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We repeat this process for L pyramid levels : 

VL =WL - , ..• W2W,vj, 

and 

VL = Wev\, (2.21) 

where We is a compression matrix: 

Wc=WL_ \ • . • W2W,. (2.22) 

The resulting vector vL contains only few meaningful values . The rest of the values 
are close to zero . Thus, vector vL can be approximated by a sparse vector. The final 
stage of compression involves thresholding. We find all values in the vector vL which 
are close to zero (say, less than 1 percent of vector maximum) and set them equal to 
zero: 

V~ = threshold(Wcv"O.OI), (2.23) 

where vector v~ is the resulting sparse vector. Operator threshold denotes threshold 
transformation. 

4. COMPRESSION IN THREE DIMENSIONS 

In multiple dimensions, compression with an interpolation pyramid is a series of 
subsequent I-D linear interpolations on coarsening grids . Compressing a 3-D function, 
for example, we would first reduce values at even nodes in the x-direction, then reduce 
the values at even nodes at the y-direction, then in the z-direction. After that we would 
consider a coarse grid, and start the process from the x-direction, etc. 

To illustrate how compression is done, let us consider the following example. We 
take a thin conductive plate, as shown in Figure I. We divide this plate into 81 blocks 
N, = 9, N; = 9 and N, = I. Components of electrical Green's tensor for the cell in the 
middle of the domain (the influence of the middle cell on all other cells) are shown in 
Figure 2. 

Consider the compression of one component of Green's tensor on this uniform 
9 x 9 grid (shown in Figure 3). In three dimensions, compression with an interpolation 
pyramid is a series of I-D linear interpolations on coarsening grids. Assume that the 
original function (one component of Green's tensor given on 3-D mesh N, x N ; x Nz) 

is denoted as a vector d . First, values at nodes with even x indices ix = 2,4,6, 8 (denoted 
by stars in Figure 3, case a) are predicted by a I-D linear interpolation in the x direction 
from values at odd points i, = [1,3 ,5,7,9] . Prediction is subtracted from true values at 
even points; odd point values are retained as is. This transformation can be denoted as a 
linear operation: 

dt\=Wx\d (2.24) 

where W.r l is the first elementary compression matrix in the x direction. Note that 
it is a sparse matrix. Portniaguine (1999) considers the structure of a I-D elementary 
compression matrix in more detail. 
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Figure 2. Components (Exy, E yy and E ,y) of electric Green's tensor for the geometry shown in Figure 1. 
Stars denote nodes where the values were retained after compression. The values at all other nodes were 
thrcsholded to zero; hence the compressed Green tensor matrix has become sparse. 

Figure 3. Compression scheme of a function on a 9 x 9 grid . At every step, the values at starred nodes 
are predicted by linear interpolation from the values at circled nodes. In panels (a), (c) and (e) I-D 
interpolation is done in direction x. In panels (b), (d) and (0 interpolation is done in direction y. 
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Next , the same transformation is done in direction y . Values at nodes with even y 
indices i y = 2,4,6,8 (denoted by stars in Figure 3, case b) are predicted by a 1-0 linear 
interpolation in the dire ction y from the values at odd point s i y = [1,3 ,5 ,7,9] . Prediction 
is subtracted from true values at even point s; odd point values are retained as is. This 
transformation, again, can be described as a linear operation: 

dyl=Wyld.t1 (2.25) 

In general cases, the same should be repeated in the direction z after step (2.25): 

dzl=Wzld yl (2.26) 

In our specific example the direction z is a singleton, that is Nz = 1. For generality, we 
will retain this direction in our formulas, For the singleton dimension, the compression 
matrix is simply a unit matrix. 

Note that in the case of multiple dimensions, compression on one pyramid level 
consists of a series of successive 1-0 interpol ations in all dimen sion s. 

On the next pyramid level we return to the x direction and repeat the same 
transform ation starting on a coarser grid (Figure 3, case c): 

dX2=Wx2dzl ' (2.27) 

The same along the direction y (Figure 3, case d): 

dy2=Wy2dx2, (2.28) 

and the same along the direction z: 

dz2=Wz2dy2. (2.29) 

Thi s process should be repeated for as many pyramid levels as nece ssary. The number 
of levels NI in interpolation pyramid is: 

NI = I + int(1og2(max([Nx, Ny, Nz]))) (2.30) 

In our example, the third level is the last one . Again, we start from the direction x 
(mesh is shown in Figure 3, case e): 

dx3=Wx3dz2' (2.31) 

The same in the y direction (mes h is shown in Figure 3, case f): 

dy3=Wy3dx3, (2.32) 

and in the Z direction: 

d ;;3=Wz3dy3. (2.33) 

Let us put the whole process together: 

dz3=Wz3W.dW.t3W z2W y2Wx2W ;; ]W ylW xld . (2.34) 

In general cases, where the number of compression levels equals N1, we have: 

N1 

dzN, = n (W;;kW YkWxd d , (2.35) 
k= 1 
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Figure 4. A 3-D geoelectrical model of a conductive rectangular body embedded in a homogeneous half­
space. The model is excited by a horizontal rectangular loop source. The magnetic field is measured at 
the receivers marked by triangles along the x axis. 

7. MODELING EXAMPLES 

Source 

y~ 

z 

We have performed a comparison of compressed and non-compressed problem solution 
for a model shown in Figure 4. This is Model 3D-l of COMMEMI project, excited by a 
rectangular loop operating at 10Hz. 

The experiments were performed with the body divided to 256, 512 and 1024 cells. 
For each case, three experiments with different degrees of compression were performed. 
The non-compressed case corresponds to a threshold level. Compressed cases include 
0.0001 and 0.001 threshold levels. 

The experiments were performed on ULTRA SPARC workstation with 160 MHz 
processor frequency and 128 Mbytes of memory. Table I summarizes the result of 
comparison, in terms of memory usage, CPU time and accuracy of the solution . The 
accuracy was measured as the L 2 norm of the difference between the compressed and 
uncompressed solutions (anomalous field inside the body) for the same number of cells. 

We can see that compression speeds up the solution up to two orders of magnitude 
and decreases memory requirements one order of magnitude . The drawback, however, 
is loss of accuracy. Higher threshold level leads to less accurate solution. The worst case 
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here is 3% accuracy loss. The difference between the non-compressed solution and the 
solution compressed with 0.001 threshold level is shown in Figure 5. 

Another model, consisting of two conductive bodies, is shown in Figure 6. The 
observation array is a cross-borehole frequency-domain system. It consists of twenty 
receivers located in one well. Twenty transmitters located in another well operate at 33 
kHz frequency. Transmitters are shown as circles, and receivers are shown as stars. 

To build such a model , we first establi sh a large grid that covers the entire domain 
between boreholes (Figure 7). The discretized integral equation for this domain is given 
by Formula (2.11) . After compression, the size of the problem matrix was reduced in 
about five time s. The solution of this forward EM problem (an axial magnetic field 
component) for a cross-borehole method is shown in Figure 8. Note that existing 
versions of the IE codes without compression cannot compute this model. 

Figure S. Behavior of the anomalous magnetic field obtained by IE solution without and with compres­
sion using different threshold levels. 
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Figure 6. A model with two local conductive bodies and a cross-borehole observation system. Stars show 
receivers, circles show transmitters. 

Table 1. Results of comparison 

Threshold level 256 cells 512 cells 1024 cells 

Memory usage, megabytes 
0 9.44 37.75 l SI 
0.000 1 5.47 16.61 46.81 
0.001 1.52 4.81 11.22 

CPU time, seconds 
0 38 538 16047 
0.000 1 21 188 1952 
0.001 6.58 53 203 

Relative error 
0 0 0 0 
0.000 1 0.0009 0.0033 0.0038 
0.001 0.013 Om8 0.032 



39 M.S. Zhdanov et al. 

o 
o 
o 
o 
o 

10 o 
o 

20 , I o'" o'" o30 ~ '" 
o'" 
o40 '" 
o 
o50 

Ul o 
W
a; o60 

o 
E 
N 

o
70 

o 
o 

80 

90 
50 

'" 40 
100 

'" 
• ". 

o 
10 

20 

10 ·10 

0 ·20 X, meters 

Y, meters 
· 10 

-50 
·40 

·30 

Figure 7. A domain grid for two local bodies and a cross-borehole observation system for the model with 
two conductive bodies shown in Figure 6. Most of the anomalous conductivity values for the cells in this 
grid are equal to zero. The whole grid, which is shown in this figure, is used to set up the model. This 
allows greater flexibility of the model's geometry. However, the anomalous field values are found only 
inside the bodies shown in Figure 6. 

8. CONCLUSIONS 

We have demonstrated the application of compression to the solution of a 3-D EM 
forward problem with IE. Numerical study indicates that the method can be applied to 
speed up computations and enable solution of larger problems. 
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Figure 8. Axial magnetic field, the result of cross-borehole simulation for a model with two anomalous 
bodies shown in Figure 6. Gray scale shows magnetic field magnitude in AIm. 

As a result, we have developed a new generati on of IE method s that possess flexibility 
in forward simulations compatible with the flexibilit y of FD modelin g, but preserves the 
advant ages of IE techniques. There are several promi sing directions for further research. 
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It seems possible to develop fast exact solutions based on iterative series consisting 
of models compressed with different levels of accuracy. It is also possible to apply 
compression to build fast 3-D inverse solutions. 
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