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We repeat this process for L pyramid levels:
A\ Wlﬁl ...Wzﬁ’,v.,

and

v =Wevi, 221)
where WC is a compression matrix:

W.=W, .. W,W,. 2.22)

The resulting vector v, contains only few meaningful values. The rest of the values
are close to zero. Thus, vector v, can be approximated by a sparse vector. The final
stage of compression involves thresholding. We find all values in the vector v, which
are close to zero (say, less than 1 percent of vector maximum) and set them equal to
zZero:

v = threshold(ﬁ’cv] ,0.01), (2.23)

where vector v'L is the resulting sparse vector. Operator threshold denotes threshold
transformation.

4. COMPRESSION IN THREE DIMENSIONS

In multiple dimensions, compression with an interpolation pyramid is a series of
subsequent 1-D linear interpolations on coarsening grids. Compressing a 3-D function,
for example, we would first reduce values at even nodes in the x-direction, then reduce
the values at even nodes at the y-direction, then in the z-direction. After that we would
consider a coarse grid, and start the process from the x-direction, etc.

To illustrate how compression is done, let us consider the following example. We
take a thin conductive plate, as shown in Figure 1. We divide this plate into 81 blocks
N, =9, Ny =9 and N, = 1. Components of electrical Green’s tensor for the cell in the
middle of the domain (the influence of the middle cell on all other cells) are shown in
Figure 2.

Consider the compression of one component of Green’s tensor on this uniform
9 x 9 grid (shown in Figure 3). In three dimensions, compression with an interpolation
pyramid is a series of 1-D linear interpolations on coarsening grids. Assume that the
original function (one component of Green’s tensor given on 3-D mesh N, x N, x N;)
is denoted as a vector d. First, values at nodes with even x indices i, = 2,4,6,8 (denoted
by stars in Figure 3, case a) are predicted by a 1-D linear interpolation in the x direction
from values at odd points i, = [1,3,5,7,9]. Prediction is subtracted from true values at
even points; odd point values are retained as is. This transformation can be denoted as a
linear operation:

d =W, d (2.24)
where \/’\V“ is the first elementary compression matrix in the x direction. Note that

it is a sparse matrix. Portniaguine (1999) considers the structure of a 1-D elementary
compression matrix in more detail.
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Figure 2. Components (E,,, E,, and E;,) of electric Green’s tensor for the geometry shown in Figure 1.
Stars denote nodes where the values were retained after compression. The values at all other nodes were
thresholded to zero; hence the compressed Green tensor matrix has become sparse.

Figure 3. Compression scheme of a function on a 9 x 9 grid. At every step, the values at starred nodes
are predicted by linear interpolation from the values at circled nodes. In panels (a), (c) and (e) 1-D
interpolation is done in direction x. In panels (b), (d) and (f) interpolation is done in direction y.
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Next, the same transformation is done in direction y. Values at nodes with even y
indices i, = 2,4,6,8 (denoted by stars in Figure 3, case b) are predicted by a 1-D linear
interpolation in the direction y from the values at odd points i, =[1,3,5,7,9]. Prediction
is subtracted from true values at even points; odd point values are retained as is. This
transformation, again, can be described as a linear operation:

d,=W,d,, (2.25)
In general cases, the same should be repeated in the direction z after step (2.25):
d: 1 :W:I d,vl (2.26)

In our specific example the direction z is a singleton, that is N, = 1. For generality, we
will retain this direction in our formulas. For the singleton dimension, the compression
matrix is simply a unit matrix.

Note that in the case of multiple dimensions, compression on one pyramid level
consists of a series of successive 1-D interpolations in all dimensions.

On the next pyramid level we return to the x direction and repeat the same
transformation starting on a coarser grid (Figure 3, case c):

do=Wod.;. 2.27)
The same along the direction y (Figure 3, case d):

d_‘-zzw_vzd.\-z, (2.28)
and the same along the direction z:

do=W..d,o. (2.29)

This process should be repeated for as many pyramid levels as necessary. The number
of levels N in interpolation pyramid is:

N, = 1 +int(log,(max([N,,N,,N.]))) (2.30)

In our example, the third level is the last one. Again, we start from the direction x
(mesh is shown in Figure 3, case e):

d3=W.d. (2.31)
The same in the y direction (mesh is shown in Figure 3, case f):

dy3=W 3d,s, 2.32)
and in the z direction:

d3=Wd,s. (2.33)

Let us put the whole process together:

A=W W, ;W W, W, WoW W, W, d (2.34)

In general cases, where the number of compression levels equals Nj, we have:
Ny
d.y = l_[(w;kwykka)d, (2.35)
k=1
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7. MODELING EXAMPLES

We have performed a comparison of compressed and non-compressed problem solution
for a model shown in Figure 4. This is Model 3D-1 of COMMEMI project, excited by a
rectangular loop operating at 10 Hz.

The experiments were performed with the body divided to 256, 512 and 1024 cells.
For each case, three experiments with different degrees of compression were performed.
The non-compressed case corresponds to O threshold level. Compressed cases include
0.0001 and 0.001 threshold levels.

The experiments were performed on ULTRA SPARC workstation with 160 MHz
processor frequency and 128 Mbytes of memory. Table 1 summarizes the result of
comparison, in terms of memory usage, CPU time and accuracy of the solution. The
accuracy was measured as the L, norm of the difference between the compressed and
uncompressed solutions (anomalous field inside the body) for the same number of cells.

We can see that compression speeds up the solution up to two orders of magnitude
and decreases memory requirements one order of magnitude. The drawback, however,
is loss of accuracy. Higher threshold level leads to less accurate solution. The worst case

Y.
S //
Source
o
A A :cfvirs A/AA A A X
=5 2 km 250 m (
400 m gl

2 km

1 km

Frequency: 10 Hz

Figure 4. A 3-D geoelectrical model of a conductive rectangular body embedded in a homogeneous half-
space. The model is excited by a horizontal rectangular loop source. The magnetic field is measured at
the receivers marked by triangles along the x axis.
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Figure 5. Behavior of the anomalous magnetic field obtained by IE solution without and with compres-
sion using different threshold levels.
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here is 3% accuracy loss. The difference between the non-compressed solution and the
solution compressed with 0.001 threshold level is shown in Figure 5.

Another model, consisting of two conductive bodies, is shown in Figure 6. The
observation array is a cross-borehole frequency-domain system. It consists of twenty
receivers located in one well. Twenty transmitters located in another well operate at 33
kHz frequency. Transmitters are shown as circles, and receivers are shown as stars.

To build such a model, we first establish a large grid that covers the entire domain
between boreholes (Figure 7). The discretized integral equation for this domain is given
by Formula (2.11). After compression, the size of the problem matrix was reduced in
about five times. The solution of this forward EM problem (an axial magnetic field
component) for a cross-borehole method is shown in Figure 8. Note that existing
versions of the IE codes without compression cannot compute this model.
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Table 1. Results of comparison
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Threshold level 256 cells 512 cells 1024 cells
Memory usage, megabytes
0 9.44 37.75 151
0.0001 547 16.61 46.81
0.001 1.52 4.81 11.22
CPU time, seconds
0 38 538 16047
0.0001 21 188 1952
0.001 6.58 53 203
Relative error
0 0 0 0
0.0001 0.0009 0.0033 0.0038
0.001 0.013 0.028 0.032
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Figure 7. A domain grid for two local bodies and a cross-borehole observation system for the model with
two conductive bodies shown in Figure 6. Most of the anomalous conductivity values for the cells in this
grid are equal to zero. The whole grid, which is shown in this figure, is used to set up the model. This
allows greater flexibility of the model’s geometry. However, the anomalous field values are found only
inside the bodies shown in Figure 6.

8. CONCLUSIONS

We have demonstrated the application of compression to the solution of a 3-D EM

forward problem with IE. Numerical study indicates that the method can be applied to
speed up computations and enable solution of larger problems.
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Figure 8. Axial magnetic field, the result of cross-borehole simulation for a model with two anomalous
bodies shown in Figure 6. Gray scale shows magnetic field magnitude in A /m.

As aresult, we have developed a new generation of IE methods that possess flexibility
in forward simulations compatible with the flexibility of FD modeling, but preserves the
advantages of IE techniques. There are several promising directions for further research.
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It seems possible to develop fast exact solutions based on iterative series consisting
of models compressed with different levels of accuracy. It is also possible to apply
compression to build fast 3-D inverse solutions.

ACKNOWLEDGEMENTS

The financial support for this work was provided by the National Science Foundation
under the grant No. ECS-9987779. The authors also acknowledge the support of the
University of Utah Consortium for Electromagnetic Modeling and Inversion (CEMI),
which includes Advanced Power Technologies Inc., Baker Atlas Logging Services,
BHP Minerals, ExxonMobil Upstream Research Company, INCO Exploration, Japan
National Oil Corporation, MINDECO, Naval Research Laboratory, Newmont Gold
Company, Rio Tinto, Shell International Exploration and Production, Schlumberger—
Doll Research, Unocal Geothermal Corporation, and Zonge Engineering.

REFERENCES

Ainsworth, M., Levesley, J., Ligth, W.A. and Marletta, M., 1997. Wavelets, Multilevel Methods and Elliptic
PDEs. Oxford Science Publications, 302 pp.

Bank, R.E. and Xu, J., 1994. The hierarchical basis multigrid method and incomplete LU decomposition.
In: D. Keyes and J. Xu (Eds.), Seventh International Symposium on Domain Decomposition Methods for
Partial Differential Equations. AMS, Providence, RI, pp. 163-173.

Bhaskaran, V. and Konstantinides, K., 1997. Image and Video Compression Standards: Algorithms and
Architectures. Kluwer Academic Publishers, Hingham, MA, 454 pp.

Chan, T.F., Gallopoulos, E. and Simoncini, V., 1994. A quasi-minimum residual variant of the Bi-CGSTAB
algorithm for non-symmetric systems. SIAM J. Sci. Statist. Comput., 15, 338-347.

Fletcher, R., 1981. Practical Methods of Optimization. Wiley, New York, N, 680 pp.

Freund, R., 1992. Conjugate gradient type methods for linear systems with complex symmetric coefficient
matrices. SIAM J. Sci. Statist. Comput., 13, 425-448.-

Gill, P,, Murray, W. and Wright, M., 1981. Practical Optimization. Academic Press, London, 561 pp.

Henson, V., Limber, M., McCormick, S. and Robinson, B., 1996. Multilevel image reconstruction with
natural pixels. SIAM J. Sci. Statist. Comput., 17, 193-216.

Habashi, T.M., Groom, R.W. and Spies, B.R., 1993. Beyond the Born and Rytov approximations: a
non-linear approach to electromagnetic scattering. J. Geophys. Res., 98, 1759-1775.

Hohmann, G.W., 1975. Three-dimensional induced polarization and EM modeling. Geophysics, 40, 309—
324.

Klarke, R.J., 1995. Digital Compression of Still Images and Video. Academic Press, London, 453 pp.

Losano, V. and Laget, B., 1996. Fractional pyramids for color image segmentation. Proceedings of the IEEE
Southwest Symposium on Image Analysis and Interpretation, April 8-9, San Antonio, TX, pp. 13-17.

McCormick, S., 1994. Multilevel adaptive methods for elliptic eigenproblems: two-level convergence theory.
SIAM J. Numer. Anal,, 31, 1731-1745.

Manteuffel, T., McCormick, S., Morel, ¥, Oliviera, S. and Yang, G., 1994. A fast multigrid algorithm for
isotropic transport problems, part I. Pure scattering. SIAM J. Sci. Statist. Comput., 15, 474-493.

Natravali, A.N., 1995. Digital Pictures: Representation, Compression and Standards. AT&T Bell Laborato-
ries, 686 pp.

Portniaguine, O., 1999. Image Focusing and Data Compression in the Solution of Geophysical Inverse
Problems. PhD dissertation, University of Utah, 116 pp.



42 Three-dimensional electromagnetics

Press, W.H., Teukolsky, S.A., Vetterling, W.T. and Flannery, B.P., 1996. Numerical Recipes in C, The Art of
Scientific Computing. Cambridge University Press, 785 pp.

Ramstad, T.A., Aase, S.0. and Husoy, J.H., 1995. Subband Compression of Images: Principles and
Examples. Elsevier, Amsterdam, 379 pp.

Van der Vorst, H.A., 1992. Bi-CGSTAB: a fast and smoothly convergent variant of Bi-CG for the solution
of non-symmetric linear systems. SIAM J. Sci. Statist. Comput., 13, 631-644.

Wannamaker, PE., 1991, Advances in three-dimensional magnetotelluric modeling using integral equations.
Geophysics, 56, 1716—1728.

Weidelt, P., 1975. EM induction in three-dimensional structures. Geophysics, 41, 85-109.

Xiong, Z., 1992. EM modeling of three-dimensional structures by the method of system iteration using
integral equations. Geophysics, 57, 1556-1561.

Zhdanov, M.S. and Fang, S., 1996a. Quasi-linear approximation in 3-D EM modeling. Geophysics, 61,
646-665.

Zhdanov, M.S. and Fang, S., 1996b. 3-D quasi-linear electromagnetic inversion: Radio Sci., 31, 741-754.

Zhdanov, M.S. and Fang, S., 1997. Quasi-linear series in 3-D EM modeling. Radio Sci., 32, 2167-2188.

Zhdanov, M.S., Dmitriev, V.I., Fang, S. and Hursan, G., 2000. Quasi-analytical approximations and series in
electromagnetic modeling. Geophysics, 65, 1746-1757.




