q SIn a ]. (48)

8nL 

Note that (33) and (46) represent the same field. In (33) , 
although the components are expressed in polar coordi­
nates, they are still in the medium frame; in (46) they are in 
the instrument frame and represent the instrument signal. 

Apparent conductivity: deviated instrument 

The general case is for an instrument tilted with respect 
to the principal axes of the conductivity tensor and rolled by 
an arbitrary amount around the instrument axis . 

For the axial dipoles the instrument roll is not a factor in 
the coupling of the se dipoles to the medium or to each other. 
In this case as sum~ that we use formula (48) to model meas­

urements of CSH;, for a deviated instrument. Substituting 

for q in (48) and simplifying, the measured axial magnetic 
field is described by 

I . 2 12 2 
0. z ' w!J Oahv,_s_In_a_+_A_co_s_a_osH ' = --'----'----"-- - (49) 

z 4nL A 

Solving (49 ) for ah leads to 
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TABLE 1 Inspection of the signs of H: and HI determines 
the quadrant where fJ a lies. The table was constructed by 
inspection of Figure 5. 

r>(HY 
z 

+ -

+ II I 

- III IV 

I	 4nL 0.< z' ~ 2 2 . 2 ()aha = - - ",H , = ah COS a + ahav sin a . 50 
WIl0 z 

Thu s, for the axially directed transmitter and receiver corre­

sponding to existing instruments, our formulation yields the 

formul a ofMoran and Gianzero (1979) for the apparent con­

ducti vity in a deviated borehol e. With axia l dipole instru ­

ments this formul a is all that can be done. With the full data 

set of a triaxial instru ment, the parameters of the medium 

can be solved for. 
Equations (47) et seq. con tain three unknown parame­

ters: deviation angle a , horizontal conductivity oi, and ver­
tical conductivity a; (disguised as the anisotropy coefficient 

A= ~ah a ,,). We can use these equations to find the param e­
ters of the transverse isotropic med ia, and the deviation 
angle of the instrument from observed magnetic field com­
pon ents. For the special case of /3 = 0 lengthy but straight­
forward algebraic calculations presented in Appendix C 
pro vide direct analyti cal expression s for the solution. Let 
g = wllo/8nL , then 

1
aha = -. 

2g 
(51) 

, 1 ' 
8'HX, + - 8'H z• + ('1H;' - ~ \;H; r+2 '1H;' }x	 2 z[ 

2 2 
2	 4g a ha A =----,---------=---.!~--	 (52) 

8'H z:(8'H x: + 8'HY.' + 8'H z.' - 2gaha) z x y z 

Of course, then 

1 
o.; =-2 aha	 (53) 

A 

and 

1 . -I[ 28'H ;: ]a =-sm , , . (54) 
a 2 8'H;, + 8'H:, -3gaha 

In an in fini te, homogeneous , transverse ly ani sotropic 
medium these formation parameters would be exac tly cor ­
rect except for a skin effect reduction that we have not dis­
cussed . In heterogeneous media the same formula s are used , 
but the paramete rs are referred to as "apparent" condu ctiv­
ity, etc., signified by appending the a subscript a. 

Apparent conductivity: vertical instrument 

We have already presented result s relating fields and 
condu ctivity comp onents for a vert ical inst rument in fonnu­
las (25)-(30). These should represent the a ~ 0 limit for 
formulas (47) and (48) . In this limit the results are 

8'Hx _ wll o 
x -	 - - (55) 8nL av, 

8'H z _ Wll o 
z - -	 (56) 4nL ah , 

where primes are omitted for a vertical instrument. These 
are identical to (25) and (30) as expected. From the formula for 
the axial field quadrature component 8'H: for a vertical instru­

ment, we obtain the expression for apparent conductivity 

aa =	 4nL 8'H: == aha , (57)
Wll o 

identical to Doll's expression. 
Based on the formula for the transverse field quadrature 

component 8'H: for a vertical instrument , we obtain a new 

expression for apparent conductivity 

8nL ~ x_ 
aa =-- ~Hx =ava , (58) 

wll o 

in agreement with the formulas derived for a vertical instru­
ment ; i.e., (25). 

A final observation 

We began our study with Mo ran 's and Gia nzero 's (1979) 
formulation of the electromagnetic field response ofa trans­
versely isotropic medium. For completeness, we finish by 
observing that the determination of aha, ava, aa, and /3a per­
mit the representation of an apparent condu ctivity tensor 
corresponding to any orientation of the instrument. This 

repre sentation is G~ = RT Ga R, where the subscripts indi­

cate the "apparent" parameters. In the simple medium that 
corre sponds to our analys is, the values of the "apparent" 
parameters will equal the values of the medium parameters, 
and the primed and unprimed variables indicate the instru -
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ment and medium frame respectively. The elements ofaare 
given in Moran and Gianzero (1979, p. 1284). We know that 
in general ais symmetric, indicating that only six of its nine 
elements are independent. In the presence of transverse 
isotropy we might expect to see only four independent ele­
ments due to the additional symmetry of the medium. 
Moran and Gianzero show that in transversely isotropic 
media the six components of the conductivity tensor depend 
only on the four parameters oi, a.; a, and (3. This makes 
explicit that regardless whether the representation is viewed 
from the medium frame ( i.e., os,av, a ,(3) or is viewed from 
the instrument frame (i.e. , axx, etc.) only four parameters are 
required to specify the conductivity tensor. 

NUMERICAL EXAMPLES:
 
HOMOGENEOUS ANISOTROPIC MEDIUM
 

We have used formulas (51)-(54) and also formula (C.15) 
from Appendix C to calculate the apparent conductivities aha, 
ava, apparent anisotropy coefficient Aa, and relative deviation 
angle aaon the basis of tensor well-logging data. 

Calculations were conducted using ah= 0.1 Sim (10 
Q-m), a; = a,,116 = 0.00625 Sim (160 Q-m) . We precom­
puted the components of the induction tensor using the ana­
lytic formulas (3)-(8). We then applied (51 )-(54) to the syn­
thetic tensor induction log and generated plots of apparent 
conductivities a"a, ava, apparent anisotropy coefficient Aa, 
and apparent deviation angle a; versus a ratio of the 
transmitter-receiver separation L to the horizontal skin 

depth 0" =~2 I W flo a". Solid lines in Figure 7 show the 
result of this calculation, i.e ., the apparent conductivity, for 
an instrument with deviation a ~ , while the circles show00 

the actual conductivity value of the tensor component (or 
other parameter). The apparent conductivity values are 
lower than the true conductivities. Figure 8 presents the 
same plot for a = 800 One can see in these plots that, in • 

accordance with the theoretical formulas, the apparent 
parameters closely approach the true parameters of the 
model for low frequencies and conductivities and progres­
sively diverge for higher frequencies; i.e., larger values of 
Uo", Nevertheless, one can see that horizontal conductivity 
and the deviation angles are well approximated from the 

analytic tensor well log data in the interval a -s Llo" s O.l. 
The approximate vertical conductivity is less accurate, but 
the apparent vertical conductivity and apparent relative 
deviation are still approximately correct for the relative 
deviations up to and including 80 0 

• 

The deviation of the apparent conductivity from the for­
mation conductivity is called "skin" effect in conventional 
induction logging, and is compensated by a so-called skin 
effect boost. The departure of the asymptotic approxima­

tions from the exact formation conductivity observed in 
Figures 7 and 8 is due to skin effect. If the method that we 
describe herein were to be used for actual interpretation, 
skin effect boosts would have to be developed for each com­
ponent of apparent conductivity. 

Our results suggest that determining the tensor conduc­
tivity components of a transversely isotropic medium from 
tensor induction observations in a deviated well is feasible 
if perturbations from a borehole and shoulder beds can be 
neglected, compensated, or corrected. 

CONCLUSION 

We have examined a simple but fundamental model of 

electromagnetic tensor induction well-logging in 
unbounded, homogeneous, transversely isotropic, conduc­
tive media using an arbitrarily oriented instrument. We have 
studied the analytical solution for induction tensor compo­
nents and derived low frequency asymptotic approxima­
tions based on quadrature components. 

The important result is that by measuring the quadrature 
components of the induction tensor we can obtain the prin­

cipal values (i.e., a" and av) and the orientation of the con­
ductivity tensor with respect to the instrument. This conclu­

sion holds whether the instrument is vertical, or rolled and 
tilted with respect to the tensor axes. 

The formulas introduced above for the apparent horizon­

tal and vertical conductivities a"a, ava, apparent anisotropy 
coefficient Aa, and apparent deviation angle a.; can be used 

as the basis for tensor well log interpretation in inhomoge­

neous anisotropic media when borehole and shoulder-bed 
effects can be neglected. This work strongly suggests that 
instruments developed using the triaxial induction principle 
will probably add great value to formation evaluation. 
However, corrections for borehole and shoulder-bed effects 
are sure to be required, if not in every case , then at least in 
many cases of practical interest. 

The asymptotic formulas developed for the apparent 

conductivity are analogous to the Doll apparent resistivity 
formulas. Modern, practical interpretation of triaxial induc­

tion instrument responses will employ computational 
resources and methods not available to Doll. Our result com­

pletes Doll's classical method for all ofthe components of the 

magnetic induction tensor in a transversely isotropic medium 
and provides a bridge to the modern methods that will be 
based upon numerical models of the instrument responses. 

The further development of principles for tensor induc­
tion interpretation in realistic cases is a topic of great inter­
est with much work remaining to be done . 
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FIG. 7 True parameter values (circles) and appa rent electrica l conductivity parameters (lines) of a homogeneous anisotrop ic 
medium for the relative deviation angle a =0°. In the case of 0h and o; these are the convent ional apparent conduc tivities, but without 
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APPENDIX A: 2 

LOW FREQUENCY APPROXIMAnON x 2 ( 2 2 ( x ) ] H; ~- --k Y - s 1-2­I [1 
4.n Sp2A h p 2 

The exponential terms, e ik ,,s and e 
ikhr 

, appearing in the 
magnetic field formulas have Taylor series expansions 
given by 

eik , S =i (ik vsr e ikhr =i (ik hrr (A.l) 
n=O n! n=O n! 

For low frequencies or conductivities these series can be 
approximated by their leading terms. Thus e ik , s ~ I + ik.s 

ik hr +~ i 2 k;S2 and e ~l + ikh r +~ i2 k ?; r2 . These approxi­

mations are substituted into formulas (3)-(8) to obtain a 
closed-form low-frequency approximation of the magnetic 

field . The approximations are used to derive approximate for­
mul as for the instrument responses linear in oi and a" These 
formulas can be solved for approximations of the conductivi ­
ties, ahaand aVa> of an infinite, homogeneous, and anisotropic 
medium. The approximations are accurate to the same order 
as the Doll apparent conductivity formula that was the indus­
try standard until recently-indeed the Doll formula is a spe­
cial case contained in the formulas described below. 

The magnetic induction tensor contains nine compo­
nents, but since the tensor is symmetric, onl y six of these are 

distinct. Further, H: and HI are formally identical upon 
exchange of x and y in their respective formulas , and H; 
can be obtained from u; if x is replaced with y in the for­

mula. In the interest of saving space the formulas for only 
four components are derived below, but upon exchange of 
appropriate variables (i.e., source and receiver labels) all 
nine components can be obtained from the four formulas 
given. 

HX field calculations 

H: calculation. The hori zontal component of the magnetic 

field excited by the hori zontal magnetic dipole is calculated 
by formula (3) . Expanding the exponentials as outlined 
above and substituting the first three terms into (3), after 
much tedious algebra we obtain 

I _ r 2 _ 1 2 
2 2 2 2+ k?; _ p_+ r~ - 2~ ( :t) (A2) 

x--,- _ p-:---...:::. r ....::.2 X=-2 H i 2
 
rp" r 3
 

"-/x' + o(ki" )l 
r 

The quadrature component is 

x l I 2 2 
CSHx ~ 4.nwfl oah Sp 2 y - s

[ ( (A 

2 2 2 2 2 2 2xp+rp-r x 
+ 4 

rp 

After some transformation 

~ x 1 
~Hx ~ -wflOah 

4.n 

2 2 .1Y X 2 S - rr; 

x 
2 l) 1-2 ~ 

(A.3) 

2 2 ] l x-r 
+ 3 . 

2 r 

.1 2 ]rr: - s x 1 
[ sp 2A + rp 2 + 2x P 4 A + P 2 A + 2r 3 - 2r . 

(AA) 

If the transmitter and receiver coils are located in the vertical 

borehole, thenp ~ 0, s ~ Alzl, r ~ [z], and 

~ x l I 
~Hx ~-wfl oav -1-1. (A.5) 

8.n z 

H~ calculation. Using formulas (4) and the approximations 

based on (A .1) we obtain 

H X _ xy 
y - ­

4.n 

1
2[ S ( P2] 1 1 2r] 3 33) k - 2-- +-+--- +-+o(k s ) . 
h 14 2 2 23 4 5 hIIp S rp r p r 

(A.6) 

In this case the quadrature component is 

x xy [ s - rA As - r 1]CSH y ~ -wflOah 2--- - -+-- . (A.7) 
4.n Ap4 Arp2s 2r 3 

For transmitter and receiver coils located in a vertical bore­

hole , then y ~ 0, s ~ Alzl, r ~ 14 The quadrature compo­
nent is equal to 
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0.- x xy [ (A2
- 1) AS - r p 2 ] o.,sH y :::;;-~ Wj1 00h - 2 - --+- ~ O . 

4np 2 2A 2 /z l Ars 2r 3 

H~ calculation. Substituting the power series approxima­

tion s into (5) we obtain 

2 2x xz [ 1 33 ]H z =--5 3+-khr +o(k hr ) . (A.8) 
4nr 2 

The quadrature component is 

xz
C:SH; :::;; -- w j1 00 h . (A.9) 

- 8nr 3 

For tran smitter and receiver coi ls are located in a nearly ver­
tical bor ehol e x ~ 0, s ~ Alzl, r ~ 14 In this case the quad­

rature component is equal to C:SH: :::;; o. 

HY and H Zfields 

The phy sical pr incipl e of reciprocity and the essential 
equivalence of the transverse source and receiver dipoles 
pro vides much redundancy in the formulas for the field 
components. Thus the formula for H: is transformed into 
the formula for H;: when every y is replaced by an x, and every 

x is replaced by a y. By recipro city HI will equal H; and the 

formul as will transform from one to the other upon exchange 
of xs and ys. The formul a for HI can be obta ined by instru­

ment symm etry from the formul a for H: when x is replaced 

with y. The formul a for H; is obtained by reciproci ty from 

HI upon exchange ofy and z. So, by exploitation of these rela­

tions , only the H/ component remains to be calculated. 

H: calculation. The low frequ enc y approximation for H: 
IS 

2 2 
z 1 [3Z - r 1 2 2 1 2 2 3 3 ]Hz =-~ 2 +-khr +-kh z + o(k hr )3 . 

4n r r 2 2 

(A.IO) 

The quadrature component is 

2 2 
0.- z r + z 
o.,sH z :::;; 3 Wj1 00 h · (A. 11) 

8nr 

In a "vertic al" borehole x = 0 and y = 0 then C:SH: :::;; 

Wj1 00 h / 4nl zl . 

APPENDIXB:
 
INDUCTION TENSOR IN THE INSTRUMENT
 

COORDINATE FRAME
 

Consider a special case where the direction of the instru­
ment axis with respect to the conductivity tensor axes is deter­
mined by the deviation angle a and the relative rotation angle 
f3 is equal to zero. We assume that three mutually orthogonal 
receiver coils are oriented along the instrument coordinate sys­
tem x ' , y ' , z ' and are located at the point (x, y, z) in the bore­
hole at some distance L from the transmitter, according to for­
mula (32). Note that the axis z' of the instrument coordin ates 
coincides with the instrument longitudinal axis. 

The rotation matrix (11) take s the form 

A [COSa 0 - sin aj 
n, = 0 1 0 (10) 

sin a 0 cosa 

The rotation formula (44) reduces to 

HX: H ~' x x H
Z

:1 x 

H;: H:: H;: = (B.1) 

rH;. H:' H;, 

cosa 

o 
0 

1 

- Sina] [ H: 
0 HX =0 

H:=0

HY 

H:][ cosa 

H' =0 0 

0 

I 

sina ] 

0 = 
[ 

sina 0 cosa ~: H; : 0 ~: - sina 0 cosa 

H ; cos' a - 2H ; sina cosa (H ; -H; )sina cosa 
2 o 

+H ; sin a +H ; (cos' a -sin2a ) 

H Yo o
Y 

(H ; -H; ) sina cosa H; sin2a +2H; sina cosa 
+H ; (cos' a - sin2a) 

o 
+H ; cos2 a 

Using the last formula, we can find the expressions for all 
magnetic field components in the instrument coordinates. 
For later convenience in notation we define 

2~s in 2 a + A2 cos a - A 
q= (B .2) 

Asin 2 a 

H;:calculation. Let us find H;:. The magnetic field compo­

nents are equated to the corresponding components in (46) . 
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c.sH;: = sstt; cos 2 a - »sn; sin acos a + »n; sin 2 a 

WIlOO h [I 2 2 ( ~sin 2 a + A2 cos 2 a- A l]= + cos a 
8nL Asin 2 a 

= WIlOOh [1 + 2qcos2a] . 
8nL 

(B.3) 

This component can also be ex pressed through vertical con­
ductivity : 

2 
~Hx ' WIl 0 °h [ 12 2,.1, cos a (~ . 2 12 2 1) ] 
'0 x ' == /I, + 2 Sill a +/1, cos a -/I, • 

8n L sin a 

(B.4) 

Th us , 

2 
]c.sH;, , == c.sH; [ A2+-2,.1, . cos--a (.JSIll ' 2a +,.1, 2cos 2a - A) . 

Slll2a 

(B.5) 

On the other hand, for small a we have 

~sin 2 a + ,.1,2cos 2 a - A 1- ,.1,2 
<:::;--- (B.6) 

. 2
Sill a 2,.1, cos a 

Th erefore, for small a 

r wllo 0 v [ 2 ]snr. = (l - cos a ) A + cos a . (B.7) 
x 8nL 

If a == 0 then c.sH: = (Wll o / 8nL)ov . So for small a 

c.sH;:= c.sH: [ (l - cosa) ,.1,2+ cosa ] . (B.8) 

In the case of isotrop ic media A= 1, and c.sH;:= c.sH: .
 

H;' calculation. Le t us find Hi'.
 

c.sH/ =(c.sH: - c.sH: )sin a cos a + c.sH: (cos 2 a - sin 2a )
 

WIl OOh [ ~sin2a +A2cos 2a -A ] 
= 2cosa ,

8nL hin a 

- Wll o°h [2q cos a sin a ]. 
- 8nL 

(B.9) 

In the case of isotropic me dia A== 1, and c.sH~', = c.sH~ = O. 

H;: calculation. Because of the choice of our coordinates 

HJ =H;: , and Hi ' component doesn't change with the ro­

tation. We have 

H r,' = WIl OOh . 

Y 8nr 

2
2[ 1 _ ~sin 2 a + ,.1, cos 2 a - A 1] 

A~sin 2 a + ,.1,2cos 2 a Asin 2 a - "2 

_[ 1 1]
- 2 A~sin 2 a +A2cos 2 a - q- "2 ' (8. 10) 

H:: calculat ion. For example, let us find H::.
 
~
'0
H z' »n: 

'0 
. 2 2 ~H

'0 z x , ~H zz . 2 2 a
z ' = x Sill a + Silla cos a + '0 Sill cos 

WIlOOh [ 2 ~. 2 2 2 . 2 2 2 ] = -I + - SIn a + A cos a + (S In a + cos a ) 
8nL A 

- WIl OOh 2 [1+ qsin 2 a]. (B .Il)
- 8nL 

Thus, 

f . 2 2 2 
c.sH~ = wll o0h "SIll a + A cos a (B.12) 

z 4nL A 

Ifa == 0, 

c.sH/ = Wllo°h (B.13) 
4nL 

So 

f . 2 12 2 
c.sH~ = c.sH/ "SIll a + /I, cos a . (B.14) 

z A 

In the case of isotropic media A== 1, and c.sH/ = c.sH/ . 

Summarizing the res ults in a matrix form, we have 

c.sH' :::; wfl 00' h (B.15) 
8n L 

1 + 2qcos2 a 0 2'1 cosa sina II M; 

0 [ 2 
'J... .JSin2a+). 2 cos2 a 

]- 2'1 - I o My 

2'1 cosa sina 0 2(1 + q sin2 a) II M; 
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APPENDIXC:
 
DERIVATION OF THE FORMULAS FOR
 

APPARENT CONDUCTIVITIES AND
 
THE ANISOTROPY COEFFICIENT
., 

The derivati on is based on the formula (46) for the induc­
tion matrix in the deviated borehole. Introducing the nota­
ti on s g = wfl o/Sn r and h' = S'H'/ gOh ' a n d q = 

( ~sin 2 a + A,z cos a - A. ) / (A. sin 2 a), for notat ion al con ­

venie nce , we make the definiti on s 

h;:= I + 2q cos 2 a (e. 1) 

and
 
, 2
 

hY. = - 2q- I (C .2) 
Y 2 2.J ' 2A. SIn a + A. cos a 

h;:= hi ' =2qcos a sin a = qsin 2a (e. 3) 

h:: = 2 + 2q sin 2 a = 2(1 + q sin 2 a) . (CA) 

Th erefore h;: + - : = 3 + 2q and h;: = q sin 2a. Solving the 
last two equations, we obtain . 

I . , 2h ~ 
q = - (hx,+h z,-3) andsin2a= . z . (e.S ) 

2 x Z h X, + h '. - 3 
x Z 

On the other hand, obviously: 
• , ' 2 

(h;. - l)(h:. - 2) = h;, . (e.6) 

Th en, mult iplyin g by (gOh)2, we find 
, , ' 2 

(S'H:, - 2goh)(S'H;. - goh)= S'H ;. (e. 7) 

and 

, • . , ' 2 
2g 2O~ - gOh(2S'H;. + S'H:. ) + (S'H :. S'H;. - S'H ;, ) =o. 

(e.S) 

Express ion (C.S) can be treated as the qu adratic equa tion 
with respect to the unknown conductiv ity 0h. Solving this 
equation, we find 

C:SH x: + l C:SH z.' ± f(C:SH x: + 1 S'H z.') 2 +2S'H x:
2 

x 2 Z 'J x 2 Z Z

01 ,2 = 
2g 

(C.9) 

where 01 .2 is simply intended to conve y that the quadratic 
form has two possibl e solutions. For example, in the cas e of 
the ver tical boreho le 

I 1 
S'H: :=::::- Wfl OOv-1-1= gov , (e. 10) 

Sn z 

~ Z 1 2 1
:sH z :=:::: 3 Wfl oOh2z = -1-1tou « 0h = 2g0h , 

Sn Izl 4n z 
rc.in 

S'H: :=::::0. (e. 12) 

Making these substitutions into (C.9) leads to 

Ov + 0h ± 1Ov - 0hI 
01 2= . , 2 

Taking into account that typically 0h > 0", we obtain 

Ov + 0h + lov - 0hI Ov + 0h + (0 h - 0 v) 
0 1 = = = 0h. 

2 2 
and 

Ov + 0h - IOv - 0h 1 Ov + 0h - (0 h - 0 v) 
02 = -:...--....::..---'----'--- --'- = 0 v . 

2 2 

It can be shown that in the general case of a deviated bore­
hole 

0 1 = °h= 

~Hx ' + 1 ~Hz ' + f(~HX ' 1 ~H z' ) 2 + 2 ~Hx ' 2:s x· "2:S z' 'J :s x· - "2 :S z' :s z' 

2g 
(e. I 3) 

and 

S'H X: +l S'H z: - f( S'H '~ ' _ 1 S'H ~ ' ) 2 + 2S'H~ ' 2 
x 2 Z 'J x 2 Z Z 

0 2 =------=---.::....-:....-~-~--=---_..::...-_---=----

2g 

~sin 2 a + ,1,.2 cos 2 a - A. . 2 ]
= Oh 1+ . 2 (2cos 2a +s1l1 a ) .

[ A. SIn a 

(C.14) 

In the case of small a 

(1_,1,.2) 2 . 2 ]
0 2 :=:::: oi 1+ 2 (2cos a + S1l1 a) :=::::[ 2A cos a 

(e. I S) 

(1_ ,1,.2)] 0h 
o; 1+ ,1,.2 = ")!= OV. [ 

Aft er determination of 0hwe can find a and q according to 
the formulas 

1 '. 1 . . 
q = - (h~ +h z. - 3)=-- (S'H X, + S'H z. -3goh), 

2 x Z 2go oi x Z 

and 

2h;, 2S'H ~ ' 
x (e. I6)sin 2a = x ' + h z: _3 

' Z S'H X,' + S'Hz.' - 3gohhx x Z 

On the other hand 

2
hY

• = - 2q-1. (C.I 7) 
Y 12 2.J ' 2A. SIn a + I\. cos a 

November-December 2001 PETROPHYSICS 609 



Zhdanov et al. 

Therefore, 

1 2 
q+--2-= 2 ' ' (C.1S) 

s in a A si n 2 a (h; + 2q + 1) 

Fro m h5' = 2 + 2q sin 2 a we have 

--=~ (C.19) 
sin 2 a h;:-2 

Therefore, 

1 2 
q + - 2- = , . (C.20) 

sin a A2 sin 2 a (h>: + 2q+l )y 

Substituting (C.19) into (C.20), we obtai n 

2 ~ 4
A = " = " ". (C.21)

h'. Z»: y + 2q + 1) hZZ, (hx 
X

, + hy>; + h'. Z - 2) 

F inall y, rep lacing h: with th e corresponding H: factor, etc., 

and substituting g where appro pria te, we obtain the fo rm ula 

for th e coefficient of an iso tropy, 

2 4g 
2 «: 2 

A = , , ' , ,(C.22) 
CJH ;, (CJH;, + CJH; + CJH ;, - 2gah) 

and 

2CJH X ,
Z (C.23) 

sin 2a = CJH x: + CJH :: - 'sgo; 
x 
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