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[1 6] In order to numerically evaluate (13), the anom­
alous dom ain (D) is discreti zed into N cells , each having 
a constant anomalous conductivity ~ cr and electric field 
values. The anomalous electric field is expressed using 
the full integral equation as : 

EO(rj) = Gd~ cr (r)(Eb (r) + EO(r))), (15) 

which can be written in a discrete form [Hursan and 
Zhdanov, 2002] as: 

e" = GDSO(eO+ eb) , (16) 

where GD is a 3N x 3N matrix containing the electric 
Green 's tensor integrals 

r l N r l N I' ll r l N I' l l I'll 
xx r.r .l) ' xy xz .rz 

rN I rNN rN I NN rN I NN . . . r r 
xx xx xy xy .rz xz 

r l N r l N r l N I' l l I' ll I' ll . . . 
yx yx >y >J' yz yz 

GD = 

rN I rNN f'VI rNN rN I . . . f'VN 
yx )"X J:I' >Y yz yz 

I' l l r l N I' l l . . . I' ll .. . 
z.r zx zy r~: zz r~: 

r N I ... p vN r N I . .. r NN r N I . . . r NN 
n n ~ ry a uJJrcjk -- £ ()I rk dv, X,Y , z , I Qj3 JDkGQj3 f j 0.,0 -­

eb and e'' are 3N x 1 vector columns of the background 
and anomalous fields, 

b e = [E~, l ' ..E~.N ' E;.I ' ..E;,N,E~,l ' ..E~,N ] T , 

eO= [E~, p " E~.N' E; ,p ..E; .N' E~,l ' "E~,N r, 
and Sois a 3N x 3N diagon al matrix with the anomalous 
conductivities, 

SO= diag ([~(J l , .., ~(JN , ~(J I , .. , ~(JN , ~(JI , .. , ~ (JN ])' 

We can also define the matrix with background 
conductivity values inside each cell as: 

~ di - b - b - b -b ~b))Sb ( [~b = lag cr I' .. , crN' cr l ' .. , crN, cr I ' .. , crN ' 

Equation (16) is then solved iteratively [Saad and 
Schultz, 1986; Golub and Van Loan, 1996; Hursan and 
Zhdanov, 2002; Zhdanov, 2002]. 

[17] However, Zhdanov [2002] showed that the quasi­
analytical approximation of the anomalous electric field 
(13) at the observation points can be written in a discrete 
form as: 

eQA= G£e ~ [diag (I - g(cr))f' o , 

where I is an N x 1 column vector whose elements are 
all unity, and g(cr) is an N x 1 column vector which 
represents the function g(r) at the center of each cell of 
the anomalous domain, and is defined as: 

TEb,l * . EB,l Eb,2* , EB.2 Eb,N* , EB,N 

g(o) = [ Eb,1* , Eb,1 ' Eb,2* , Eb,2 ' ' , , , Eb,N* , Eb,N ] ' 

where EB
) and Eb

) U = 1, 2, ..N), respectively, denote 
the Born approximation and the background electric 
field in each cell within the anom alous domain. cr is an 
N x 1 column vector whose elements are the 
anomalous conductivity of the cells of the anomalous 
domain. 

[1 8] The vector g(c) can be expressed in matrix mul­
tiplication [Zhdanov, 2002] as: 

g(cr ) - (e be b*)' - Je b*eB (17) - D D D D' 

where the Born awroximation vector inside the 
anomalous domain, eD, can be expressed as 

B ~ -zb 
eD = GDe D cr, ( 18) 

Substituting (18) into (17), we obtain 

g(cr) = (e~e~* r l c~* cg = (c~e~* rl e~* GDe~ cr = Ccr , 

where C is a matrix independent of the anomalous 
conductivity distribution, and is defined as: 

~ (~ b ~~ b*) -I ~ b*G -zbC = eDeD eD DeD· 

Thus we can represent equation (13) for the anomalous 
electric field as: 

eQA= A£[diag(I - ccr)r1
o = A£B(cr ) o , 

where A£ = G£et and B(cr) = [diag(1 - ccr)-: 
[1 9] These QA values are precomputed at the nodal 

points of the boundaries of the truncated FD domain, 
which are then multiplied by the corresponding FD 
coefficients. These multiplication results are represented 
as the term b ofthe right-hand side ofequation (11). Using 
the QA approximation (or even QA series [Zhdanov et al., 
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Table I. Model 1a 

CPU Time, s 

Method Matrix Size 

FD 
CPU 
Time 

BC 
CPU 
Time 

(FD + BC) 
CPU 
Time 

FD with GR ID-A 
supplemented 
with zero BC 

FD with GRID-B 
supplemented 
with QA BC 

156333 x 156333 

71 928 x 71928 

3025 

\067 

0 

\37 

3025 

1204 

"Matrix size and CPU times (in seconds) comp arisons of the FD 
solutions obtained using GRID-A (Figure 4) with zero BC, and GRID­
B (Figure 4) with QA Be. 

2000]) as a boundary condition for the FD solution helps 
to significantly reduce the size of the modeling grid, and 
corresponding ly the size of the matrix (D + iWfLoU) arising 
from equation (I I). We will illustrate this point by some 
numeric al model ing results with CPU time and matrix size 
reduction comp arisons (Section 4). 

[20] The advantages of the QA boundary conditions 
over tradition al Dirichle t or Neumann boundary condi­
tions with boundary values equal to zero are obvious. The 
QA approximation/series provides an accurate estimation 
of the true boundary value of the field. As a result, it is not 
necessary to move the boundaries far away from the 
inhomogeneous domain, which may be the actual model­
ing area of interest. At the same time the computation of 
the QA bound ary values is a relative ly simple numerical 
operation because it does not require a solution of any 
system ofequations. Note also that the accuracy of the QA 
approximation can be increased, ifnecessary, by using just 
a few first terms of the QA series . 

4. Numerical Modeling Results 

[21] In this section we examine the effectiveness of the 
develo ped FD algorithm and the new QA-based bound­
ary condit ions (BC) on typica l 3-D models with high 
resistivity contrast. In order to examine the accuracy of 
numeric al mode ling, we make a comparison between the 
modeling results obtained by our FD code and the full 

integral equation (IE) code of Xiong [1992]. The electric 
field results to be shown are total electric field normal­
ized by the corresponding incident normal (background) 
field computed at Earth's surface (z = 0). These calcu­
lations were performed on a 1.8 GHz Pc. 

4.1. Modell 

[22] This model is 3D COMMEMI model 2 [Zhdallov 
et al ., 1997]. It consists of two anomalous bodies 
adjacent in the y directio n. The first body has a resistiv ity 
of I Ohm-m and dimensions of 20 x 40 x 10 km in the 
x, y, and z directions, respect ively. The second body has 
a resist ivity of 100 Ohrn-m, and the same dimensions as 
the first body. The normal (background) section of this 
model consists of three layers with resistivitie s, from top 
to bottom, of 10, 100, and 0.1 Ohrn-m, respectively. The 
first and secon d layers have thicknesses of 10 and 20 km, 
respectively (Figure 2). The model is excited by a plane 
wave of 0.0 I Hz frequency and an incident electric field 
oriented in the y directio n (Et polarization). The domain 
is discretized in the x, y, andz directions into 42 x 32 x 
42 cells (including 10 layers in the air extending to 75 krn 
above Earth 's surface), respectively. This discret ization 
was supplemented with zero BC and resulted in a linear 
system of equations with a matrix size of 156333 x 
156333, which was solved iterat ively using the precondi­
tioned genera lized minimal residua l (GMRES) method 
[Saad and Schultz , 1986; Zhdanov, 2002] (see Appen­
dix A). Iterations were performed until the L2 norm of 

5the relative residuals dropped below 10- . 

[23] Figures 3a and 3b show the maps of the real and 
imaginary parts of the E. component at Earth 's surface 
computed using the FD method. The corresponding 
respo nses computed usi ng the IE method [Xiollg , 
1992] are shown in Figure s 3c and 3d. Figures 3e 
and 3f, respectively, show compari sons of the real and 
imaginary parts of the Ex component computed at 
Earth's surface by FD and IE methods for a profile 
taken in the x direct ion. 

[24] The FD gri d describ ed above (G RID-A in 
Figure 4) was truncated in both earth and air and 
produced the new grid, labeled GRlD-B (Figure 4). 
The truncated GRID-B has a discretization of 38 x 28 x 
25 cells (including 6 air layers ) in the x, y, and z 
directions , respecti vely, with air layers extending to 5 km 
abo ve Earth 's surface . Note that the size of the 

Figure 6. Model I . Electric field E.vcomponent at Earth's surface obtained by FD modeling using different grid 
sizes and boundary conditions: (a and b) real and imaginary parts obtained from untruncated grid supplemented with 
zero BC (shown in solid line in Figures 6g and 6h); (c and d) real and imaginary parts obtained from truncated grid 
supplemented with QA BC (shown in dashed line in Figures 6g and 6h); (e and f) real and imaginary parts obtained 
from truncated grid supplemented with zero BC (shown in dash-dot line in Figures 6g and 6h); (g and h) profiles in 
the x direction at y = 0 km of the real and imaginary parts. The electric field results shown are tota l electric field 
normalized by the corresponding incident normal (background) field computed at Earth 's surface. 
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Figure 7. 

the structure of the 
the anom alous field 

requires that the truncated grid (GRID-B) include the 
entire anomalous doma in. This GRID-B was supple­
mented with QA BC, and its discretization resulted in 
a 71928 x 71928 linear system of equations which 
was solved using the same solver and accuracy men­
tioned above . 

[25] Figures 5a, 5c, and 5e present a comparison of the 
real part of the Ex com ponent computed at Earth 's 
surface , respect ively, using GRID-A with zero BC 
(shown as a solid line in Figure 5g), GRID-B with QA 
BC (shown in dashed line in Figure 5g), and GRID-B 
with zero BC (shown as a dash-dot line in Figure 5g). 
The corresponding profiles of the computed data (taken 
in the x direction) are shown in Figure 5g. The compar­
ison of the imaginary part of the Ex component at Earth's 
surface is shown in Figures 5b, 5d, 5f, and 5h. Figure 6 
presents the corresponding compariso ns for the E.vcom­
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Model 2. 

ponent. These comparisons demonstrate that the QA BC 
success fully results in an accurate FD solution without 
demanding many discretizations from the anomalous 
domain. 

[26] Table I shows the correspon ding matrix size and 
CPU time of the FD solutions obtained using GRID-A 
with zero BC and GRID-B with QA Be. Column 2 of 
this table compares the matrix size of each method. One 
can clearly see that the proposed FD method with QA 
BC leads to a 4.7 reduction in matrix size. Columns 3, 
4 and 5 present a comparison of the FD, BC and total 
(FD + BC) CPU times in seconds for both FD sol­
utions. This CPU 
prop osed method 
method with zero 

time 
is 2.5 

Be. 

comparison 
times faster 

shows 
than 

that 
the 

the 
FD 

4.2. Model2 

[27] This model consists of two anomalous bod ies 
with a resistivity of 10 Ohm-m, The two bodies have 
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Figure 8. Model 2. Electric field E; component at Earth's surface obtained by FD modeling and 
IE modeling : (a and b) real and imaginary parts obtained from FD; (c and d) real and imaginary 
parts obtained from IE; (e and f) profiles in the x direction at y = -25.5 km of the real and 
imaginary parts obtained from FD (solid) and IE (dashed). The electric field results shown are total 
electric field normalized by the corresponding normal (background) field computed at Earth 's 
surface . 
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Figure 9. This figure shows a y-z sketch (at x = 0, Figure 7) of both the untruncated (GRID-A) 
and truncated (GRID-B) FD grids used in model 2 forward modelings in order to verify the QA­
based Be. GRID-A and GRID -B, respectively, utilize the zero and QA-based Be. The detai led 
model description is shown in Figure 7. The x-z section has distances identical to those shown 
above . 

dimensions of 50 x 50 x 10 km, and lO x 50 x 25 km in in Figures 8c and 8d. Figures 8e and 8f, respectively, 
the x, y, and z directions, respectively. The background present the corresponding profile comparisons computed 
section of this model consists of a two-layer model with at Earth 's surface by FD and in the x direction. 
resistivities from top to bottom of I00 and 10,000 Ohm-m, [29] We have truncated the FD grid described above 
respectively. The first layer has a thickness of 10 km (GRID -A in Figure 9) in both earth and air. The reduced 
(Figure 7). The model is excited by a plane wave of grid (GRID-B in Figure 9) has a discretization of 40 x 
E~ polarization and a frequency of 0.1 Hz. The domain 25 x 35 cells (including 7 layers in air) in the x, y, and 
is discretize d in the x, y, and z directions into 50 x 35 x z directions , respectively, with air layers extending to 
44 cells (including 10 layers in air), respectively, with 7.5 km above Earth's surface . This FD reduced grid 
air layers extending to 75 km above Earth's surface . was supplemented with QA BC, and its correspondi ng 
This discretization was supplemented with zero BC, discretization resul ted in a 95472 x 95472 linear 
and resulted in a 2 14914 x 2 14914 linear system system of equations which was relaxed using same 
which was solved using the same solver and accuracy solver and accuracy of the FD solution obtained from 
above . GRID-A with zero Be. 

[28] Figures 8a and 8b show the maps of the real [30] The map compariso ns for the real part of the Ex 
and imaginary parts of the E; component at Earth's component computed at Earth's surface using GRID-A 
surface obtained from FD. the corresponding IE with zero BC (shown as a so lid line in Figure 109), 
[Xiong , 1992] responses at Earth's surface are shown GRID-B with QA BC (shown as a dashed line in 

Figure 10. Model 2. Electric field Ex component at Earth's surface obtained by FD modeling using different grid 
sizes and boundary conditions: (a and b) real and imaginary parts obtaine d from untruncated grid supplemented with 
zero BC (shown in solid line in Figures 109 and IOh); (c and d) real and imaginary parts obtained from truncated grid 
supplemented with QA-based BC (shown in dashed line in Figures 109 and IOh); (e and f) real and imaginary parts 
obtained from truncated grid supplemented with zero BC (shown in dash-dot line in Figures 109 and 10h); (g and h) 
profiles in the x direction at y = 0 km of the real and imaginary parts. The electric field results shown are total electric 
field normalized by the corresponding incident normal (background) field computed at Earth's surface . 
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Table 2. Model 2"	 reduce the size of the mode ling grid significantly without 
losing the accuracy of calculation. As a result, a larger

CPU Time, s 
numb er of fine grid cells can be used to describe the 
anoma lous conductivity distri bution within the modelingFD BC (FD + BC) 

CPU CPU CPU domain.
 
Method Matrix Size Time Time Time
 

FD with GRlD-A 2 14914 x 2 14914 4647 0 4647 Appendix A: Solut ion of the Linear System 
supplemented 
with zero BC	 of Finite Difference Equations 

FD with GRlD-B 954 72 x 95472 1645 226 1871 
supplemented [33] The resulting system of linear algebraic FD equa­
with QA BC tions and the accompanying boundary conditions (II ) 

"Matrix size and CPU times (in seconds) comparisons of the FD 
solutions obtained using GRlD-A (Figure 20) with zero BC, and GRID-B 
(Figure 20) with QA Be. 

Figure 109), and GRID-B with zero BC (shown in 
dash-dot line in Figure 109) are shown in Figures l Oa, 
10c, and 10e, respectively. The corresponding profile 
comparisons made in the x direct ion are shown in 
Figure 109. The imaginary part comparisons of the Ex 
component computed at Earth's surface are shown in 
Figures l Ob, 10d, 10f, and 10h. Figure II presents the 
corresponding comp arisons of the real and imaginary 
parts of the E" componen t at Earth's surface. 

[31] Table 2 shows a comparison of the corresponding 
matrix size and CPU time of the FD solutions obtained 
using GRlD-A with zero BC and GRID-B with QA Be. 
Column 2 of this table presen ts the matrix size of each 
method. One can see that the proposed FD method with 
QA BC leads to a five times reduction in matrix size. A 
comp arison of the FD, BC and total (FD + BC) CPU 
times in seconds for both FD solutions is presented in 
columns 3, 4 and 5. This CPU time comparison shows 
that the proposed method is abo ut 2.5 times faster than 
the FD method with zero Be. 

5. Conclusions ..
[32] In this paper we have presented a new approach 

for three-dimensional finite difference electromag netic 
modeling in the frequency domain based on the balance 
method and the quasi-analytical boundary condition for 
truncation of the modeling area. This approach helps 

can be expressed in matrix notat ion as: 

AeG = b,	 (A I) 

where A = fi + iWILoa, and equation (A I) is a 3N x 3N 
linear system with respect to the anomalous electric 
field. We solve this system using the Genera lized 
Minimal Residual (GMRES) method. The basic idea of 
the GMRES method [Saad and Schultz, 1986; Zhdanov, 
2002] is to find the solution along an orthonormal 
basis: 

{ Ag7, Ag~ , . . . , Ag~ } 

in the Kry lov subspace 

~ ~2 ~k }JC = span { A rll , A r'I> " ' , A r, . 

At the n-th step of the iterative process 

s 
- ~k (II)

XII+ ] - XII - L II/gl , s :::; n, 
/= 1 

where r, = AXil - b. The more orthonormal basis 
functions are calculated (the larger s is), the smoother 
the convergence becomes, requiring a fewer number of 
iterations with smaller amplification of the roundoff 
errors dur ing the iterative process. However, at each 
iteration , the ortho gon alization process perfo rmed 
require s 2s matrix multipli cations, and the numb er of 
vectors to be stored is also proportional to s . The 
converge nce rate of the GM RES iterative algorithm can 
be increased dramatically by using the corresponding 
preconditioners [Golub and Van Loan, 1996]. 

Figure 11. Model 2. Electric field E; component at Earth's surface obtained by FD model ing using different grid 
sizes and boundary conditions: (a and h ) real and imaginary parts obtained from untruncated grid supplemented with 
zero BC (shown in solid line in Figures Ilg and I l h); (c and d) real and imaginary parts obta ined from truncated grid 
supplemented with QA-ba sed BC (shown in dashed line in Figures Il g and I l h); (e and f) real and imaginary parts 
obtained from truncated grid supplemented with zero BC (shown in dash-dot line in Figures Ilg and Ilh); (g and h) 
profiles in the x direction at y = -29.5 krn of the real and imaginary parts. The electric field result s shown are total 
electric field normalized by the corresponding incident normal (backgro und) field computed at Earth 's surface. 
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