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guess_Xo, we obtain the next iteration as x; = fxo,
x; = Fx; and so on. One step of this technique consists
of one matrix multiplication only. However, the neces-
sary condition for the convergence of this technique is
that the matrix F represents a contraction operator
(Banach theorem about the fixed point of the contraction
operator). Otherwise, it has weak convergence or it
diverges. Unfortunately in electromagnetic modeling
based on the conventional integral equation method, this
method usually does not converge, especially for large
scatterers with high anomalous conductivities.

[27] Based on the modified Born series developed by
Pankratov et al. [1995] and Singer and Fainberg [1995],
Zhdanov and Fang [1997] found a remedy for the
divergence problem by modifying the original integral
equation such that the modified operator is a contraction
operator for any scatterer size and conductivity distribu-
tion. In other words, if we apply the SI method to the
preconditioned integral equation, described above, the
convergence is guaranteed for any lossy medium. More-
over, there is an analytical expression for the upper
bound for the solution error [Zhdanov and Fang, 1997]
that can be used as a straightforward termination criteria
of the iterative process. In the previous section we have
shown that this nice modification can be treated as a
special preconditioning, making it applicable to iterative
techniques more powerful than the successive iterations.

5.2. Conjugate Gradient Normal Equation
Residual (CGNR) Method

[28] Assume Ax = b is a linear system with a positive
definite Hermitian coefficient matrix. Consider

b(x) = %X*Kx — x*b. (37)

Since V(x) = Ax — b, it follows that x = A~'b is the
unique minimizer of (37). One way to produce a vector
sequence {x;} that converges to X is to introduce the
Krylov subspace

IC(K, ro> = span{KrO,Kzro, e ,K"ro},

and where ryp = Kxo — b and minimize ¢ over this space
[Golub and Van Loan, 1996].

[29] The best known iterative method performing this
operation is the Conjugate Gradient (CG) method [Hes-
tenes and Stiefel, 1952]. Note that it is designed for
problems with a positive definite Hermitian coefficient
matrix. For nonhermitian systems it exhibits erratic
convergence behavior.

[30] The simplest way to overcome this problem is to
precondition the original system Ax = b with the com-
plex conjugate of A, i.e. we solve A*Ax = A*b, where *
denotes the complex conjugate transposed matrix. One
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step of this method contains two matrix multiplications.
The CGNR method was used by Pormiaguine et al.
[1999] for solving the compressed problem. Since A*A
is a positive definite Hermitian, the CGNR method
always converges. However, the squaring of the con-
dition number results in a slowdown in the convergence.

5.3. Biconjugate Gradient (BICG) Method

[31] This method was introduced as a generalization of
CG for nonhermitian systems [Lanczos, 1952; Fletcher,
1976]. It is based on simultaneous minimization over
two Krylov subspaces,

IC(K, r()) = span{?&rg, Kzro, e ,Kkro},
and
IC(X*, ro) = span{g*ro, AZ*py. oo ,K"'*ro}.

It converges faster than CGNR, since no squaring of the
condition number occurs. However, this method also
requires that matrix A is a positive definite Hermitian
coefficient matrix, which is not always the case in
numerical modeling. Therefore, erratic convergence has
been observed in several situations [van der Vorst, 1992,
Freund and Nachtigal, 1991]. Moreover, the operations
of transpose matrix-vector multiplication still appear in
each iteration, resulting in difficulties when A* is not
readily available.

5.4. Biconjugate Gradient Stabilized
(BICGSTAB) Method

[32] Many recently proposed methods can be viewed
as improvements over some of the drawbacks of BICG.
One of the most notable variants is the Conjugate
Gradient Squared (CGS) suggested by Sonneveld
[1989]. In this algorithm the calculation of A* is not
required while retaining the convergence rate of BICG.
However, erratic convergence behavior may still occur.
Based on similar ideas which led to CGS, van der Vorst
[1992] introduced the Biconjugate Gradient Stabilized
(BICGSTAB) method, which is reported to have better
convergence rates than CGS in many situations [Dries-
sen and van der Vorst, 1991; van der Vorst, 1992].

5.5. A Quasi-Minimal Residual Variant of
BICGSTAB (QMRCGSTAB)

[33] Freund [1993] introduced a variant of CGS, which
is reported to smooth the convergence of CGS while
retaining its good convergence rate. This is based on a
“quasi-minimization” of the residual over the span of the
vectors evaluated during the CGS algorithm. The method
is called the Transpose-Free Quasi-Minimal Residual
(TFQMR) method. It has been used by Ellis [1999] to
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calculate an EM scattering problem in time domain.
Following the same logic to smooth the BICGSTAB
technique, the Quasi-Minimal Residual variant of BICG-
STAB (QMRCGSTAB) has been developed by Chan et
al. [1994] This method is known to be as smooth as the
TFQMR; however, its convergence rate is usually higher
[Chan et al., 1994].

5.6. Complex Generalized Minimal Residual
(CGMRES) Method

[34] The basic idea of the conventional Generalized
Minimal Residual (GMRES) method [Saad and Schultz,
1986] is to find the solution along an orthonormal basis

{Ag Agl,- ,Kg;’}

in the Krylov subspace
K= span{Xrn,Kzrn, e ,K"'rn}

at the n-th step of the iterative process,
Xpt1 = Xp — anlg(n y § < n,

where r, = Arn —b.

[35] The more orthonormal basis functions are calcu-
lated (the larger s is), the smoother the convergence
becomes, requiring fewer iterations with smaller ampli-
fication of the roundoff errors during the iterative proc-
ess. However, at each iteration the orthogonalization
process has to be performed, requiring 25 matrix multi-
plications, and the number of vectors to be stored is also
proportional to s. The notation GMRES(s) is often used
to emphasize the number of orthogonal basis functions.
One special case is the so called “brute force” GMRES,
which is based on increasing s until the desired error
level is reached within one outer iteration [Kelley, 1995].
However, if s becomes large, the number of basis vectors
to be stored may be very memory demanding.

[36] The GMRES method has been extended for the
case of an operator equation in a complex Hilbert space
by Samokhin [1993] and Zhdanov [2002]. We call this
modification the Complex Generalized Minimal Resid-
ual (CGMRES) method. The main advantage of this new
technique is that it converges even if the matrix A is not a
positive definite Hermitian matrix. The only requirement
for the convergence of the CGMRES method is that
complex matrix A is an absolutely positively determined
matrix. The last property, according to Zhdanov [2002],
means that matrix A satisfies the condition

(38)

x* (Kx)‘ > y(x*x),y > 0,

for all x.
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[37] Note that due to the energy inequality [Zhdanov
and Fang, 1997], the coefficient matrix for electromag-
netic IE forward modeling is always an absolutely
positively determined, ensuring the convergence of the
CGMRES for any model. However, the convergence rate
can be increased significantly by applying CGMRES to
the preconditioned IE system (31).

5.7. Operation Complexity

[38] Table 1 summarizes the operation count per one
iteration for the tested algorithms without precondition-
ing. Using left and right diagonal preconditioners, two
extra vector-vector multiplications are added to the
displayed values for each matrix multiplication. Because
of the full matrix of the integral equation, the speed is
determined almost entirely by the number of matrix
multiplications. For sparse systems, the relative con-
tribution of vector-vector multiplications can also be
significant.

6. Choice of the Initial Guess

[39] Alliterative methods may be started from any value
of Xo. If no initial guess is specified, usually one starts
from zero. However, some time can be saved by picking
an appropriate initial guess having relative residuals less
than one. The basic idea is that it is economical to
calculate the initial solution if its cost is lower than the
resulting complexity reduction during the iterative
process. Zhdanov and Fang [1997] used the quasi-linear
approximation as the initial guess of the successive
iterations. Consequently, they called the method quasi-
linear series. Similarly, Zhdanov et al. [2000] applied the
quasi-analytical approximation to the SI method, obtain-
ing the quasi-analytical series. Evidently, the concept of
inexpensive approximation-based starting solutions is
not limited to the method of successive iterations, it can
be applied to any iterative solver.

[40] If more than one frequency is modeled, and the
adjacent frequencies are not extremely different (say,
they are at the same magnitude), there is an even better
choice for an initial guess. With the solutions at f;, and
assuming that the variation of the background and total
electric fields inside the anomalous body is similar with
respect to the frequency, e can be pxcked at f> on the basis
of €”(f}) and e(£) as

() eli

(i)

This calculation is very inexpensive (two vector
products) and in the presented modeling experiments it
could save approximately 40—60% of the number of
iterations starting from zero even if the ratio of two
frequencies was 10. For time domain modeling, where

=e’(f)

(39)
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Table 1. Summary of the Operation Count per One Iteration

Number of Multiplications per Iteration

Method Matrix-Vector Vector-Vector
SI 1 0
CGNR 2 3
BICG 2 3
BICGSTAB 2 5
QMRCGSTAB 2 7
CGMRES(s) 2s 2+@2+s2)(s—1)

the frequency spectra are sampled more densely, the
saving factor is even higher.

7. Numerical Results

[41] In this section a comparative study of the outlined
iterative solvers is performed through a 3-D forward
modeling experiment. The model is one of the new
generation of 3-D models of the COMMEMI project,
initiated by Zhdanov et al. [1997]. This model was
introduced by Varentsov et al. [2000] and named Model
3D-3. It consists of seven conductive blocks (Figure 3).

[42] Five of them are adjacent in the y-direction and are
elongated in the x-direction, forming a subsurface syn-
cline-like structure. These blocks have the same size (3
km) in the x-direction, while their sizes in the y- and z-
directions (from body 1 to body 5) are different and equal
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t0 0.4, 0.6, 0.4, 0.6 and 0.4 km, and 0.4, 0.6, 0.4, 0.6 and
0.4 km respectively. The resistivities of the blocks (from 1
to 5) are 300, 30, 100, 30 and 300 Ohm-m.

[43] The sixth block forms a middle depth local 3-D
body with a very low resistivity of 0.1 Ohm-m, and with a
size of 1 x 2 x 0.8 km® in the x, y and z directions. The
upper edge of this body lies at a depth of 0.2 km.

[44] The seventh body describes a regional quasi-2-D
crustal structure with dimensions of 1 x 5.6 x 2 km® in x,
y and z directions respectively and with a low resistivity
of 0.3 Ohm-m. Its upper edge is at a depth of 1 km.

[45] The background vertical section of the model
consists of three layers with resistivities of 1000, 10000
and 10 Ohm-m, and with thicknesses for the first and the
second layers of 1 and 6.5 km, respectively. The obser-
vation region selected for the comparison is [—4, 4] x
[—4, 4] km®.

[46] This model combines a high conductivity contrast
up to 30000 with the anomalous structure almost out-
cropping at the ground surface, which is quite typical for
mining EM applications and for regional MT studies. It
requires a large grid to approximate all the structures with
the proper resolution. The inhomogeneity discretization is
as follows: each body is horizontally subdivided by 0.2 x
0.2 km? cells in the x and y directions, while the vertical
discretization interval increases with depth, starting from
0.05 km for the subsurface structures and ending with 0.5
km at the bottom of the deepest quasi-2-D body. The total
number of cells used for this experiment is 8008. The
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Figure 3. 3-D geoelectric model consisting of seven blocks within a layered medium excited by a

plane-wave source [after Varentsov et al., 2000].
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Figure 4. Behavior of the relative residual norm during the iterations without (top) and with
(bottom) diagonal preconditioners in the solution of the integral equation for the 3-D modeling

experiment.

model is excited by a plane-wave with an electric field
oriented in the x-direction. The frequency is 1 Hz.

[47] The aim of this numerical experiment is to find the
total electric field inside the anomalous body by solving
the discrete conventional and contraction integral equa-
tions and to compare the convergence rates of different
iterative solvers. Iterations were performed until the L,
norm of the residual normalized to the L, norm of the
right hand side dropped below 10~*, or until the number
of iterations reached 500. The choice of the stopping error
level is based on information from the actual accuracy of
the Green’s tensor integrals of the scattering matrix
[Xiong, 1992].

[48] The history of the relative residual during the
iterations is plotted in Figure 4. The upper panel shows
the behavior of the relative residual norms of the different
iterative solvers applied to the discretized conventional
integral equation (without preconditioning). The succes-
sive approximations clearly diverge, and the BICG
method has extremely erratic behavior. The CGMRES

with three orthogonal basis functions stagnates. Since the
CGNR method solves the always Hermitian normal
equation, monotonous convergence is provided. How-
ever, one of its typical properties is that the convergence
rate decreases, so an excessively large number of iter-
ations is required. The BICGSTAB and QMRCGSTAB
techniques appear to be convergent, but neither of them
could reach the desired error level within 500 iterations.
Considering that one matrix multiplication requires
approximately 20 seconds on a SUN Ultra Sparc-10
workstation, it is extremely expensive or impossible to
obtain a solution based on the conventional IE method
without preconditioning.

[40] The bottom panel of Figure 4 shows the relative
residual norms after the diagonal preconditioners, based
on the CIE method outlined above, have been utilized. In
this case only the BICG has failed to converge, and all
other methods produce decreasing errors. The conver-
gence rates are significantly different. The CGNR method
still converges very slowly due to the squaring of the
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Table 2. CPU Times of Convergence to a Relative Residual of
10~* Using Six Iterative Solvers Required for the Solution of the
Conventional and Contraction Integral Equations for Model 1*

CPU Times of Convergence
to [[rll/[b]} < 107*

Method Conventional [E Contraction [E
SI No convergence 5720
CGNR >20000 >20000
BICG No convergence No convergence
BICGSTAB >20000 1052
QMRCGSTAB >20000 1351
CGMRES(s) >20000 3925

#The time units are measured in seconds.

condition number of the original equation. The successive
iteration method requires almost 300 iterations, so in spite
of its low cost per iteration (one matrix multiplication) the
overall operation count is still large. The other transpose-
free algorithms (CGMRES, QMRCGSTAB and BICG-

Initial guess based on E (f 1If2 =0.1)
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STAB) are much faster, requiring 36, 33 and 26 iterations
only.

[s0] Table 2 represents the CPU time required on a
SUN Ultra Sparc 1 workstation by different solvers to
reach a normalized residual below 10™*. The calculations
were performed on a SUN Ultra Sparc 10 workstation.
The cheapest techniques for this specific model are the
BICGSTAB and QMRCGSTAB, since they need only
two matrix multiplications per iteration, while the
CGMRES(3) requires six of them.

[51] Choosing an inexpensive approximation as an
initial guess, the total number of iterations decreases by
two or three for each method. If results of the nearest
frequency are used as an initial guess applying (39), then
the saving rate can be much higher. For example, using
the result calculated for /= 0.1 Hz results in approx-
imately 40—60% fewer iterations than if the initial guess
is zero (compare the bottom panel in Figure 4 and the top
panel in Figure 5). If the result of /= 0.5 Hz is available,
less than 10 iterations are needed for the CGMRES,

10° - ,
E
S10° ]
(7]
2
(]
N
T10°+ 1
E BICGSTAB
CGMRES(3)
-4
10 : ‘
10° 10' 10?
Initial guess based on E (f./f, = 0.5)
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10 . —
E
B10° 1
(7]
e
o
Z
®10° ]
[T]
= QMRCGSTAB
| Gonmstm , s |
10 0 1 2
10 10 10

Number of iterations

Figure 5. Behavior of the relative residual norm during the iterations using initial guesses based
on the electric field calculated at /= 0.1 Hz (top) and f = 0.5 Hz (bottom) in the solution of the
integral equation for the 3-D modeling experiment at f'= 1 Hz.
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Figure 6. Amplitude of the x-component of the total electric field at the surface obtained by
solving the CIE by four different solvers. The results have been normalized to the background

electric field.

QMRCGSTAB and BICGSTAB methods (Figure 5,
bottom panel).

[s2] Figure 6 presents the comparison of the x-compo-
nent of the electric field for a period of 1 s for different
solution techniques. There are four solutions shown,
obtained by the SI, BICGSTAB, QMRCGSTAB and
CGMRES(3) solvers for the CIE system. Since the rela-
tive error is about 0.01%, there are no visible differences
between the results. The SI solution has been used in the
comparative experiment between different modeling tech-
niques by Varentsov et al. [2000]. However, the modeling
results obtained by the BICGSTAB, QMRCGSTAB and
CGMRES(3) solutions applied to the CIE require much
less computer resources than the SI solution.

8. Conclusions

[53] In this paper we consider the Contraction Integral
Equation (CIE) method for 3-D electromagnetic model-
ing. The method is based on the numerical solution of the
modified integral equation with the contraction Green’s

operator, introduced by Pankratov et al. [1995] and
Zhdanov and Fang [1997]. We suggest using CG-type
iterative methods to solve the contraction integral equa-
tion, which are much more powerful than the successive
iterations originally used by Pankratov et al. [1995] and
Zhdanov and Fang [1997]. We have examined the
performance of different iterative solvers in the solution
of an electromagnetic scattering problem, based on the
CIE method. Also, the effect of the initial guess has been
investigated. As a result, one can conclude that for this
problem the CGMRES, BICGSTAB and QMRCGSTAB
algorithms are fast enough to provide a practical tool to
model complex geoelectric structures consisting of a
large number of cells. The choice of an inexpensive
initial guess for modeling several frequencies results in
further reduction of operations.

[54] The high convergence rate of the iterative methods
applied to the contraction integral equation is based on
the fact that this new equation is the preconditioned form
of the conventional integral equation with the precondi-
tioning matrices determined by the conductivity distri-
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bution within the geoelectrical model. This form of the
preconditioners is based on the fundamental radiation
properties of the electromagnetic field, expressed by the
energy inequality, which has a clear physical interpreta-
tion: the total energy of the anomalous electromagnetic
field radiated outside the domain with the anomalous
conductivity is always non-negative. This physical prop-
erty of the electromagnetic field provides the mathemat-
ical convergence property of the iterative methods with
the new preconditioners introduced in this paper. This is
probably the most important result of our research.
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