
1428 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING. VOL. 44. NO.6. JUNE 2006 

Fast Numerical Modeling of Multitransmitter
 
Electromagnetic Data Using Multigrid
 

Quasi-Linear Approximation
 
Takumi Veda and Michael S. Zhdanov 

Abstract-Multitransmitter electromagnetic (EM) surveys are 
widely used in remote-sensing and geophysical exploration. The 
interpretation of the multitransmitter geophysical data requires 
numerous three-dimensional (3-D) modelings of the responses of 
the receivers for different geoelectrical models of complex geolog
ical formations. In this paper, we introduce a fast method for 3-D 
modeling of EM data, based on a modified version of quasilinear 
approximation, which uses a multigrid approach. This method 
significantly speeds up the modeling of multitransmitter-multi
receiver surveys. The developed algorithm has been applied for 
the interpretation of marine controlled-source electromagnetic 
(MCSEM) data. We have tested our new method using synthetic 
problems and for the simulation of MCSEM data for a geoelec
trical model of a Gemini salt body. 

Index Terms-Electromagnetic (EM), multigrid approach, mul
titransmitter modeling, quasilinear (QL) approximation. 

L I NTRODUCTIO N 

M ANY geophysical electromagnetic (EM) methods use 
multitransmitter and multi receiver surveys for studying 

the earth interior. For example, there is a growing interest 
in marine controlled-source electromagnetic (MCSEM) sur
veys for petroleum exploration [I] . These surveys are based 
on using array sea-bottom receivers and moving horizontal 
electric dipole (HED) transmitters. The seafloor electrodes 
measure the low-frequency (the frequency range is typicall y 
from 0.1-10 Hz) electrical field generated by the HED source 
transmitting from different positions . An observational survey 
consists of many transmitters and receivers located over the 
examined sea-bottom area; both the amplitude and the phase 
of electric field is measured in the receiver s. The goal of these 
surveys is to find the resistive geoelectrical structures within the 
conductive sea-bottom formations, associated with the petro
leum reservoirs , including both geoelectrical and geometrical 
parameters of the sea-bottom geological formation s. 

The interpretation of MCSEM data require s numerou s three
dimen sional (3-D) modelings of the responses in the receivers 
for different geoelectrical models of complex sea-bottom geo
logical formations. This task may be extremely expen sive, even 
on modern computers and PC clusters. Over the last decade, 
several approximate method s of EM modeling have been de
veloped , which may help to overcome this problem. These are 
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the extended Born (localized nonlinear) approximation [2], the 
quasi linear (QL) approximation [3], QL series [4], quasi ana
lytic approximation and quasianalytic series [5], etc. All of these 
method s represent different exten sions of the classical Born ap
proximation method developed originally to describe quantum 
mechanical scattering [6], [7]. 

In this paper, we introduce a novel approach to the numer
ical modeling of multisource data, typical for MCSEM surveys, 
using the modified QL approximation. To increase the numer
ical efficiency of the QL method , we use a special form of the 
QL approximation based on a multigrid approach. In the frame
work of this approach, we discretize the conductivity distribu
tion in the model and the electric fields using two grids, a coarse 
discretization grid and a fine discretization grid . The solution of 
the forward problem consists of two steps. In the first step, we 
apply a rigorous integral equation (IE) method to determine the 
EM field on the coarse grid. We use the result s of this IE mod
eling for computing the electrical reflectivity tensor. In the next 
step, we apply the QL approximation to the field on a fine grid 
using the interpolated values of the reflectivity tensor computed 
on the coarse grid. The technique accelerates the computations 
significantly while maintains the accuracy of the EM modeling. 

The developed technique is illustrated by numerical examples 
of synthetic MCSEM surveys and the simul ation of MCSEM 
data for a geoelectrical model of a Gemini salt body. 

II. QL ApPROXIMATION USING A MULTIGRID ApPROACH 

The QL approximation is based on the IE representation of 
the Maxwell ' s equations. In the framework of the IE method, 
the electric field E can be computed using the following integral 
formula [8], [9] 

E (r ') = .I.1.~ GE(r' I r) . [b.O"(r )E(r)]dv + Eb(r' ~ 
=Ge[b.a(r)E(r )] + Eb(r' ) (I) 

where GE(rj I r ) is the electric Green' s tensor defined for an 
unbounded conductive medium with the background conduc
tivity O"b ; G E is the corre sponding Green 's linear operator; and 
domain D corresponds to a volume with the anomalous con
ductivity distribution a (r ) = at. + b.a (r), rED. The total 
electric field is represented as a sum of the anomalous EOand 
background EU fields 

E(r) = EO(r) +Eb(r ). 
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The QL approximation is based on the assumption that the 
anomalous field E" inside the inhomogeneous domain is lin
early Ploportional to the background field Eb through some 
tensor A [10] 

E"(r) ~ ~(r). Eb(r). (2) 

Substituting formula (2) into (I), we obtain the QL approxi
mation EClL (r) for the anomalous field 

EQL(rj) = G E [~a(r) (i+~(r)) . Eb(r)] . (3) 

The last formula for r JED gives us the tensor quasilinear 
(TQL) equation with respect to the electrical reflectivity tensor 
~ [II] 

~(rj)' Eb(rj) = G E [~a(r)~ (r). Eb(r)] + EB(rj ) (4) 

where ED(rj) is the Born approximation 

EB(rj) = ff j~ GE(rj I r) . [L\a (r)E'J(r) ] du (5) 

and G E [~a(r)~(r). Eb(r)] is a linearoperatorof~(r) 

GE [L\a(r)~(r). Eb(r)] 

=ffl Gdrj I r)· [~a(r)~(r) . Eb(r)] £1'/1. (6) 

The original QL approximation, introduced by [3], is based 
on the numerical solution of a minimization problem arising 
from the TQL (4) 

ll~(rj) . Eb{rj) - G E [~a(r)~(r) . Eb(r )]- E B (rj ) II =min . 
(7) 

The advantage of this approach is that we can determine 
the electrical reflectivity tensor ~ by solving a minimization 
problem (7) on a coarse grid. The accuracy of the QL approx
~mation depends only on the accuracy of this discretization of 
A, and, in principle, can be made arbitrarily good . 

In essence, this means that we can apply the multigrid ap
proach in the framework ofthe QL approximation. We discretize 
the conductivity distribution in the model and the electric fields 
using two grids , 2:r and 2:/, where 2:r is a coarse discretiza
tion grid and 2:/ is a fine discretization grid, where each block 
of the original grid 2:" is divided into additional smaller cells. 
First, we solve IE (I) on a coarse grid to determine the total 
electric field E using the complex generalized minimal residual 
method (CGMRM) [II] . After that, we can find the anomalous 
field E" on the coarse grid 2:c 

E"(rr) = E(rr) - Eb (rr) (8) 

where r " denotes the centers of the cells of the grid 2:ewith the 
coarse discretization. 

The electrical reflectivity coefficients on the coarse grid can 
be found using (2) 

Ea(rJ ~ ~(re) . Eb(rJ. (9) 

Note that, in the case of a full reflectivity tensor with nine un
known components, the solution of (9) is nonunique. There are 
several different way~ to specify this solution [3] . For example, 
one can assume that A(r e) is a diagonal tensor 

o 0] 
(10)x~[~ Ay 0 . 

() A7. 

In this case, vector equation (9) results in three independent 
scalar equations for the corresponding components of the elec
trical fields and the electrical reflectivity tensor 

E; = A xE~ , E; = AyEt , E~ = A 7.E~. (II) 

It is easy to solve (II). However, they have one important lim
itation which restricts the area of practical application of this 
form of QL approximation. If one of the components of the 
background field is equal to zero, the corresponding component 
of the anomalous field has to be equal to zero, as well, which 
may introduce a significant error in calculation of the anomalous 
electric field. Indeed, consider the case of a vertically propa
gating plane EM wave in a simple geoelectrical model of 3-D in
homogeneity located within a horizontally layered background. 
In this situation, the vertical component of the background field 
is identically equal to zero, while there exists a significant ver
tical component of the anomalous electric field in the vicinity 
of the local inhomogeneity. 

This example shows that the multigrid approach outlined 
above requires a modification of the basic relationship (2) of 
the QL approximation. In this situat ion, we have to modify the 
QL approximation to allow the anomalous current to flow in 
different directions. The simplest way to solve this problem 
was introduced by [12] for 3-D EM modeling in anisotropic 
formations for well-logging applications. It was assumed that 
the anomalous field is linear proportional to the absolute value 
of the background field 

E"(r) ~ A(r) IE"(r)1 (12) 

where A(r) = (Ax, A1I , A7.) is an electrical reflectivity vector. 
In the framework of the QL approximation, we formulate a 

general forward EM problem so that the anomalous conduc
tivity can be treated as a perturbation from a known background 
(or "normal") conductivity distribution. The solution of the EM 
problem in this case contains two parts: I) the linear part, which 
can be interpreted as a direct scattering of the source field by the 
inhomogeneity without taking into account coupling between 
scattering (excess) currents, and 2) the nonlinear part, which is 
composed of the combined effects of the anomalous conduc
tivity and the unknown scattered field in the inhomogeneous 
structure. The QL approximation is based on the assumption 
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that this last part is proportional to the background electric field, 
which is reflected in (12) . 

We should note, however, that exact representation (12) 
always exists because the corresponding electrical reflectivity 
vector can always be found for any given anomalous and 
background electric fields. Equation (12) becomes an approx
imation if we use some approximate method (for example, a 
multigrid appro ach introduced in this paper) for evaluation of 
the electrical reflectivity vector . 

In the framework of the mult igrid approach, the components 
of the electrical reflectivity vector on a coarse grid can be found 
now by direct calculations as 

A () E;(rJ 
,r. r ., = !Eb (r ,, )! (I3a) 

Ay(rc ) 

_ 
-

E~( rc) 
IEb(rJ ( 13b) 

)Az(r " = 
E~ (r c ) 
IEb(r ,JI (I3c) 

assuming that IEll (r ,JI =I- O. 
After we have found >'(rc ) , we introduce a fine discreti zation 

grid 2.f describing the conductivity distribution in the same 
model. We determine the >'(r f ) values on this new grid by linear 
interpolation (where r f denotes the centers of the cells of the 
grid 2.f with fine discreti zation ). We compute the anomalous 
electric field E" (r f ) in the centers of the cells of the new grid 
2.f	 with fine discretization using (12) 

E" (r f ) ~ >.(r f ) IEb(rf ) l · 

We can now find the total electric field E(r 1) on a new grid, as 

E(rf ) = E" (rf ) +Eb(r f )' (14) 

Finally, we compute the observed fields in the receivers using 
the discrete analog of formula ( I ) for the grid with fine dis 
creti zation. We call this multigrid based approach to the QL ap
proxim ation an MGQL approximation. 

III.	 COMPARISON BETWEEN THE FULL IE 
AND MGQL MODELING RESULTS 

In this section, we will present the results of our numerical 
stud y of a new multi grid-based QL approximations. We begin 
our analysis with a simple synthetic model of a sea-bottom pe
troleum reservoir and will conclude with a model study of the 
Gemini Prospect , Gulf of Mexic o. 

A. Synthetic Model ofa Sea-Bottom Petroleum Reservoir 

We consider a synthetic model of a sea-bottom petroleum 
reservoir. Fig. I shows a plan view and a vertical cross section of 
the model. The sea-bottom reservoir is approximated by a thin 
resistive body located at a depth of 0.5 km below the sea bottom, 
with a thickness of 0.05 km and a horizontal size of lO x 5 km. 
The background model is formed by the horizontally layered 
formation (see Fig. I) with the parameters similar to those used 
by [13] . The resistivity of the reservoir is 50 r2m. The depth of 
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Fig. I. (Left panel) Plan view and (right panel) a cross sect ion of the synthetic 
model of a sea-bottom petroleum reservoir and a survey configuration . 

the sea bottom is I km from the surface, and the sea water re
sistivity is 0.4 nm. The horizontal (y oriented) electric dipole 
(HED) transmitters have a length of 100m and are located at a 
depth 50 m above the sea bottom along eight lines (A, B, C, . . . 
and H) with the separation between the lines equal to 2 km. The 
distance between the transmitters along each line is 0.5 km. The 
electric current in the transmitter is 100 A, and the transmitting 
frequencies are 0.1,0.2, 0.4, and 1.0 Hz. This set of transmitters 
simulates an electric bipole transmitter moving along the lines , 
which is typically used in an MCSEM survey. 

The EM field generated by the transmitters is recorded by an 
array of seafloor electric receivers located 5 m above the sea 
bottom along the same lines with the same separation between 
the receivers equ al to 0.5 km. In total , there are 240 receivers 
(30 receivers in each of the eight lines) and 240 positions of 
the transmitters. The receivers measure the amplitude and the 
phase of the horizontal and vertical components of the electric 
field E x> E y , and e; 

In our numerical experiment, we have computed the elec
tric field using two different codes: I) the forward modeling 
code INTEM3D based on the rigorous IE method [14] and 2) a 
new code, INTEM3DQL based on a MGQL approximation, dis
cussed in the previous section. 

For numerical modelin g, the resistive body was divided 
into 80 x 40 x 4 = 12, 800 cells, with a cell size of 
0.125 x 0.125 x 0.0125 km in the :r:, y, and z directions, 
respectively. This grid was used for the rigorous IE modeling. 
We used a coarse grid consisting of 40 x 20 x 2 = 1,600 cells, 
with a cell size of 0 .25 x 0.25 x 0.025 km in the case of the 
MGQL modeling. 

Fig. 2 presents, as an example, the profiles of the absolute 
values of the electric field components Ex, Ell ' and Ez, com
puted along the lines A, B, and F for a case where the EM field is 
generated by transmitter #1, located on line E above the center 
of the reservoir. The frequency of the signal in the transmitter 
is O. I Hz. The top panels in this figure show the absolute values 
of the total electric field component Ex along the receiver lines 
A, B, and F. The middle panel s present the absolute values of 
the Ey component, and the bottom panels present the profiles 
of the E, component, respecti vely. In each panel , the solid lines 
corre spond to the data computed using the rigorous IE method , 
the dotted lines present the MGQL modeling result s, the dashed 
lines show the absolute value of the difference between the IE 
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Fig. 2. Profile of three compo nents of the electric field for transmitter # 1 
(located above the center of the reservoir) at O. I· Hz along the lines A, B, and F. 
The solid lines correspond to the data computed using the rigorous IE method. 
The dotted lines present the MGQL modeling results. The dashed lines show 
the absolute value of the difference between the IE and MGQL solutions. 
The stars show the absolute values of the difference between the rigorous IE 
solutions on a fine and on a coarse grids respective ly. 

and MGQL solutions, and the stars show the abso lute values of 
the difference between the rigorou s IE solutions on a fine and 
on a coarse grids respectively. One can see that the results ob
tained by both the IE method and the MGQL approximation fit 
eac h other very well. At the same time, the errors produced by 
the IE solution on the coarse grid (the stars) are larger than the 
errors of the MGQL approximation (dashed lines). 

Fig. 3 (left panels) shows the maps of the different electric 
field co mponents (absolute values) for the same frequen cy of 
0.1 Hz. The right panels in Fig. 3 present the co mponents of the 
total electric field normali zed by the absolute value of the back
ground electric field in the receivers: IE~I! IEbJ. I E~I ! IEbl. 
IE; I! lEI)I.respectively. The white lines in the right panels out
line the areas where the data are above the measurable signal in 
the typical sea-bo ttom receivers' threshold of 10- 10 V1m. One 
can notice in this figure that the y component of the electric field . 
which is parallel to the transmitter orientation. is the strong est 
one. 

Fig. 4 presents the profiles of the abso lute values of the Ex. 
E y , and E, co mponents computed along the lines A. B. and F 
for a case where the EM field is generated by transmitter #2. 
located on line E outside the reservoir. as shown in Fig. I. We 
plot both the rigorous IE and the MGQL results. The maps of 
the different electric field components (abso lute values) for the 
same frequency of 0.1 Hz are shown in Fig. 5 (left panels), while 
the right panels in Fig. 5 present the normalized components. 
It is interesting to notice that for the far field transmitt er the 
magnitudes of all three components become almost of the same 
order, and a not iceable anomaly appears in the vertical compo
nent as well. However. a significant part of the observed data 
lies in the area outside the threshold level in the receivers. We 
also analyzed all the data in the receivers co llected by a mul 
titransmitter array and measured computational time in order 

1091 01E;1 IE~ I /IEbls5 
0.8E - 8 E 
0.6~ 0 ~ 0> sss 0.4 

s ~Wi
- 5 I,= : ~ >-- 5 1m 0.2r•.•J 1 

1 

-5 0 5109, 0 IE;1 s. IE; I /I~b~ l 
E / ' -, 0.8 r - 8 E 

0.6 
-1 0 > ' 0.4~ O ""_ ~ 0 

! 0.2- 5 . :: : " '. *.<' m} - 12 - 5 

-5 0 5 - 5 0 510910 IEi l IEil /IEbi 
1 

0.85 nit_E ("iIIII
~ O. ~ =:o ~1-' '.•.•.. '•.'.•.'..••. ~::NW 12 :~!t; 0.2>--sJ ' tk •••• wat4 !.ch [  1 

1 

- s 0 5 - 5 0 
x (krn) x (krn) 

Fig. 3. Two-dimensional maps of electric fields and normalized electric fields 
for transmitter # I (located above the center of the reservoir) at 0, I Hz. 
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Fig. 4. Profile of three components of the electric field for transmitter #2 
(located outside the reservoir) at 0.1 Hz along the lines A, B, and F. The solid 
lines correspond to the data computed using the rigorous IE method. The dotted 
lines present the MGQL modeling results. The dashed lines show the absolute 
value of the difference between the IE and MGQL solutions. The stars show 
the abso lute values of the difference between the rigorous IE solutions on a fine 
and on a coarse grids, respectively. 

to confirm the effectiveness of the MGQL approximation. For 
the synthetic model described above, the rigorous IE method 
requires about 150 s for calcul ation of 240 receivers with one 
transmitt er. whereas it takes about 17 s with the MGQL ap
proximation method. For the computation of 240 receivers and 
240 transmitters, the IE method needs about 10 h, whereas the 
MGQL approxi mation co uld finish the job with in about an hour. 
The computer memory required for the IE simulation is equal to 
29 MB. while, for the MGQL modeling, we need j ust 2.3 MB 
on an AMD Athlon 64, 1.8-GH z Pc. 
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Fig. 5, Two-dimensio nal maps of e lectric fields and normalized elect ric fields 
for transmitter #2 (located outside the rese rvoir ) at 0. 1 Hz. 
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Fig . 6. Locat ion of Gem ini Prospect, G ulf of Mexico . Top ography and 
bathy metry from [16] . 

B. Gemini Prospect Model 

We consider a synthetic geoelectrical model of the Gemini 
Prospect obtained as a result of marine MT data inversion [15]. 

The Scripp s Instituti on of Oceanography conducted several 
sea-bottom MT surveys in the Gemin i Prospect, Gulfof Mexico, 
in 1997, 1998, 200 I, and 2003, at a tota l of 42 MT sites [ 17]. 
Gemini Prospect lies about 200 km southeast of New Orleans in 
about l -krn deep water in the northern Gulf of Mexico (Fig. 6). 
An MT survey was conducted in the Gemin i Prospect along sev
eral lines shown in Fig. 7 [17], [18]. Zhdanov et al., 2004, con
ducted a 3-D inversion of the MT data collected at the Gemini 
prospect [15]. 

Fig. 8 shows a 3-D image of the volume resistivity distri
bution in the model, obtained by 3-D inversion. The depth of 
the sea bottom is I km from the surface, and the sea water re
sist ivity is 0.3 !1m. The horizontal (y oriented) electric dipole 
(HED) transmitters have a length of 100 m and are located 
at (x,y) = (0, 0) and (:r ,y) = (4,0) km at a depth 50 m 
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Fig. 7. Locat ion of the MT profiles with the observation si tes in Gemini 
Prospect (afte r [ 18]) . 
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Fig. 8. Three-dimensional image and vetrical cross sections of the 
geoelectrical model obt ained by the MT da ta inversion [ 15]. 

above the sea bottom. They generate an EM field with a trans
mitting current of 100 A at 0.1 Hz. An array of seafloor elec
tric receivers is located 5 m above the sea bottom along the 
line A (x = {0,10} km, y = 0) and the line I (x = 4km, 
y = {-4, 8} km) with a spacing of 0.5 km. For forward mod
eling, we selected an area of the inversion domain, located at 
a depth of 2 km below the sea bottom , with a thickness of 4.4 
km and a horizontal size of 6.25 x 13.5 km. For the rigorous IE 
method application, this area was divided into 50 x 54 x 10 = 
27,000 cells, with a ce ll size of 0.125 x 0.25 x {O.I , 0.1,0.175, 
0.175, 0.25 , 0.25 , 0.5, 0.5, 0.75, 0.75 } km in the x , y, and z 
directions, respectively. In the case of the MGQL approxima
tion, we used 25 x 27 x 5 = 3375 cells, with a ce ll size of 
0.25 x 0.5 x {0.2, 0.25, 0.5, 1.0, 1.5} km. Horizontal and ver
tical cross sections of the anomalous part of the model and the 
receiver profiles are shown in Fig. 9 (left panel). The right panel 
in Fig. 9 presents the backgrou nd one-dimensional ( I-D) lay
ered earth model used in this calculation . 

Fig. 10 presents the plots of the real and imaginary Ex, Ey , 

and E, co mponents obse rved along line A due to transmitter # I, 
located at the center of the profiles{solid lines), and due to trans
mitter #2, located at the end of the profile (das hed lines). The 
position of the profiles and the transmitters is shown in Fig. 9. 
Fig. 11 shows similar plots for profile I. One can see that the 
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open circle presents MGQL approx imation results. The dashed line is the result 
for transmitter #2 with the rigorous IE method , while the open square denotes 
the MGQL approximation results . 

plots computed using the rigorous IE method and a MGQL ap
proximation based on the multigrid approach practically coin
cide, which confirms the accuracy of the new modeling method. 

The computational time required for these calculations was 
30 S on a 1.8-GHz Pc. We should notice that the estimated 
computation time for the same modeling using the rigorous IE 
method will be 45 min for a single transmitter and about eight 
days for 240 transmitters. The computer memory required for 
the IE simulation is equal to 152 MB, while, for the MGQL 
modeling, weneedjust 9.3 MB on an AMD Athlon 64, 1.8-GHz 
Pc. 

IV. CONCLUSION 
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demonstrated that this new technique can be effectively used 
for computer simulation of multitransmitter geophysical data , 
especially for MCSEM data. The main difficulties of MCSEM 
modeling are related to the fact that we need to run the compu 
tations many times for different positions of the transmitters. 
Application of the QL approximation in the framework of 
the multigrid approach speeds up the solution of this problem 
significantly, without losing accuracy. 

The developed code has been tested using synthetic problems 
and for computer simulation of the MCSEM data for a geo
electrical model of a Gemini salt body. The numerical results 
demonstrate that the multigrid MGQL approximation provides a 
fast and accurate tool for numerical modeling of the multitrans
mitter EM data in complex 3-D geoelectrical structures, typical 
for petroleum exploration. Therefore, this technique may be ef
fectively used in inverse problem solution as well. 
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