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ABSTRACT

A rigorous physical-mathematical model of heteroge-
neous conductive media is based on the effective-medium
approach. A generalization of the classical effective-medium
theory �EMT� consists of two major parts: �1� introduction of
effective-conductivity models of heterogeneous, multiphase
rock formations with inclusions of arbitrary shape and con-
ductivity using the principles of the quasi-linear �QL� ap-
proximation within the framework of the EMT formalism
and �2� development of the generalized effective-medium
theory of induced polarization �GEMTIP�, which takes into
account electromagnetic-induction �EMI� and induced polar-
ization �IP� effects related to the relaxation of polarized
charges in rock formations. The new generalized EMT pro-
vides a unified mathematical model of heterogeneity, multi-
phase structure, and the polarizability of rocks. The geoelec-
tric parameters of this model are determined by the intrinsic
petrophysical and geometric characteristics of composite
media: the mineralization and/or fluid content of rocks and
the matrix composition, porosity, anisotropy, and polarizabil-
ity of formations. The GEMTIP model allows one to find the
effective conductivity of a medium with inclusions that have
arbitrary shape and electrical properties. One fundamental IP
model of an isotropic, multiphase, heterogeneous medium is
filled with spherical inclusions. This model, because of its
relative simplicity, makes it possible to explain the close rela-
tionships between the new GEMTIP conductivity-relaxation
model and an empirical Cole-Cole model or classical Wait’s
model of the IP effect.

INTRODUCTION

The electromagnetic �EM� data observed in geophysical experi-
ents generally reflect two phenomena: �1� electromagnetic induc-

ion �EMI� in the earth and �2� the induced polarization �IP� effect re-
ated to the relaxation of polarized charges in rock formations. The
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heoretical and experimental foundations of induced polarization
IP� methods in geophysical exploration were developed by several
enerations of geophysicists, starting with the pioneering research
f the Schlumberger brothers and continued by A. S. Semenov, Y. P.
ulashevich, S. M. Sheinman, V.A. Komarov, T. Madden, H. Seigel,

. Wait, S. Ward, J. Hohmann, K. Zonge, and many others �see re-
iew by Seigel et al., 2007�.

Practical use of the IP method can be traced to the 1950s, when
ining and petroleum companies actively looked into application of

his method to mineral exploration. The physical-mathematical prin-
iples of the IP effect originally were formulated in pioneering
orks by Wait �1959� and by Sheinman �1969�. However, this meth-
d did not find wide application in U. S. industry until after the work
f Zonge and his associates at the Zonge Engineering and Research
rganization �Zonge, 1974; Zonge and Wynn, 1975� and by Pelton

1977� and Pelton et al. �1978� at the University of Utah. Significant
ontribution to the development of the IP method was made also by
ait �1959, 1982� and by the research team at Kennecott from 1965

hrough 1977 �Nelson, 1997�.
The IP method has found wide application in mining exploration.

nterpretation of IP data in the mining industry was improved signif-
cantly during the last decade based on the advanced interpretation
echniques developed by Oldenburg and coauthors �e.g., Oldenburg
nd Li, 1994; Yuval and Oldenburg, 1997�. There was also an inter-
sting proposed application of the IP method to well logging �e.g.,
inegar and Waxman, 1988�, and Russian geophysicists reported

uccessful applications of the IP method in hydrocarbon exploration
e.g., Komarov, 1980; Zonge, 1983; Kamenetsky, 1997; Davydy-
heva et al., 2004�.

The IP effect is caused by the complex EM phenomena that ac-
ompany current flow in the earth. These phenomena occur in rock
ormations in areas of mineralization. It was demonstrated almost
0 years ago in pioneering papers by Zonge and Wynn �1975� and by
elton et al. �1978� that the IP effect can be used to separate the re-
ponses of economic polarizable targets from other anomalies.
owever, until recently, this idea had a limited practical application
ecause of the difficulties in recovering the induced polarization pa-
ameters from observed EM data, especially in the 3D interpretation
equired for efficient exploration of mining and petroleum targets

5April 2008; published online 17 September 2008.
, U.S.A. E-mail: mzhdanov@mines.utah.edu.
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F198 Zhdanov
nd because of the absence of adequate composite-conductivity
odels of rock formations.
The analysis of IPphenomena usually is based on models with fre-

uency-dependent complex conductivity distribution. One of the
ost popular is the Cole-Cole relaxation model and its different
odifications �Cole and Cole, 1941�. The parameters of the conduc-

ivity-relaxation model can be used for discrimination of different
ypes of rock formations, an important goal in mineral exploration.
ntil recently, these parameters have been determined mostly in the
hysical laboratory by direct analysis of samples.

I introduce a new composite geoelectric model of rock formations
ased on the effective-medium approach that generates a conductiv-
ty model with parameters directly related by analytic expressions to
he physical characteristics of the microstructure of rocks and miner-
ls �microgeometry and conductivity parameters�. This new com-
osite geoelectric model provides more realistic representation of
omplex rock formations than conventional unimodal-conductivity
odels. It allows us to model the relationships between the geomet-

ic factors and physical characteristics of different types of rocks
e.g., grain size, shape, conductivity, polarizability, fraction volume,
nd so forth� and the parameters of the relaxation model.

Effective-medium approximation for composite media has been
iscussed in many publications. The general formalism of the effec-
ive-medium theory �EMT� was developed by Stroud �1975�. The
dvances of physical EMTs �e.g., Landauer, 1978; Norris et al.,
985; Shwartz, 1994; Sihvola, 2000; Kolundzija and Djordjevic,
002; Berryman, 2006� make it possible to develop a rigorous math-
matical model of multiphase heterogeneous conductive media ex-
ited by an EM field. The EMT and its different extensions were ap-
lied successfully to the study of macroscopically isotropic and an-
sotropic models of rock formations in electrical geophysics �e.g.,

endelson and Cohen, 1982; Sen et al., 1981; Sheng, 1991; Kaza-
chenko et al., 2004; Toumelin and Torres-Verdín, 2007, and so
orth�.

The existing form of EMT and its modifications, however, do not
llow the inclusion of the induced-polarizability effect in the general
odel of heterogeneous rocks. The conventional EMT models de-

cribe the electromagnetic-induction effect caused by electrical het-
rogeneity of the multiphase medium, whereas the IP effect is mani-
ested by additional surface polarization of the grains caused by the
omplex electrochemical reactions that accompany current flow
ithin the formation.

a) b)

igure 1. Multiphase composite model of general heterogeneous
ocks. �a�Atypical slice of a quartz monzonite porphyry �QMP� rock
ample. �b� A schematic multiphase composite model of the same
ock sample with the grains represented by spherical and elliptical
nclusions.
It is well known, however, that the effective conductivity of rocks
s not necessarily a constant and real number but can vary with fre-
uency and be complex �Shuev and Johnson, 1973�. There are sever-
l explanations for these properties of effective conductivity. Most
ften, they are explained by physical-chemical polarization effects
f mineralized particles of rock material and/or by electrokinetic ef-
ects in the pores of reservoirs �Wait, 1959; Marshall and Madden,
959; Luo and Zhang, 1998�. Thus, polarizability is caused by the
omplex electrochemical reactions that accompany current flow in
he earth. These reactions occur in a heterogeneous medium repre-
enting rock formations in areas of mineralization and hydrocarbon
eservoirs. This phenomenon usually is explained as a surface polar-
zation of mineralized particles and the surface of a moisture-porous
pace that occurs under the influence of an external electromagnetic
eld. It is manifested by accumulating electric charges on the surface
f different grains forming the rock. This effect is very significant in
he case of a metal-electrolyte interface �Bockrih and Reddy, 1973�.
owever, a similar effect is observed in the interface between elec-

rolyte and typical rock-forming minerals such as silicate and car-
onate �Komarov, 1980�.

I demonstrate that EMT formalism can be used in the theory of
ormation polarizability as well. A generalization of the classical
MT approach consists of two major parts: �1� introduction of the
ffective-conductivity models of the heterogeneous, multiphase
ock formations with inclusions of arbitrary shape and conductivity
y using the principles of the Born-type quasi-linear �QL� approxi-
ation in the framework of EMT formalism, and �2� development of

he generalized effective-medium theory of induced polarization
GEMTIP�, which takes into account electromagnetic induction
EMI� and induced polarization �IP� effects related to the relaxation
f polarized charges in rock formations.

This paper details this generalized approach by treating EMI and
P effects in a complex rock formation in a unified way. I provide
ore information on the evolution of this method in Appendix A.
he Born-type approximation in the framework of EMT theory was
sed recently by Habashy andAbubakar �2007� to derive a material-
veraging formulation and to develop effective numerical methods
or constructing finite-difference modeling grids to study rock heter-
geneity.

The general model applies to mineralization zones and hydrocar-
on reservoirs. It develops a unified physical-mathematical model to
xamine EM effects in complex rock formations that accounts for
ineral structure, electrical properties, fluid content, matrix compo-

ition, porosity, anisotropy, and polarizability. It provides a link be-
ween the volume content of different minerals and/or the hydrocar-
on saturations and the observed EM field data �Zhdanov, 2006a,
006b, 2008�.

PRINCIPLES OF THE EFFECTIVE-MEDIUM
APPROACH

The goal is to construct realistic electrical models of rocks based
n the EMT of multiphase composite media. We begin our modeling
ith an example taken from a typical quartz monzonite porphyry

QMP�. Figure 1a presents a typical slice of a QMP rock sample con-
aining grains of different minerals: quartz, feldspar, pyrite, chal-
opyrite, and biotite. Figure 1b is a schematic multiphase composite
odel of the same rock sample with grains represented by spherical

nd elliptical inclusions of different sizes and orientations.
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Theory of IP F199
Note that in principle, one can consider a schematic multiphase
odel of a reservoir rock sample also �Figure 2a�.
Figure 1 and the left panel of Figure 2 show that we can represent a

omplex heterogeneous rock formation as a composite model
ormed by a homogeneous host medium of a volume V with a �com-
lex� conductivity tensor �̂0�r� �where r is an observation point�
lled with grains of arbitrary shape and conductivity. In the present
roblem, the rock is composed of a set of N different types of grains,
he lth grain type having a �complex� tensor conductivity �̂l. The
rains of the lth type have a volume fraction f l in the medium and a
articular shape and orientation. Therefore, the total conductivity
ensor of the model, �̂ �r�, has the following distribution for volume
raction f l and volume fraction f0 � �1 � �l�1

N f l�, respectively:

�̂�r� � ��̂0 for volume fraction f0 � �1 � �
l�1

N

fl�
�̂l for volume fraction f l.

�
For convenience, I present in Table 1 a list of variables used in this

aper.
The polarizability effect usually is associated with surface polar-

zation of the coatings of grains. This surface polarization can be re-
ated to an electrochemical charge transfer between the grains and a
ost medium �Wong, 1979; Wong and Strangway, 1981; Klein et al.,
984�. The surface polarization is manifested by accumulating elec-
ric charges on the surface of the grain. A double layer of charges is
reated on the grain’s surface, which results in a voltage drop at this
urface �Wait, 1982�. It has been shown experimentally that for rela-
ively small external electric fields used in electrical exploration, the
oltage drop, �u, is linear and proportional to the normal current
ow at the surface of the particle, jn � �n · j�. That is, at the surface
f the grain, we have

�u � k�n · j� , �1�

here n is a unit vector of the outer normal to the grain’s surface and
is a surface-polarizability factor, which generally is a complex fre-
uency-dependent function. This function usually is treated as the
nterface impedance that characterizes the boundary between the
orresponding grain and surrounding host medium and describes the
nterfacial or membrane polarization. This effect is the most pro-
ound in a metal-electrolyte interface, and it was studied intensively
n electrochemistry �Bockrih and Reddy, 1973�. However, a similar

a) b)

igure 2. �a� A schematic multiphase heterogeneous model of a res-
rvoir rock sample. �b�Acorresponding effective-medium model.
ffect also was found in other heterogeneous systems typical of rock
ormations �e.g., Dukhin, 1971�.

Following the standard logic of the EMT, we substitute a homoge-
eous effective medium with the conductivity tensor �̂ e for the orig-
nal heterogeneous composite model �Figure 2� and subject it to a
onstant electric field, Eb, equal to the average electric field in the
riginal model:

Eb � �E	 � V�1
 
 

V

E�r�dv . �2�

he effective conductivity is defined by the current density distribu-
ion, je, in an effective medium being equal to the average current
ensity distribution in the original model:

je � �̂e · Eb � �̂e · �E	 � ��̂ · E	 . �3�

To find the effective conductivity tensor, �̂ e, we represent the giv-
n inhomogeneous composite model as a superposition of a homo-

able 1. List of variables.

ˆ Total conductivity tensor

f l Volume fraction of a grain of the
lth type

ˆ 0 Conductivity tensor of a host medium

ˆ l Conductivity tensor of a grain of the
lth type

ˆ e Conductivity tensor of a homogeneous
effective medium

ˆ b Conductivity tensor of a homogeneous
background medium

�̂ Anomalous-conductivity tensor

u Voltage drop at the grain’s surface

Surface-polarizability factor
b Average electric field in the original model

¨̂ Electrical-reflectivity tensor

ˆ Material-property tensor

ˆ
b

Green’s tensor for the homogeneous
background full space

ˆ � ���VĜbdv Volume-depolarization tensor

ˆ � ��SĜb ·nnds Surface-depolarization tensor

ˆ � k� b�̂ · ���̂ ��1 Relative-conductivity tensor

ˆ � �̂�1 ·�̂ · �̂ Surface-polarizability tensor

ˆ � �Î � p̂
 ·m̂ Volume-polarizability tensor

�̂ p � �Î � p̂
 ·��̂ “Polarized” anomalous conductivity

0 DC resistivity of the Cole-Cole model

Angular frequency

and C Time and relaxation parameters of the
Cole-Cole model

Chargeability coefficient

Surface-polarizability coefficient

Radius of a spherical grain
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F200 Zhdanov
eneous infinite background medium with the conductivity tensor
ˆ b and the anomalous conductivity ��̂ �r�:

�̂�r� � �̂b � ��̂�r� . �4�

ote that this representation is not unique. Different methods exist
or selecting the appropriate background conductivity �̂ b. Some of
hese methods will be discussed below.

From equations 4 and 3, we have

�̂e · Eb � �̂b · Eb � ���̂ · E	 . �5�

hus we can see that the effective conductivity tensor, �̂ e, can be
ound from equation 5 if one determines the average excess electric
urrent ���̂ ·E	. The last problem can be solved using the integral
orm of Maxwell’s equations.

Following the ideas of the QL approximation �Zhdanov, 2002�,
e can represent the electric field as

E�r�� � �Î � �̂�r��� · Eb, �6�

here �̂�r�� is an electrical reflectivity tensor, and

��̂�r�� · E�r�� � m̂�r�� · Eb, �7�

here m̂�r�� is a material property tensor �similar to the susceptibili-
y tensor in the theory of EM field propagation in dielectrics�:

m̂�r�� � ��̂�r�� · �Î � �̂�r��� . �8�

Note that one can use the extended Born approximation, another
orm of the Born-type approximations, to obtain an expression simi-
ar to equation 6 �e.g., see Abubakar and Habashy, 2005�. However, I
refer to use the QL formulation in this case because it can generate
n approximate or even a rigorous solution depending on the appro-
riate choice of the reflectivity tensor �̂. It is important to emphasize
hat exact representations 6 and 7 always exist because the corre-
ponding material property tensor always can be found for any fields
�r�� and Eb �Zhdanov, 2002�. In this paper, I explicitly use this spe-
ial case, when the QL “approximation” is not an approximation but
n exact form of the field representation. I should note also that Ha-
ashy and Abubakar �2007� have employed this idea of using the
orn-type approximation within the framework of the EMT theory

or development of a material-averaging formula based on the ex-
ended Born approximation. They have demonstrated that this ap-
roach can provide an effective numerical method for constructing
he finite-difference modeling grids to study rock heterogeneity.

Let us substitute equation 7 into equation 3, taking into account
quation 4,

je � �̂e · Eb � ��̂ · E	 � ���̂b � ��̂� · E	 � �̂b · �E	

� ���̂ · E	 � �̂b · Eb � �m̂	 · Eb.

rom the last equation, we see that

�̂e � �̂b � �m̂	 . �9�

hus, to determine the effective conductivity of the composite polar-
zed medium, we have to find the average value of the material prop-
rty tensor, �m̂	.
INTEGRAL REPRESENTATIONS FOR
THE EM FIELD IN HETEROGENOUS

POLARIZABLE MEDIA

One can represent the electric field E�r� generated in a homoge-
eous anisotropic background medium by the currents induced
ithin the anomalous conductivity ��̂ �r� using the integral form of
axwell’s equations,

�r� � Eb �
 
 

V

Ĝb�r/r�� · ���̂�r�� · E�r��
dv�, �10�

here V is the volume occupied by all inhomogeneities and Ĝb�r/r��
s a Green’s tensor for the homogeneous, anisotropic full space.

To simplify further discussion, we assume that the background
odel is represented by the isotropic homogeneous full space �̂ b

Î� b. We also restrict our discussion of the generalized EMT to the
uasi-static case, when al/wl�1; al is the characteristic size of a
rain of the lth type, and wl is a wavelength in that grain. This restric-
ion means we do not consider high frequencies or high contrasts of
lectrical resistivity in our model to simplify further derivations. In
his case, the Green’s tensor can be represented in the form of a dyad-
c function,

Ĝb�r/r�� � � ��gb�r/r�� , �11�

here

gb�r/r�� �
1

4	� b�r � r��
. �12�

We assume, however, that in addition to electrical heterogeneity,
he medium is characterized by polarizability effects that are mani-
ested by the surface polarization of the grains. Mathematically, the
urface-polarization effect can be included in the general system of

axwell’s equations by adding the following boundary conditions
n the surfaces Sl of the grains �Luo and Zhang, 1998�:

n 
 �E��r�� � E��r���
Sl
� � �n 
 ���u�r��
Sl

, �13�

here E� designates the boundary value of electric field E�r� when
he observation point tends to the boundary Sl of the lth grain from
he inside of the grains and E� if this point tends to the boundary
rom the outside of the grains.

Therefore, an electric field caused by the surface-polarization ef-
ect Ep�r� can be represented as an electric field of a specified dis-
ontinuity 13 �Zhdanov, 1988�:

Ep�r� ��� 

 

S

gb�r/r��� b


�n�r�� · �E��r�� � E��r���
S ds�, �14�

here S represents the superposition of all surfaces Sl of the entire
nsemble of grains, S � �l�1

N Sl, and vector n�r�� is directed outside
he grains.

The last integral can be written in an equivalent form as a field
enerated by the double layers coinciding with the grains’ surfaces
ith a dipole electric-charge moment density MS � �un �Zhdanov,
988�:
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Ep�r� � �
 

S

� �gb�r/r��� b · n�r���uds�. �15�

According to equation 1, we assume that the voltage drop at the
urface of the grain is proportional to the normal current:

�u � k�n�r�� · j�r��� � k�n�r�� · �̂�r�� · E�r��� , �16�

here current j�r�� is taken for the internal side of the grain’s sur-
ace.

Therefore, expression 14 becomes

p�r� � �
 

S

��gb�r/r��� b · n�r���uds�

�
 

S

Ĝb�r/r�� · n�r��k� b�n�r�� · �̂ �r�� · E�r���ds�.

�17�

he total electric field caused by the effects of both the electromag-
etic induction and induced polarization is equal to

�r� � Eb �
 
 

V

Ĝb�r/r�� · ���̂ �r�� · E�r��
dv�

�
 

S

Ĝb�r/r�� · n�r��k� b�n�r�� · �̂ �r�� · E�r���ds

�18�

Substituting expression 7 into equation 18, we can write

E�r� � Eb �
 
 

V

Ĝb�r/r�� · �m̂�r�� · Eb
dv�

�
 

S

Ĝb�r/r�� · n�r��


�n�r�� · �̂ �r�� · �m̂�r�� · Eb
�ds�, �19�

here �̂ �r�� is the relative conductivity tensor of a grain equal to

�̂ �r�� � k� b�̂ �r�� · ���̂ �r����1. �20�

We can represent the integrals in equation 19 as a sum of the inte-
rals over the volumes and surfaces of all grains:

E�r� � Eb � �
l

El�r� , �21�
here

El�r� �
 
 

Vl

Ĝb�r/r�� · �m̂�r�� · Eb
dv�

�
 

Sl

Ĝb�r/r�� · n�r��


�n�r�� · �̂ �r�� · �m̂�r�� · Eb
�ds�. �22�

We already have noted that we will restrict our discussion to the
ow-frequency approximation �quasi-static model of the field�. In
his case, we can use a QLapproximation �Zhdanov, 2002� for the in-
egrals over Vl and Sl and assume that the material property tensor is
onstant in Vl up to its boundary Sl:

m̂�r�� � m̂l,r� � Vl. �23�

Note, however, that in the case of spherical or elliptical grains, the
aterial property tensor is always constant within the spherical and/

r elliptical inclusions. The rigorous proof of this simple property of
he material property tensor comes from an analytic expression for
he electric field of the elliptical inclusions in the homogeneous
ackground, which can be found, for example, in Landau and Lif-
hitz �1984�.

Consider now the integrals over one grain only:

El�r� �
 
 

Vl

Ĝb�r/r��dv� · m̂l · Eb

�
 

Sl

Ĝb�r/r�� · n�r��n�r��ds� · �̂ l · m̂l · Eb,

�24�

here

�̂ �r�� � �̂ l � const, r� � Vl.

We introduce the volume, �̂ l, and surface, �̂l, depolarization ten-
ors as follows:

�̂l �
 
 

Vl

Ĝb�r/r��dv�, �25�

nd

�̂l �
 

Sl

Ĝb�r · r�� · n�r��n�r��ds�. �26�

In the case of spherical or elliptical grains, one can derive the ex-
ct analytic expressions for the depolarization tensors. In this paper,
s an illustration, we will consider spherical grains only.Asimilar re-
ult for elliptical grains is presented in Zhdanov et al. �2008�, in
hich the authors study the anisotropy in the IP effect.
For example, for a spherical grain of a radius al, we have �see Ap-

endix B�

�̂l � �
1

3� b
Î, �̂l � �

2

3� bal
Î . �27�

ubstituting equations 25 and 26 back into equation 24, we obtain

l�r� � �̂l · m̂l · Eb � �̂l · p̂l · m̂l · Eb � �̂l · q̂l · Eb, �28�

here a surface-polarizability tensor p̂ and a volume-polarizability
ensor q̂ are equal to

p̂�r�� � �̂l
�1 · �̂l · �̂ �r��, p̂l � p̂�r��,r� � Vl, �29�

nd

ˆ �r�� � �Î � p̂�r��
 · m̂�r��, q̂l � q̂�r��, r� � Vl. �30�

hen equation 28 becomes
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F202 Zhdanov
El�r� �
 
 

Vl

Ĝb�r/r��dv� · q̂l · Eb. �31�

ubstituting expression 31 back into expression 21, we find

E�r� � Eb � �
l

 
 


Vl

Ĝb�r/r�� · q̂�r��dv� · Eb � Eb

�
 
 

V

Ĝb�r/r�� · q̂�r��dv� · Eb. �32�

he last equation shows that the surface-polarization effect intro-
uced by equation 17 can be represented by the equivalent volume-
olarization effect and combined with the electromagnetic-induc-
ion phenomenon in one integral expression.

EFFECTIVE CONDUCTIVITY OF THE
HETEROGENEOUS POLARIZABLE MEDIUM

In this section, we will derive a constructive approach for deter-
ining the effective conductivity of a heterogeneous polarizable
edium. We have established above that to solve this problem, we

ave to find the average value of the material property tensor, �m̂	.
he last function can be found based on the integral representation
2.

Multiplying both sides of 32 by ��̂ �r�, we have

m̂�r� · Eb � ��̂ �r� · Eb

� ��̂ �r� ·
 
 

V

Ĝb�r/r�� · q̂�r��dv� · Eb.

�33�

Our goal is to find the material property tensor m̂. According to
quation 30, this tensor is related to the volume-polarizability tensor

ˆ by the following equation:

m̂ � �Î � p̂
�1q̂ . �34�

herefore, to find m̂, we need to determine tensor q̂ first. The solu-
ion of this problem is provided inAppendix C.According to that ap-
endix, we have the following expression for the volume-polariz-
bility tensor q̂:

q̂l � �Î � ��̂ l
p · �̂l
�1 · ��̂ l

p · �Î � �̂l · �q̂	
 , �35�

here the average value of q̂ is given by the equation

q̂	 � ��Î � ��̂ p · �̂
�1	�1��Î � ��̂ p · �̂
�1 · ��̂ p	 . �36�

According to equation 30, the average value of the material-prop-
rty tensor is

�m̂	 � ��Î � p̂
�1q̂	 . �37�
ubstituting equation 37 into equation 9, we finally have

�̂ e � �̂ b � ��Î � p̂
�1q̂	 � �̂ b � �Î � p̂0
�1q̂0f0

� �
l�1

N

�Î � p̂l
�1q̂l f l. �38�

Equation 38 allows us to calculate the effective conductivity for
ny multiphase, polarized composite medium. This equation can be
reated as an IP analog of the “average-t-matrix approximation”
ATA� of the theory of electronic propagation in disordered binary
lloys �Soven, 1967�.

SELF-CONSISTENT APPROXIMATION FOR
EFFECTIVE CONDUCTIVITY

Note that the simplest choice for the average value of the volume-
olarizability tensor �q̂	 is

�q̂	 � 0, �39�

ecause in this case, fromAppendix C, equation C-10, we have

q̂l � �Î � ��̂ l
p · �̂l
�1 · ��̂ l

p, �40�

nd

�q̂	 � ��Î � ��̂ p · �̂
�1 · ��̂ p	 � �Î � ��̂ 0
P · �̂0
�1f0

� �
l�1

N

�Î � ��̂ l
p · �̂l
�1f l � 0. �41�

Equation 41 can be treated as a loose IP analog of the self-consis-
ency condition of the classical theory �EMT� presented in Stroud
1975�. Detailed analysis shows that for a composite medium with-
ut any IP effect, equation 41 leads to the Bruggeman method of ef-
ective-conductivity determination �Bruggeman, 1935; Choi, 1999�.

Substituting equation 40 into equation 34, we find

m̂l � �Î � p̂l
�1�Î � ��̂ l
p · �̂l
�1 · �Î � p̂l
 · ��̂ l.

�42�

In this case, expression 9 for the effective conductivity of the po-
arized inhomogeneous medium takes the form

�̂e � �̂b � �Î � p̂0
�1�Î � ��̂0
p · �̂0
�1

· �Î � p̂0
 · ��̂0f0 � �
l�1

N

�Î � p̂l
�1


�Î � ��̂l
P · �̂l
�1 · �Î � p̂l
 · ��̂l f l.

In particular, if we select the background conductivity to be equal
o the host medium conductivity,

�̂b � �̂0,
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hen

�̂e � �̂0 � �
l�1

N

�Î � p̂l
�1�Î � ��̂l
p · �̂l
�1

· �Î � p̂l
 · ��̂l f l, �43�

ecause ��̂ 0 � 0.
Note that for heterogeneous media without polarizability, equa-

ion 43 corresponds to the Maxwell-Garnett theory of the composite
eoelectric medium �Choi, 1999�.

The last equation provides a general solution for the effective-
onductivity problem for an arbitrary, multiphase, composite polar-
zed medium. We will call the conductivity-relaxation model de-
cribed by equation 43 a generalized effective-medium theory of the
P effect �GEMTIP� model.

EFFECTIVE RESISTIVITY OF THE ISOTROPIC
MEDIUM FILLED WITH ISOTROPIC

GRAINS OF ARBITRARY SHAPE:
ANISOTROPY EFFECT

We consider first a composite model with isotropic grains of arbi-
rary shape. In this case, all conductivities become scalar functions:

�̂0 � Î� 0, ��̂l � Î�� l, ��̂l
p � �Î � p̂l��� l.

herefore, we can write

�̂e � Î� 0 � �
l�1

N

�Î � p̂l
�1�Î � �Î � p̂l��� l�̂l
�1�Î

� p̂l
�� l f l, �44�

here, according to the definition of the surface-polarizability ten-
or �see Table 1�,

p̂l � � l�̂l
�1 · �̂l, �45�

nd � l is equal to

� l � kl� 0� l��� l��1. �46�

It can be demonstrated that if the grains have nonisometric shape
e.g., ellipsoidal shape� but random orientation �see Figure 3�, aver-
ging of the tensor terms in expression 44 will result in scalarization.
herefore, the effective-medium conductivity will become a scalar

unction. However, if all the grains are oriented in one specific direc-
ion, as shown in Figure 4, the effective conductivity of this medium
ill become anisotropic.
Thus, the effective conductivity can be a tensor in spite of the fact

hat the background medium and all the grains are electrically isotro-
ic. This tensorial property of the effective-medium conductivity
rovides a new insight into the anisotropy phenomenon in the IP ef-
ect. This effect is examined in full detail in Zhdanov et al. �2008�.

FUNDAMENTAL IP MODEL: ISOTROPIC,
MULTIPHASE HETEROGENEOUS MEDIUM

FILLED WITH SPHERICAL INCLUSIONS

The GEMTIPmodel allows us to find the effective conductivity of
medium with inclusions that have arbitrary shape and electrical
roperties. That is why the new composite geoelectric model of the
P effect can be used to construct the effective conductivity for dif-
erent realistic rock formations typical for mineralization zones and/
r petroleum reservoirs.

In the present paper, however, as an illustration, I will present one
undamental IP model only: an isotropic, multiphase heterogeneous
edium filled with spherical inclusions. This model, because of its

elative simplicity, makes it possible to explain the close relation-
hips between the new GEMTIP conductivity-relaxation model and
n empirical Cole-Cole model �Cole and Cole, 1941� or a classical
ait’s model �Wait, 1982�.

ole-Cole resistivity relaxation model

It was demonstrated in the pioneering work of Pelton �1977� that
he Cole-Cole relaxation model can represent well the typical com-
lex conductivity of polarized rock formations. In the framework of
his model, the effective complex resistivity, �e���, is described by
he following well-known expression:

�e��� � �0�1 � ��1 �
1

1 � �i�� �C�� , �47�

here �0 is the DC resistivity �ohm-m�, � is the angular frequency
rad/sec�, � is the time parameter, � is the intrinsic chargeability
Seigel, 1959�, and C is the relaxation parameter. The dimensionless
ntrinsic chargeability, � , characterizes the intensity of the IP effect.

Figure 5 presents examples of typical complex resistivity curves
ith the Cole-Cole model parameters defined according to Table 2.
One can see a significant difference among curves in this plot that

orrespond to Cole-Cole models with different parameters. Note
lso that the Cole-Cole curve gives only one possible example of the
elaxation model. Several other models are discussed in the geo-
hysical literature �e.g., see Kamenetsky, 1997�. One of the impor-
ant practical questions is the relationship between the Cole-Cole

odel parameters and the petrophysical characteristics of mineral-

igure 3. Atypical example of a multiphase model of rock composed
f a set of different types of randomly oriented grains.

igure 4. An example of electrically anisotropic media. A multi-
hase model of the rock is composed of a set of ellipsoidal grains ori-
nted in one direction.
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zed rocks. Several publications are dedicated specifically to the so-
ution of this problem. However, most of the published results pro-
ide only a qualitative indication of the correlation between the
ole-Cole parameters and specific mineralization characteristics of

he rocks, such as mineral grain sizes and physical properties.

ultiphase, composite polarized medium with spherical
nclusions

In his pioneering work, Wait �1982� introduced a simplified mod-
l of the composite medium as a loading of spherical, conducting
articles in a resistive background. The effective conductivity for
his model was determined based on the equations of the static elec-
ric field. This model provided a foundation for the phenomenologi-
al theory of induced electrical polarization.

In the following sections, I will show that Wait’s model appears as
special case of the GEMTIP model developed in this paper. I con-

ider as an example an isotropic, multiphase composite model, with
ll model parameters described by the scalar functions. A composite
odel is formed by a homogeneous host medium of a volume V with
conductivity � 0 filled with grains of spherical shape �Figure 6�. We
ssume also that we have a set of N types of grains, with the lth grain
ype having radius al, conductivity � l, and surface-polarizability kl.
n this model, both the volume and the surface-depolarization ten-
ors are constant scalar tensors �seeAppendix B� equal to

igure 5. Atypical example of a multiphase model of rock composed
f a set of different types of randomly oriented grains. Examples of
ypical complex resistivity curves with the Cole-Cole model param-
ters. The upper panel shows the real part of the complex resistivity,
nd the bottom panel presents the imaginary part of the complex re-
istivity. Solid lines with dots represent the Cole-Cole model 1, and
ines with circles correspond to Cole-Cole model 2.

able 2. Cole-Cole models.

ole-Cole model 1 Cole-Cole model 2

�0 � 300 ohm-m �0 � 300 ohm-m

� 1 � 0.5 � 2 � 0.5

� 1 � 0.4 � 2 � 0.4

C1 � 0.8 C2 � 0.3
ˆ
l � � lÎ � � Î

1

3� b
Î, �̂l � �lÎ � �

2

3� bal
Î . �48�

The corresponding tensor formulas for conductivity tensors and
ensors m̂ and q̂ can be substituted by the scalar equations. For ex-
mple, inAppendix C, equation C-10 for q̂ takes the form

ql � �1 � �� l
p� l
�1�� l

p�1 � � l�q	
 , �49�

nd equation 34 for m̂ becomes

ml � �1 � pl
�1ql

� �1 � �1 � pl��� l� l
�1�� l�1 � � l�q	
 , �50�

here, according to equations 29 and 20,

pl � 2klal
�1� b� l��� l��1. �51�

nAppendix C, formula C-11 for �q̂	 is simplified as well:

q	 � ��1 � �1 � pl��� l� l
�1	�1


��1 � �1 � pl��� l� l
�1�1 � pl��� l� l	 . �52�

In the framework of the self-consistent theory, the effective con-
uctivity will be given by a scalar form of expression 42:

ml � �1 � �1 � pl��� l� l
�1�� l. �53�

ubstituting equation 53 into equation 9, we obtain the following
calar formula for the effective conductivity of the polarized, inho-
ogeneous medium:

� e � � b � ��1 � �1 � pl��� l� l
�1�� l	

� � b � �1 � �1 � p0��� 0� 0
�1�� 0f0

� �
l�1

N

�1 � �1 � pl��� l� l
�1�� l f l. �54�

n particular, assuming � b � � 0 and, therefore, �� 0 � 0, we write

� e � � 0 � �
l�1

N

�1 � �1 � pl��� l� l
�1�� l f l. �55�

ubstituting expression 48 for the volume-depolarization tensor and
quation 53 for pl, we finally find

� e � � 0�1 � 3�
l�1

N � f l
� l � � 0

2� 0 � � l � 2klal
�1� 0� l

�� .

igure 6. Multiphase composite polarized medium with spherical in-
lusions.
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ultiplying the numerator and denominator by �l�0 �where �0

1/� 0, �l � 1/� l�, we obtain an equivalent expression for the ef-
ective resistivity of the composite polarized medium:

e � �0�1 � 3�
l�1

N � f l
�0 � �l

2�l � �0 � 2klal
�1���1

. �56�

It is well known from the experimental data that the surface-polar-
zability factor is a complex function of frequency �e.g., Luo and
hang, 1998�. Following Wait �1982�, we adopt the model

kl � � l�i���Cl, �57�

hich fits the experimental data, where � l is some empirical surface-
olarizability coefficient, measured in the units �� l
 � �Ohm
m2�/secCl, and Cl is the relaxation parameter of the lth grain. Note

hat the GEMTIP model allows different forms of the surface-polar-
zability factor. However, equation 57 is the most widely used in
ractice.

Substituting equation 57 into expression 56, after some algebra,
e have

e � �0�1 � �
l�1

N � f lMl�1 �
1

1 � �i�� l�Cl
����1

, �58�

here

Ml � 3
�0 � �l

2�l � �0
, �59�

nd the time parameter � l of the lth grain is equal to

� l � � al

2� l
�2�l � �0��1/Cl

. �60�

Formula 58 provides a general analytic expression for the effec-
ive conductivity of the multiphase heterogeneous polarized medi-
m, typical for mineralization zones.

I will present below some typical GEMTIP resistivity-relaxation
odels for the three-phase composite polarized media. The model is

ormed by a homogeneous host rock with a resistivity �0 filled with
wo types of spherical grains, simulating, e.g., pyrite and chalcopy-
ite inclusions. The resistivities of these grains are �1 � 0.2 ohm-m
nd �2 � 0.004 ohm-m, respectively. We consider two types of
EMTIP models. For model 1, we change the surface-polarizability

oefficient �2 of the second grain while keeping all other parameters
f the model fixed. For model 2, we change the radius of the second
rain, a2, only. The parameters of the models are given in Table 3.

Figures 7 and 8 present the real and imaginary parts of the com-
lex effective resistivity for GEMTIP models 1 and 2. We notice first
hat in the case of the multiphase model, the resistivity-relaxation
urve becomes more complicated than the conventional Cole-Cole
urve �Figure 5�. The resistivity plots might have not only one but
everal minima. Changing the parameters of the models affects the
hape of the curves and the location of the minima in the imaginary
arts of the resistivity plots. Note that this result corresponds well to
he pioneering work of Zonge �1972�, who predicted a double-peak
esistivity-curve shape consistent with his observations on rock
easurements in the laboratory �MacInnes, 2007�.
wo-phase composite, polarized medium with spherical
nclusions

In the case of a two-phase composite model, we have a homoge-
eous host medium of a volume V with a �complex� resistivity �0 and
pherical inclusions with resistivity �1. Formula 56 is simplified:

�e � �0�1 � f1M1�1 �
1

1 � �i�� 1�C1
���1

. �61�

fter some algebra, we arrive at the conventional Cole-Cole formula
or the effective resistivity:

able 3. Three-phase GEMTIP models.

ariable Units
GEMTIP
model 1

GEMTIP
model 2

�0 ohm-m 300 300

f1 % 15 15

f2 % 15 15

C1 — 0.8 0.8

C2 — 0.6 0.6

�1 ohm-m 0.2 0.2

�2 ohm-m 0.004 0.004

a1 mm 0.2 0.2

a2 mm 0.2 0.1; 0.2;
0.4; 0.8

�1 �ohm-m2�/secCl 2 2

�2 �ohm-m2�/secCl 0.4; 0.04;
0.004

0.04

igure 7. Resistivity-relaxation model of three-phase heterogeneous
ock produced for GEMTIP model 1. The upper panel shows the real
art of the complex-effective resistivity, and the bottom panel pre-
ents the imaginary part of the complex-effective resistivity. The
hree curves in each panel correspond to the different values of the
urface-polarizability coefficient �2 of the grain of the second type:

� 0.4, 0.04, and 0.004 �ohm-m2�/secCl, respectively.
2
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�e � �0�1 � ��1 �
1

1 � �i�� �C�� , �62�

here

� �
3f1��0 � �1�

2�1 � �0 � 3f1��0 � �1�
�63�

able 4. GEMTIP resistivity-relaxation models of Ostrander
nd Zonge (1978) synthetic rocks.

ariable Units GEMTIP
Ostrander and

Zonge

e ohm-m

0 ohm-m 300 300 � 75

fpyrite % 15 —

fchalcopyrite % 15 —

pyrite — 0.8 —

chalcopyrite — 0.6 —

pyrite ohm-m 0.2 0.2

chalcopyrite ohm-m 0.004 0.004

pyrite mm 0.2; 0.5;
0.7; 1;

0.2–0.5; 0.5–1;
1–2;

1.2; 1.5;
2; 3

2–3

chalcopyrite mm 0.2; 0.5;
0.7; 1;

0.2–0.5; 0.5–1;
1–2;

1.2; 1.5;
2; 3

2–3

pyrite �ohm-m2�/secCl 2 —

chalcopyrite �ohm-m2�/secCl 4 —

igure 8. Resistivity-relaxation model of three-phase heterogeneous
ock produced for GEMTIP model 2. The upper panel shows the real
art of the complex effective resistivity, and the bottom panel pre-
ents the imaginary part of the complex effective resistivity. The four
urves in each panel correspond to the different values of the radius
2 of the grain of the second type: a2 � 0.1, 0.2, 0.4, and 0.8 mm, re-
pectively.
m

nd

� � � a1

2�1
�2�1 � �0 � 3f1��0 � �1���1/C

. �64�

Note that in equation 62, we use the same notations as in the origi-
al Cole-Cole formula 47.

Thus, both the conventional Cole-Cole model and the classical
ait’s model appear as special cases of the general GEMTIP model

f the complex resistivity of an isotropic, multiphase heterogeneous
edium filled with spherical inclusions.

omparison to Ostrander and Zonge data

The GEMTIP resistivity model of a multiphase, composite polar-
zed medium with spherical inclusions was tested by a comparison
ith the published complex-resistivity data. Ostrander and Zonge

1978� studied synthetic rocks containing disseminated chalcopyrite
nd/or pyrite at specific grain sizes. They conducted complex-resis-
ivity measurements for each synthetic rock and plotted the peak IP
esponse frequency as a function of grain size for synthetic rocks
ontaining either pyrite or chalcopyrite. As a result of the analysis of
he experimental data, Ostrander and Zonge �1978� found a close
orrelation between the radius of sulfides and the frequency of the
aximum IP response in the imaginary part of the complex-resistiv-

ty relaxation curve.
Emond et al. �2006� repeated the same experiment using the theo-

etical complex-resistivity model derived from the GEMTIP ap-
roach. Table 4 presents the GEMTIP variables used and the known
arameters from Ostrander and Zonge �1978�. The empirical param-
ters � and C are held constant for each mineral. These parameters
ere adjusted for each mineral until a good fit to the empirical data
as established �Emond, 2007�.
Figures 9 and 10 show the GEMTIP resistivity-relaxation models

f Ostrander and Zonge for synthetic rocks containing pyrite. The lo-

igure 9. GEMTIP resistivity-relaxation models of Ostrander and
onge �1978� for synthetic rocks containing pyrite. The upper panel
hows the real part of the complex resistivity, and the bottom panel
resents the imaginary part of the complex resistivity. The five
urves in each panel correspond to the different values of the radius
f the grain: apyrite � 0.2, 0.5, 1, 1.5, and 3 mm, respectively. The lo-
ation of the minimum imaginary resistivity is the frequency of the

aximum IP response.
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Theory of IP F207
ation of the peak imaginary resistivity is the frequency of maximum
P response �the minimum of the imaginary part of the complex ef-
ective resistivity�. The GEMTIP-modeled data and the Ostrander
nd Zonge �1978� empirical data are plotted in Figure 11. The
EMTIP-modeled data yield the same trend of peak IP response fre-
uency as the empirical results with respect to grain size.

igure 10. GEMTIP resistivity-relaxation models of Ostrander and
onge �1978� for synthetic rocks containing chalcopyrite. The upper
anel shows the real part of the complex resistivity, while the bottom
anel presents the imaginary part of the complex resistivity. The five
urves in each panel correspond to the different values of the radius
f the grain: achalcopyrite � 0.2, 0.5, 1, 1.5, and 3 mm, respectively.
he location of the minimum imaginary resistivity is the frequency
f the maximum IP response.

igure 11. Comparison of GEMTIP-predicted data with empirical
easurements of Ostrander and Zonge �1978� on synthetic rock

amples. The good fit of the GEMTIP-modeled data with the empiri-
al data indicates that GEMTIP can accurately model the trend in
eak IP response as a function of grain size.
The exact volume fraction of chalcopyrite and pyrite used by Os-
rander and Zonge �1978� for each sample is unknown. However,
igures 12 and 13 demonstrate that variations in volume fraction do
ot cause a large change in the peak IP frequency, indicating the
omparison to be accurate as long as the volume fraction for each
rain-size distribution sample is kept between 5% and 30% sulfides.
hus, I demonstrate that the GEMTIP approach can model well the

P effect of grain size on complex-effective resistivity.

igure 12. The small effect of volume fraction on maximum IP fre-
uency shown in the graphed data is for 2-mm pyrite grains.

igure 13. The small effect of volume fraction on maximum IP fre-
uency shown in the graphed data is for 2-mm chalcopyrite grains.
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CONCLUSIONS

I have developed an approach to constructing a physical-mathe-
atical model of the IP effect that takes into account the true com-

lexity of the rocks. This approach is based on the rock-physics de-
cription of the medium as a composite, heterogeneous multiphase
ormation. It takes into account both electromagnetic induction
EMI� and induced polarization �IP� effects related to the relaxation
f polarized charges in rock formations.

The new generalized effective-medium theory of induced polar-
zation �GEMTIP� provides a unified mathematical model of hetero-
eneity, multiphase structure, and polarizability of rocks. The
EMTIP model can be used for mineral-containing rocks and reser-
oir rocks. However, more research is needed to determine the prac-
ical limitations of the GEMTIP model. The geoelectric parameters
f this model are determined by the intrinsic petrophysical and geo-
etric characteristics of the composite medium: the mineralization

nd/or fluid content of the rocks and the matrix composition, porosi-
y, anisotropy, and polarizability of the formations. Therefore, in
rinciple, the effective complex conductivity of this new model can
erve as a basis for determining the intrinsic characteristics of the po-
arizable rock formation from the observed electrical data, such as
he volume content of the different minerals and/or the hydrocarbon
aturation.

In this paper, I have illustrated the GEMTIP approach by a rela-
ively simple model of the multiphase heterogeneous rocks with
pherical inclusions that have different sizes and electrical proper-
ies. However, the general character of the GEMTIPmodel allows us
o consider grains of arbitrary shape. Zhdanov et al. �2008� discuss a

ore complex model of heterogeneous rocks with ellipsoidal inclu-
ions.

In summary, the GEMTIP approach expands the modeling capa-
ility of EM methods. This new method allows the spectral behavior
f complex rock conductivity to be predicted based on its composi-
ion at the grain scale. Future research will be aimed at testing the
ew GEMTIP model with complex resistivity data and detailed min-
ralogical and petrophysical parameters of the rock samples.
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APPENDIX A

EVOLUTION OF OUR METHOD AND
ADDITIONAL BACKGROUND INFORMATION

This research was conducted at the University of Utah from 2004
hrough 2007 with support from the DOE and industry under the
OE program “Mining Industry of the Future: Exploration and Min-

ng Technology.” The project comprised a multipartner collabora-
ion among the University of Utah, Kennecott Exploration Compa-
y, BHP Billiton World Exploration Inc., Placer Dome Inc., Phelps
odge Mining Company, and Zonge Engineering and Research Or-
anization. The major part of this research was funded by the Na-
ional Energy Technology Laboratory of the U. S. Department of En-
rgy under contract DE-FC26-04NT42081.

One of the main goals of this project was to develop a new theo-
etical model and a method for quantitative interpretation of IP data
n a complex 3D environment. An important part of the research in-
luded the development of a new generalized effective-medium the-
ry of the IP effect, which treated in a unified way different complex
odels of the multiphase composite models of the rocks.

I presented an original formulation of this generalized approach
t the 76th Annual International Meeting of SEG in New Orleans
Zhdanov, 2006a�. In addition, the basic ideas of using the Born-
ype QL approximation within the framework of GEMTIP were
ormulated in the patent application “Geophysical technique for
ineral exploration and discrimination based on electromagnetic
ethods and associated systems,” filed 22 July 2005, and granted U.
. Patent 7,324,899 on 29 January 2008. All these papers and patent
ocuments are in the public domain and are freely available on the
nternet �as well as the DOE report: Zhdanov, 2006b, New geophysi-
al technique for mineral exploration and mineral discrimination
ased on electromagnetic methods, DE-FC26-04NT42081, Final re-
ort, available at http://www.osti.gov/bridge/servlets/purl/909271-
ykq2P/, accessed 22 December 2007�.

Habashy andAbubakar �2007� employed the Born-type approxi-
ation within the framework of the EMT theory to derive a material-

veraging formula similar to what was introduced originally in our
apers on GEMTIP. Habashy and Abubakar do not include in their
nalysis the IP effect, however, which is the major subject of this pa-
er. They point out that these new ideas could be useful in develop-
ng the effective numerical methods to study rock heterogeneity.

Indeed, an application of the GEMTIP theory and methods can
ake it practical to model the EM field in the complex heteroge-

eous rock formations by applying the effective-conductivity aver-
ging method, developed within the framework of GEMTIP. This
pplication of the GEMTIP method can constitute an important new
rea of EM research in the future.

APPENDIX B

CALCULATION OF THE DEPOLARIZATION
TENSORS FOR A SPHERE

The generalized effective-medium theory of the induced polar-
zation �GEMTIP�, developed in this paper, requires the calculation
f two depolarization tensors—the volume-depolarization tensor �̂0

nd the surface-depolarization tensor �̂0 �see Table 1 for the defini-
ions�. The problem of the calculation of the volume-depolarization
ensor for a sphere was discussed in many publications �e.g., see the
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lassic book by Landau and Lifshitz, 1984�. However, we also need
o compute the surface-depolarization tensor, �̂0, which naturally
ppears in the GEMTIP model. The good news, however, is that the
alculation of the surface-depolarization tensors can be reduced to
he calculation of the conventional volume-depolarization tensor.
hat is why, for completeness, I begin this appendix with the calcu-

ation of the tensor �̂0 for a sphere of a radius a:

�̂0 � �
 

S0

gb�r/r��n�r��ds�

�
1

4	� b

 


S0

r � r�

�r � r��3
r�

�r��
ds�.

n the center of the sphere r � 0, we have

�̂0 � �
1

4	� ba2 
 

S0

r�

�r��
r�

�r��
ds�

� �
1

4	� ba2 
 

S0

n�r��n�r��ds�, �B-1�

here n�r�� is a unit vector normal to the sphere

n�r�� � r�/�r�� � �

 �x,y,z

n
d
 .

he integral of the diadic multiplication of the normal vectors
�r��n�r�� is equal to


 

S0

n�r��n�r��ds� � �
��x,y,z

�
��x,y,z


 

S0

n�d�n�d�ds�

�
 

S0

r�

r

r�

r
ds� ��

� �0, � � �


 

S0

n�n�ds �
4	

3
a2� ,

here � �� is a symmetric Kronecker symbol.
Indeed, we have

�
��x,y,z


 

S0

r�

r

r�

r
ds �
 


S0

��r�
2

r2 ds

�
 

S0

ds � 4	a2.

herefore,


 

S0

n�n�ds �
4	

3
a2,


 

S0

n�n�ds �
4	

3
a2� �� ,

nd

 

S0

n�r��n�r��ds� � �
�

�
�

4	

3
a2� ��d�d� �

4	

3
a2Î .

�B-2�

ubstituting expression B-2 into expression B-1, we have

�̂0 � �
1

4	� ba2 
 

S0

n�r��n�r��ds�

� �
1

4	� ba2

4	

3
a2Î � �

1

3� b
Î . �B-3�

In a similar way, using expression B-2, we can find the expres-
ion for a surface-depolarization tensor in the center of the sphere �r

0�:

�̂0 �
 

S0

Ĝb�r/r�� · n�r��n�r��ds�

�
 

S0

� ��gb�r/r�� · n�r��n�r��ds�

� �
2

4	� ba3 
 

Sl

r�

�r��
r�

�r��
ds�

� �
2

4	� ba3 
 

Sl

n�r��n�r��ds�. �B-4�

ubstituting expression B-2 into expression B-4, we obtain

�̂l � �
2

4	� ba3

4	

3
a2Î � �

2

3� bal
Î . �B-5�

APPENDIX C

CALCULATION OF THE
VOLUME-POLARIZABILITY TENSOR Q̂

In this appendix, I discuss the method of the calculation of the po-
arizability tensor q̂. One can obtain an integral equation for q̂ by

ultiplying both sides of equation 33 by �Î � p̂
,

q̂�r� � ��̂ p�r� � ��̂ p�r� ·
 
 

V

Ĝb�r/r�� · q̂�r��dv�,

�C-1�

here ��̂ p�r� is a “polarized” anomalous conductivity

��̂ p�r� � �Î � p̂�r�
 · ��̂ �r� . �C-2�

The volume integral in equation C-1 can be represented as a sum
f two integrals—over the volume of one grain, Vl, and over the re-
aining volume �V � V �:
l
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V

Ĝb�r/r�� · q̂�r��dv�

�
 
 

V�Vl

Ĝb�r/r�� · q̂�r��dv�

�
 
 

Vl

Ĝb�r/r�� · q̂�r��dv�. �C-3�

We approximate the integral over �V � Vl� by replacing q̂�r�� by
ts average in V, and we calculate the integral over Vl, taking into ac-
ount property 23: q̂�r�� � q̂l � const.As a result, we obtain


 
 

V

Ĝb�r/r�� · q̂�r��dv�

�
 
 

V�Vl

Ĝb�r/r��dv� · �q̂	

�
 
 

Vl

Ĝb�r/r��dv� · q̂l. �C-4�

ccording to Gauss’s theorem, the volume-depolarization tensor �̂ l

s equal to

�̂l � �
 
 

Vl

��gb�r/r��dv�

� �
 

Sl

gb�r/r��n�r��ds�. �C-5�

We can calculate the external integral within the limits of the infi-
itely large volume V in a similar way, using Gauss’s theorem for the
xternal domain �V � Vl�:


 
 

V�Vl

Ĝb�r/r��dv� � � �̂l. �C-6�

ubstituting equations C-5 and C-6 into C-4, we have


 

V

Ĝb�r/r�� · q̂�r��dv� � � �̂l · �q̂	 � �̂l · q̂l. �C-7�

he last result reduces equation C-1 to

q̂�r� � ��̂ p�r� � ��̂ p�r� · �̂l · �q̂l � �q̂	
 . �C-8�

Assuming in the last formula that r�Vl, we find

q̂l � ��̂ l
p � ��̂ l

p · �̂l · �q̂l � �q̂	
 . �C-9�

olving equation C-9, we determine the volume-polarizability ten-
or, q̂l, for every grain:

q̂l � �Î � ��̂ l
p · �̂l
�1 · ��̂ l

p · �Î � �̂l · �q̂	
 .

�C-10�

aking an average value of both sides of equation C-10 and solving
he resulting equation for �q̂	, we find
�q̂	 � ��Î � ��̂p · �̂
�1	�1��Î � ��̂p · �̂
�1 · ��̂p	 .

�C-11�

This completes the calculation of the volume-polarizability ten-
or q̂.
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