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Generalized effective-medium theory of induced polarization

Michael Zhdanov'

ABSTRACT

A rigorous physical-mathematical model of heteroge-
neous conductive media is based on the effective-medium
approach. A generalization of the classical effective-medium
theory (EMT) consists of two major parts: (1) introduction of
effective-conductivity models of heterogeneous, multiphase
rock formations with inclusions of arbitrary shape and con-
ductivity using the principles of the quasi-linear (QL) ap-
proximation within the framework of the EMT formalism
and (2) development of the generalized effective-medium
theory of induced polarization (GEMTIP), which takes into
account electromagnetic-induction (EMI) and induced polar-
ization (IP) effects related to the relaxation of polarized
charges in rock formations. The new generalized EMT pro-
vides a unified mathematical model of heterogeneity, multi-
phase structure, and the polarizability of rocks. The geoelec-
tric parameters of this model are determined by the intrinsic
petrophysical and geometric characteristics of composite
media: the mineralization and/or fluid content of rocks and
the matrix composition, porosity, anisotropy, and polarizabil-
ity of formations. The GEMTIP model allows one to find the
effective conductivity of a medium with inclusions that have
arbitrary shape and electrical properties. One fundamental IP
model of an isotropic, multiphase, heterogeneous medium is
filled with spherical inclusions. This model, because of its
relative simplicity, makes it possible to explain the close rela-
tionships between the new GEMTIP conductivity-relaxation
model and an empirical Cole-Cole model or classical Wait’s
model of the IP effect.

INTRODUCTION

The electromagnetic (EM) data observed in geophysical experi-
ments generally reflect two phenomena: (1) electromagnetic induc-
tion (EMI) in the earth and (2) the induced polarization (IP) effect re-
lated to the relaxation of polarized charges in rock formations. The

theoretical and experimental foundations of induced polarization
(TP) methods in geophysical exploration were developed by several
generations of geophysicists, starting with the pioneering research
of the Schlumberger brothers and continued by A. S. Semenov, Y. P.
Bulashevich, S. M. Sheinman, V. A. Komarov, T. Madden, H. Seigel,
J. Wait, S. Ward, J. Hohmann, K. Zonge, and many others (see re-
view by Seigel etal., 2007).

Practical use of the IP method can be traced to the 1950s, when
mining and petroleum companies actively looked into application of
this method to mineral exploration. The physical-mathematical prin-
ciples of the IP effect originally were formulated in pioneering
works by Wait (1959) and by Sheinman (1969). However, this meth-
od did not find wide application in U. S. industry until after the work
of Zonge and his associates at the Zonge Engineering and Research
Organization (Zonge, 1974; Zonge and Wynn, 1975) and by Pelton
(1977) and Pelton et al. (1978) at the University of Utah. Significant
contribution to the development of the IP method was made also by
Wait (1959, 1982) and by the research team at Kennecott from 1965
through 1977 (Nelson, 1997).

The IP method has found wide application in mining exploration.
Interpretation of IP data in the mining industry was improved signif-
icantly during the last decade based on the advanced interpretation
techniques developed by Oldenburg and coauthors (e.g., Oldenburg
and Li, 1994; Yuval and Oldenburg, 1997). There was also an inter-
esting proposed application of the IP method to well logging (e.g.,
Vinegar and Waxman, 1988), and Russian geophysicists reported
successful applications of the IP method in hydrocarbon exploration
(e.g., Komarov, 1980; Zonge, 1983; Kamenetsky, 1997; Davydy-
chevaetal., 2004).

The IP effect is caused by the complex EM phenomena that ac-
company current flow in the earth. These phenomena occur in rock
formations in areas of mineralization. It was demonstrated almost
30 years ago in pioneering papers by Zonge and Wynn (1975) and by
Pelton et al. (1978) that the IP effect can be used to separate the re-
sponses of economic polarizable targets from other anomalies.
However, until recently, this idea had a limited practical application
because of the difficulties in recovering the induced polarization pa-
rameters from observed EM data, especially in the 3D interpretation
required for efficient exploration of mining and petroleum targets
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and because of the absence of adequate composite-conductivity
models of rock formations.

The analysis of IP phenomena usually is based on models with fre-
quency-dependent complex conductivity distribution. One of the
most popular is the Cole-Cole relaxation model and its different
modifications (Cole and Cole, 1941). The parameters of the conduc-
tivity-relaxation model can be used for discrimination of different
types of rock formations, an important goal in mineral exploration.
Until recently, these parameters have been determined mostly in the
physical laboratory by direct analysis of samples.

Iintroduce a new composite geoelectric model of rock formations
based on the effective-medium approach that generates a conductiv-
ity model with parameters directly related by analytic expressions to
the physical characteristics of the microstructure of rocks and miner-
als (microgeometry and conductivity parameters). This new com-
posite geoelectric model provides more realistic representation of
complex rock formations than conventional unimodal-conductivity
models. It allows us to model the relationships between the geomet-
ric factors and physical characteristics of different types of rocks
(e.g., grain size, shape, conductivity, polarizability, fraction volume,
and so forth) and the parameters of the relaxation model.

Effective-medium approximation for composite media has been
discussed in many publications. The general formalism of the effec-
tive-medium theory (EMT) was developed by Stroud (1975). The
advances of physical EMTs (e.g., Landauer, 1978; Norris et al.,
1985; Shwartz, 1994; Sihvola, 2000; Kolundzija and Djordjevic,
2002; Berryman, 2006) make it possible to develop a rigorous math-
ematical model of multiphase heterogeneous conductive media ex-
cited by an EM field. The EMT and its different extensions were ap-
plied successfully to the study of macroscopically isotropic and an-
isotropic models of rock formations in electrical geophysics (e.g.,
Mendelson and Cohen, 1982; Sen et al., 1981; Sheng, 1991; Kaza-
tchenko et al., 2004; Toumelin and Torres-Verdin, 2007, and so
forth).

The existing form of EMT and its modifications, however, do not
allow the inclusion of the induced-polarizability effect in the general
model of heterogeneous rocks. The conventional EMT models de-
scribe the electromagnetic-induction effect caused by electrical het-
erogeneity of the multiphase medium, whereas the IP effect is mani-
fested by additional surface polarization of the grains caused by the
complex electrochemical reactions that accompany current flow
within the formation.
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Figure 1. Multiphase composite model of general heterogeneous
rocks. (a) A typical slice of a quartz monzonite porphyry (QMP) rock
sample. (b) A schematic multiphase composite model of the same
rock sample with the grains represented by spherical and elliptical
inclusions.

Itis well known, however, that the effective conductivity of rocks
is not necessarily a constant and real number but can vary with fre-
quency and be complex (Shuev and Johnson, 1973). There are sever-
al explanations for these properties of effective conductivity. Most
often, they are explained by physical-chemical polarization effects
of mineralized particles of rock material and/or by electrokinetic ef-
fects in the pores of reservoirs (Wait, 1959; Marshall and Madden,
1959; Luo and Zhang, 1998). Thus, polarizability is caused by the
complex electrochemical reactions that accompany current flow in
the earth. These reactions occur in a heterogeneous medium repre-
senting rock formations in areas of mineralization and hydrocarbon
reservoirs. This phenomenon usually is explained as a surface polar-
ization of mineralized particles and the surface of a moisture-porous
space that occurs under the influence of an external electromagnetic
field. Itis manifested by accumulating electric charges on the surface
of different grains forming the rock. This effect is very significant in
the case of a metal-electrolyte interface (Bockrih and Reddy, 1973).
However, a similar effect is observed in the interface between elec-
trolyte and typical rock-forming minerals such as silicate and car-
bonate (Komarov, 1980).

I demonstrate that EMT formalism can be used in the theory of
formation polarizability as well. A generalization of the classical
EMT approach consists of two major parts: (1) introduction of the
effective-conductivity models of the heterogeneous, multiphase
rock formations with inclusions of arbitrary shape and conductivity
by using the principles of the Born-type quasi-linear (QL) approxi-
mation in the framework of EMT formalism, and (2) development of
the generalized effective-medium theory of induced polarization
(GEMTIP), which takes into account electromagnetic induction
(EMI) and induced polarization (IP) effects related to the relaxation
of polarized charges in rock formations.

This paper details this generalized approach by treating EMI and
IP effects in a complex rock formation in a unified way. I provide
more information on the evolution of this method in Appendix A.
The Born-type approximation in the framework of EMT theory was
used recently by Habashy and Abubakar (2007) to derive a material-
averaging formulation and to develop effective numerical methods
for constructing finite-difference modeling grids to study rock heter-
ogeneity.

The general model applies to mineralization zones and hydrocar-
bonreservoirs. It develops a unified physical-mathematical model to
examine EM effects in complex rock formations that accounts for
mineral structure, electrical properties, fluid content, matrix compo-
sition, porosity, anisotropy, and polarizability. It provides a link be-
tween the volume content of different minerals and/or the hydrocar-
bon saturations and the observed EM field data (Zhdanov, 2006a,
2006b, 2008).

PRINCIPLES OF THE EFFECTIVE-MEDIUM
APPROACH

The goal is to construct realistic electrical models of rocks based
on the EMT of multiphase composite media. We begin our modeling
with an example taken from a typical quartz monzonite porphyry
(QMP). Figure la presents a typical slice of a QMProck sample con-
taining grains of different minerals: quartz, feldspar, pyrite, chal-
copyrite, and biotite. Figure 1b is a schematic multiphase composite
model of the same rock sample with grains represented by spherical
and elliptical inclusions of different sizes and orientations.
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Note that in principle, one can consider a schematic multiphase
model of a reservoir rock sample also (Figure 2a).

Figure 1 and the left panel of Figure 2 show that we can represent a
complex heterogeneous rock formation as a composite model
formed by a homogeneous host medium of a volume V with a (com-
plex) conductivity tensor &,(r) (where r is an observation point)
filled with grains of arbitrary shape and conductivity. In the present
problem, the rock is composed of a set of N different types of grains,
the /th grain type having a (complex) tensor conductivity &;. The
grains of the /th type have a volume fraction f; in the medium and a
particular shape and orientation. Therefore, the total conductivity
tensor of the model, & (r), has the following distribution for volume
fraction f; and volume fraction f, = (1 — 2, f,), respectively:

N
R & for volume fraction f;, = (1 - > f,)
a(r) = =1

&, for volume fraction f;.

For convenience, I present in Table 1 a list of variables used in this
paper.

The polarizability effect usually is associated with surface polar-
ization of the coatings of grains. This surface polarization can be re-
lated to an electrochemical charge transfer between the grains and a
host medium (Wong, 1979; Wong and Strangway, 1981; Klein et al.,
1984). The surface polarization is manifested by accumulating elec-
tric charges on the surface of the grain. A double layer of charges is
created on the grain’s surface, which results in a voltage drop at this
surface (Wait, 1982). It has been shown experimentally that for rela-
tively small external electric fields used in electrical exploration, the
voltage drop, Au, is linear and proportional to the normal current
flow at the surface of the particle, j, = (n-j). That is, at the surface
of the grain, we have

Au = k(n-j), (1)

where n is a unit vector of the outer normal to the grain’s surface and
k is a surface-polarizability factor, which generally is a complex fre-
quency-dependent function. This function usually is treated as the
interface impedance that characterizes the boundary between the
corresponding grain and surrounding host medium and describes the
interfacial or membrane polarization. This effect is the most pro-
found in a metal-electrolyte interface, and it was studied intensively
in electrochemistry (Bockrih and Reddy, 1973). However, a similar
b)

a) Heterogeneous medium Effective medium

Figure 2. (a) A schematic multiphase heterogeneous model of a res-
ervoir rock sample. (b) A corresponding effective-medium model.

effect also was found in other heterogeneous systems typical of rock
formations (e.g., Dukhin, 1971).

Following the standard logic of the EMT, we substitute a homoge-
neous effective medium with the conductivity tensor &, for the orig-
inal heterogeneous composite model (Figure 2) and subject it to a
constant electric field, E?, equal to the average electric field in the
original model:

Ehwmzv*fffEm@. (2)
%

The effective conductivity is defined by the current density distribu-
tion, j,, in an effective medium being equal to the average current
density distribution in the original model:

jo=06.E'=6,(E)=(¢-E). A3)

To find the effective conductivity tensor, &, we represent the giv-
en inhomogeneous composite model as a superposition of a homo-

Table 1. List of variables.

g Total conductivity tensor

fi Volume fraction of a grain of the
Ith type

g Conductivity tensor of a host medium

g, Conductivity tensor of a grain of the
[th type

g, Conductivity tensor of a homogeneous
effective medium

g, Conductivity tensor of a homogeneous
background medium

Ag Anomalous-conductivity tensor

Au Voltage drop at the grain’s surface

k Surface-polarizability factor

EY Average electric field in the original model

S Electrical-reflectivity tensor

m Material-property tensor

éb Green’s tensor for the homogeneous
background full space
= I fvé;,dv Volume-depolarization tensor

A= I fg(A},,-nnds Surface-depolarization tensor

Relative-conductivity tensor
Surface-polarizability tensor
Volume-polarizability tensor

AGP = [i + pl-Aé “Polarized” anomalous conductivity

Po DC resistivity of the Cole-Cole model

o Angular frequency

7 and C Time and relaxation parameters of the
Cole-Cole model

n Chargeability coefficient

a Surface-polarizability coefficient

a Radius of a spherical grain
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geneous infinite background medium with the conductivity tensor
J, and the anomalous conductivity A (r):

&(r) = &, + AG(r). (4)

Note that this representation is not unique. Different methods exist
for selecting the appropriate background conductivity @ ;. Some of
these methods will be discussed below.

From equations 4 and 3, we have

6,-E’ = 6,-E’ + (A6 -E). (5)

Thus we can see that the effective conductivity tensor, &, can be
found from equation 5 if one determines the average excess electric
current (A - E). The last problem can be solved using the integral
form of Maxwell’s equations.

Following the ideas of the QL approximation (Zhdanov, 2002),
we can represent the electric field as

E(r') = (I +A)-E, (6)
where }t(r’) is an electrical reflectivity tensor, and
Aé(r')-E(r') = m(r') - E’, (7)

where m(r’) is a material property tensor (similar to the susceptibili-
ty tensor in the theory of EM field propagation in dielectrics):

m(r’) = A&(r') - I + Ax')). (8)

Note that one can use the extended Born approximation, another
form of the Born-type approximations, to obtain an expression simi-
lar to equation 6 (e.g., see Abubakar and Habashy, 2005). However, [
prefer to use the QL formulation in this case because it can generate
an approximate or even a rigorous solution depending on the appro-
priate choice of the reflectivity tensor Adtis important to emphasize
that exact representations 6 and 7 always exist because the corre-
sponding material property tensor always can be found for any fields
E(r’) and E? (Zhdanov, 2002). In this paper, I explicitly use this spe-
cial case, when the QL “approximation” is not an approximation but
an exact form of the field representation. I should note also that Ha-
bashy and Abubakar (2007) have employed this idea of using the
Born-type approximation within the framework of the EMT theory
for development of a material-averaging formula based on the ex-
tended Born approximation. They have demonstrated that this ap-
proach can provide an effective numerical method for constructing
the finite-difference modeling grids to study rock heterogeneity.

Let us substitute equation 7 into equation 3, taking into account
equation 4,

jo= 6. E" = (6-E) = (6, + A6) -E) = &, (E)
+ (AG-E) = &, -E” + (m) - E’.
From the last equation, we see that
&, = &, + (). (9)
Thus, to determine the effective conductivity of the composite polar-

ized medium, we have to find the average value of the material prop-
erty tensor, (fm).

INTEGRAL REPRESENTATIONS FOR
THE EM FIELD IN HETEROGENOUS
POLARIZABLE MEDIA

One can represent the electric field E(r) generated in a homoge-
neous anisotropic background medium by the currents induced
within the anomalous conductivity Ad(r) using the integral form of
Maxwell’s equations,

E(r) = E? + ffj f}b(r/r’)-[A&(r’)-E(r')]dv’, (10)
v

where Vis the volume occupied by all inhomogeneities and Gb(r/ r’)
is a Green’s tensor for the homogeneous, anisotropic full space.

To simplify further discussion, we assume that the background
model is represented by the isotropic homogeneous full space
= i(rb. We also restrict our discussion of the generalized EMT to the
quasi-static case, when a,/w;<< 1; a, is the characteristic size of a
grain of the /th type, and w, is a wavelength in that grain. This restric-
tion means we do not consider high frequencies or high contrasts of
electrical resistivity in our model to simplify further derivations. In
this case, the Green’s tensor can be represented in the form of a dyad-
ic function,

f}h(r/r’) = VVig,(r/r'), (11)
where

1

DEEEr— 12
4ol — r'| (12)

g(r/r’) =

We assume, however, that in addition to electrical heterogeneity,
the medium is characterized by polarizability effects that are mani-
fested by the surface polarization of the grains. Mathematically, the
surface-polarization effect can be included in the general system of
Maxwell’s equations by adding the following boundary conditions
on the surfaces S, of the grains (Luo and Zhang, 1998):

[n X (EF () — E~ ()]s, = — [n X V'Au(r)]s, (13)

where E* designates the boundary value of electric field E(r) when
the observation point tends to the boundary S, of the /th grain from
the inside of the grains and E~ if this point tends to the boundary
from the outside of the grains.

Therefore, an electric field caused by the surface-polarization ef-
fect E7(r) can be represented as an electric field of a specified dis-
continuity 13 (Zhdanov, 1988):

E’(r) = -V Xffgb(r/r’)ab
s

X[n@') - (E7 (') — E~(r")]gds", (14)

where S represents the superposition of all surfaces S, of the entire
ensemble of grains, S = U} ,S,, and vector n(r’) is directed outside
the grains.

The last integral can be written in an equivalent form as a field
generated by the double layers coinciding with the grains’ surfaces
with a dipole electric-charge moment density Mg = Aun (Zhdanov,
1988):
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E’(r) = VJJ V' g, (x/x")o,-n(r')Auds’. (15)
s

According to equation 1, we assume that the voltage drop at the
surface of the grain is proportional to the normal current:

Au = k(n(r’) - j(r")) = k(n(r’) - &(r") - E(r')), (16)

where current j(r’) is taken for the internal side of the grain’s sur-
face.
Therefore, expression 14 becomes

E’(r)

v f f V'gy(r/r")o, - n(r’)Auds’
s

fféb(r/r’)~n(r’)kab(n(r’)-&(r’)-E(r’))ds’.
s

(17)

The total electric field caused by the effects of both the electromag-
netic induction and induced polarization is equal to

E(r) = E’ + JJf Gb(r/r’) -[Ad(r’) -E(r')]dv’
v

+ffGb(r/r’)-n(r’)ka'b(n(r’)~6'(r’)-E(r’))ds’.
s

(18)
Substituting expression 7 into equation 18, we can write
E(r) = E* + f f f G,(r/r') - [m(r') - E]dv’
v
+fjf},,(r/r’)~n(r’)
s
X(n(r')- £(r') - [i(r') - EP])ds’, (19)

where é (r") is the relative conductivity tensor of a grain equal to

E(r') = ka,d(r') - (AG(r") L. (20)

We can represent the integrals in equation 19 as a sum of the inte-
grals over the volumes and surfaces of all grains:

E(r) = E* + X E(r), (21)
1

where

E(r) = J J f G,(r/r’) - [i(r') - Elav’
Vi

+ff (A},,(r/r')‘n(r')
S

X(n(r')- (') - [m(r') - EDds’.  (22)

We already have noted that we will restrict our discussion to the
low-frequency approximation (quasi-static model of the field). In
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this case, we can use a QL approximation (Zhdanov, 2002) for the in-
tegrals over V; and S; and assume that the material property tensor is
constantin V,up to its boundary S;:

(') = r,r’ eV, (23)

Note, however, that in the case of spherical or elliptical grains, the
material property tensor is always constant within the spherical and/
or elliptical inclusions. The rigorous proof of this simple property of
the material property tensor comes from an analytic expression for
the electric field of the elliptical inclusions in the homogeneous
background, which can be found, for example, in Landau and Lif-
shitz (1984).

Consider now the integrals over one grain only:

E,(r)=fff G,(r/r")dv’ -1, - E?
Vi

+ fj éb(r/r’)-n(r’)n(r’)ds’-é,-ﬁll-E}’,
S

(24)

where

Er)) = é, = const, r' eV,

We introduce the volume, r 1» and surface, ;1,, depolarization ten-

sors as follows:
f‘l = f f f éb(r/r')dv', (25)
Vi

A= f f G,(r-r') -n(r')n(r')ds’. (26)
Sy

and

In the case of spherical or elliptical grains, one can derive the ex-
act analytic expressions for the depolarization tensors. In this paper,
as anillustration, we will consider spherical grains only. A similar re-
sult for elliptical grains is presented in Zhdanov et al. (2008), in
which the authors study the anisotropy in the IP effect.

For example, for a spherical grain of a radius a;, we have (see Ap-
pendix B)

. 1~ . 2
Flz__, AIZ_

I (27)
30';, 30'},(11

Substituting equations 25 and 26 back into equation 24, we obtain

E(r) =T,y -E* + I},-p,-fy-E* =T,-q,-E’, (28

where a surface-polarizability tensor p and a volume-polarizability
tensor § are equal to

p) =T, " A E@), b =p)r eV, (29)
and
a) =1+ p)H]-m@), §=4§4r), r' eVv. (30

Then equation 28 becomes
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El(r)=ffj G,(r/r")dv’ - §,- E”. (31)
Vi

Substituting expression 31 back into expression 21, we find

E() = E" + 2 f f f G,(r/r) - §(r')dv' -EP = EY
1 v,

+ffff}b(r/r’)-ﬁ(r’)dv'-Eb. (32)
v

The last equation shows that the surface-polarization effect intro-
duced by equation 17 can be represented by the equivalent volume-
polarization effect and combined with the electromagnetic-induc-
tion phenomenon in one integral expression.

EFFECTIVE CONDUCTIVITY OF THE
HETEROGENEOUS POLARIZABLE MEDIUM

In this section, we will derive a constructive approach for deter-
mining the effective conductivity of a heterogeneous polarizable
medium. We have established above that to solve this problem, we
have to find the average value of the material property tensor, (1).
The last function can be found based on the integral representation
32.

Multiplying both sides of 32 by Ad(r), we have

n(r)-E’ = A¢(r) - E°

+ A&(r)-jff f}b(r/r’)-(j(r’)dv’ -E’.
v

(33)

Our goal is to find the material property tensor m. According to
equation 30, this tensor is related to the volume-polarizability tensor
q by the following equation:

m=[I+p]'q. (34)

Therefore, to find m, we need to determine tensor q first. The solu-
tion of this problem is provided in Appendix C. According to that ap-

pendix, we have the following expression for the volume-polariz-
ability tensor q:

@ =[-A¢7-TI)]7"-A¢)-[I - T, (@], (35)
where the average value of  is given by the equation

(@ = (I - A¢” - T]™ Y N[1 — A¢?-T]~"-A67). (36)

According to equation 30, the average value of the material-prop-
erty tensor is

() = (I + p]~'@). (37)

Substituting equation 37 into equation 9, we finally have
G, =6, + I+ pl'@ = 6, + [ + Pl 'dufy
N
+ 2 [0+ pl~an (38)

=1

Equation 38 allows us to calculate the effective conductivity for
any multiphase, polarized composite medium. This equation can be
treated as an IP analog of the “average-t-matrix approximation”
(ATA) of the theory of electronic propagation in disordered binary
alloys (Soven, 1967).

SELF-CONSISTENT APPROXIMATION FOR
EFFECTIVE CONDUCTIVITY

Note that the simplest choice for the average value of the volume-
polarizability tensor (q) is

(@ =0, (39)

because in this case, from Appendix C, equation C-10, we have

q=[1-A60-T)]7 " AT, (40)

and

(@ = (1 - A¢?-T]7"-A¢") = [1 - AGT-To] ™',
N

+ > [I—A60-T)]'f, = 0. (41)
=1

Equation 41 can be treated as a loose IP analog of the self-consis-
tency condition of the classical theory (EMT) presented in Stroud
(1975). Detailed analysis shows that for a composite medium with-
out any IP effect, equation 41 leads to the Bruggeman method of ef-
fective-conductivity determination (Bruggeman, 1935; Choi, 1999).

Substituting equation 40 into equation 34, we find

iy, =[1+p] '[1—A60-T)"'-[1+p]-Aé,
(42)

In this case, expression 9 for the effective conductivity of the po-
larized inhomogeneous medium takes the form

G, =6, + [1+ po] '[1 — AG5-T,] !
N

L+ Pol- Adofy + 2 [T+ pl~!
I=1

X[1— A6{ T~ [1 + p- A6,

In particular, if we select the background conductivity to be equal
to the host medium conductivity,

A

g, = 0,
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then
N
6,=6o+ 2 [1+p] 'l—Ae) T
=1

1+ - AG (43)

because Ag, = 0.

Note that for heterogeneous media without polarizability, equa-
tion 43 corresponds to the Maxwell-Garnett theory of the composite
geoelectric medium (Choi, 1999).

The last equation provides a general solution for the effective-
conductivity problem for an arbitrary, multiphase, composite polar-
ized medium. We will call the conductivity-relaxation model de-
scribed by equation 43 a generalized effective-medium theory of the
IPeffect (GEMTIP) model.

EFFECTIVE RESISTIVITY OF THE ISOTROPIC
MEDIUM FILLED WITH ISOTROPIC
GRAINS OF ARBITRARY SHAPE:
ANISOTROPY EFFECT

We consider first a composite model with isotropic grains of arbi-
trary shape. In this case, all conductivities become scalar functions:

60 = 1oy, A&, = IAg;, A6 = (I + p)Ac,.
Therefore, we can write
N

6, =log+ 2 [0+ pl '[I— A+ p)ac ][I
=1

+ pJAafi, (44)

where, according to the definition of the surface-polarizability ten-
sor (see Table 1),

f’l = flfz_l 'A/, (45)
and §,is equal to
& = koo (Aa) 1. (46)

It can be demonstrated that if the grains have nonisometric shape
(e.g., ellipsoidal shape) but random orientation (see Figure 3), aver-
aging of the tensor terms in expression 44 will result in scalarization.
Therefore, the effective-medium conductivity will become a scalar
function. However, if all the grains are oriented in one specific direc-
tion, as shown in Figure 4, the effective conductivity of this medium
will become anisotropic.

Thus, the effective conductivity can be a tensor in spite of the fact
that the background medium and all the grains are electrically isotro-
pic. This tensorial property of the effective-medium conductivity
provides a new insight into the anisotropy phenomenon in the IP ef-
fect. This effect is examined in full detail in Zhdanov et al. (2008).

FUNDAMENTAL IP MODEL: ISOTROPIC,
MULTIPHASE HETEROGENEOUS MEDIUM
FILLED WITH SPHERICAL INCLUSIONS

The GEMTIP model allows us to find the effective conductivity of
a medium with inclusions that have arbitrary shape and electrical

properties. That is why the new composite geoelectric model of the
IP effect can be used to construct the effective conductivity for dif-
ferent realistic rock formations typical for mineralization zones and/
or petroleum reservoirs.

In the present paper, however, as an illustration, I will present one
fundamental IP model only: an isotropic, multiphase heterogeneous
medium filled with spherical inclusions. This model, because of its
relative simplicity, makes it possible to explain the close relation-
ships between the new GEMTIP conductivity-relaxation model and
an empirical Cole-Cole model (Cole and Cole, 1941) or a classical
Wait’s model (Wait, 1982).

Cole-Cole resistivity relaxation model

It was demonstrated in the pioneering work of Pelton (1977) that
the Cole-Cole relaxation model can represent well the typical com-
plex conductivity of polarized rock formations. In the framework of
this model, the effective complex resistivity, p.(w), is described by
the following well-known expression:

1
pelw) = Po(l - 77(1 - m)) (47)

where p, is the DC resistivity (ohm-m),  is the angular frequency
(rad/sec), 7 is the time parameter, 7 is the intrinsic chargeability
(Seigel, 1959), and C is the relaxation parameter. The dimensionless
intrinsic chargeability, 7, characterizes the intensity of the IP effect.
Figure 5 presents examples of typical complex resistivity curves
with the Cole-Cole model parameters defined according to Table 2.
One can see a significant difference among curves in this plot that
correspond to Cole-Cole models with different parameters. Note
also that the Cole-Cole curve gives only one possible example of the
relaxation model. Several other models are discussed in the geo-
physical literature (e.g., see Kamenetsky, 1997). One of the impor-
tant practical questions is the relationship between the Cole-Cole
model parameters and the petrophysical characteristics of mineral-

. Disseminated spherical grain

[ Matrix

y Disseminated ellipsoidal grain

Figure 3. A typical example of a multiphase model of rock composed
of a set of different types of randomly oriented grains.

0 Matrix

ﬁ Disseminated ellipsoidal grain

Figure 4. An example of electrically anisotropic media. A multi-
phase model of the rock is composed of a set of ellipsoidal grains ori-
ented in one direction.
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ized rocks. Several publications are dedicated specifically to the so-
lution of this problem. However, most of the published results pro-
vide only a qualitative indication of the correlation between the
Cole-Cole parameters and specific mineralization characteristics of
the rocks, such as mineral grain sizes and physical properties.

Multiphase, composite polarized medium with spherical
inclusions

In his pioneering work, Wait (1982) introduced a simplified mod-
el of the composite medium as a loading of spherical, conducting
particles in a resistive background. The effective conductivity for
this model was determined based on the equations of the static elec-
tric field. This model provided a foundation for the phenomenologi-
cal theory of induced electrical polarization.

In the following sections, I will show that Wait’s model appears as
a special case of the GEMTIP model developed in this paper. I con-
sider as an example an isotropic, multiphase composite model, with
all model parameters described by the scalar functions. A composite
model is formed by a homogeneous host medium of a volume V with
aconductivity o filled with grains of spherical shape (Figure 6). We
assume also that we have a set of N types of grains, with the /th grain
type having radius ;, conductivity o, and surface-polarizability k;.
In this model, both the volume and the surface-depolarization ten-
sors are constant scalar tensors (see Appendix B) equal to

’é Cole-Cole model

£ 300 ; . |
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Figure 5. A typical example of a multiphase model of rock composed
of a set of different types of randomly oriented grains. Examples of
typical complex resistivity curves with the Cole-Cole model param-
eters. The upper panel shows the real part of the complex resistivity,
and the bottom panel presents the imaginary part of the complex re-
sistivity. Solid lines with dots represent the Cole-Cole model 1, and
lines with circles correspond to Cole-Cole model 2.

Table 2. Cole-Cole models.

Cole-Cole model 2
po = 300 ohm-m

Cole-Cole model 1
po = 300 ohm-m

n = 0.5 N = 0.5
7,=04 7,=04
C, =038 C, =03

A ~ 1 4 " A A
Fl = F]I = - I_I, Al = AII = - 1. (48)

30—b 30'b(1[

The corresponding tensor formulas for conductivity tensors and
tensors m and q can be substituted by the scalar equations. For ex-
ample, in Appendix C, equation C-10 for q takes the form

g =1[1 = Aail']7'Acl1 — I' ()], (49)
and equation 34 for m becomes
m;=[1+p]l~'q
=[1 =+ p)Ao,l')]7'Ac[1 = T'{g)], (50)
where, according to equations 29 and 20,
pi = 2ka; 'oyo(Ao) " (51)
In Appendix C, formula C-11 for(q) is simplified as well:
(@) =1 =+ p)Aa, ]~ H"
X1 = (1 + p)Aa, ]~ (1 + p)AaiI)). (52)

In the framework of the self-consistent theory, the effective con-
ductivity will be given by a scalar form of expression 42:

m; = [1 - (1 + pl)AO'lFl]ilAO'l. (53)

Substituting equation 53 into equation 9, we obtain the following
scalar formula for the effective conductivity of the polarized, inho-
mogeneous medium:

o,=0,+ (1 —(1+p)AcI] 'Ac)

oy + [1 = (1 + po)Aool o]l 'Acfy
N

+ 2 [1 = (1 + p)Ao,T ] 'Aayfy. (54

=1

In particular, assuming o, = o and, therefore, Aoy, = 0, we write

N

o,=00+ 2 [1 = (1+p)Aa ] 'Aaf;. (55)
=1

Substituting expression 48 for the volume-depolarization tensor and
equation 53 for p;, we finally find

0O~ 0y

N
o,=0 1+32 f —
¢ 0 =1 120'0 + g + Zklal 10'()0'1

10 mm
O ° ® ” () Disseminated spherical mineral 1
@ . ; : ;
® O @ Disseminated spherical mineral 2
@ .O @ Disseminated spherical mineral N
] @ ] Matrix

Figure 6. Multiphase composite polarized medium with spherical in-
clusions.
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Multiplying the numerator and denominator by p;p, (Where p,
= 1/og, py = 1/0;), we obtain an equivalent expression for the ef-
fective resistivity of the composite polarized medium:

-1

N
Po— P
pe=poy 1 +32 |/ E— (56)

=i L2 + po + 2kia) !

Itis well known from the experimental data that the surface-polar-
izability factor is a complex function of frequency (e.g., Luo and
Zhang, 1998). Following Wait (1982), we adopt the model

ki = ayiow)” (57)

which fits the experimental data, where «, is some empirical surface-
polarizability coefficient, measured in the units [@;] = (Ohm
X m?)/sec®, and C, is the relaxation parameter of the /th grain. Note
that the GEMTIP model allows different forms of the surface-polar-
izability factor. However, equation 57 is the most widely used in
practice.

Substituting equation 57 into expression 56, after some algebra,
we have

N l -1
pe=po) 1 + 2 [szz[l - m” . (58)

=1

where

M, = 3u (59)

2p1+ po

and the time parameter 7 ; of the /th grain is equal to

a) el
T = 2_(2131 + po) . (60)
a;

Formula 58 provides a general analytic expression for the effec-
tive conductivity of the multiphase heterogeneous polarized medi-
um, typical for mineralization zones.

I will present below some typical GEMTIP resistivity-relaxation
models for the three-phase composite polarized media. The model is
formed by a homogeneous host rock with a resistivity p, filled with
two types of spherical grains, simulating, e.g., pyrite and chalcopy-
rite inclusions. The resistivities of these grains are p; = 0.2 ohm-m
and p, = 0.004 ohm-m, respectively. We consider two types of
GEMTIP models. For model 1, we change the surface-polarizability
coefficient «, of the second grain while keeping all other parameters
of the model fixed. For model 2, we change the radius of the second
grain, a,, only. The parameters of the models are given in Table 3.

Figures 7 and 8 present the real and imaginary parts of the com-
plex effective resistivity for GEMTIP models 1 and 2. We notice first
that in the case of the multiphase model, the resistivity-relaxation
curve becomes more complicated than the conventional Cole-Cole
curve (Figure 5). The resistivity plots might have not only one but
several minima. Changing the parameters of the models affects the
shape of the curves and the location of the minima in the imaginary
parts of the resistivity plots. Note that this result corresponds well to
the pioneering work of Zonge (1972), who predicted a double-peak
resistivity-curve shape consistent with his observations on rock
measurements in the laboratory (MacInnes, 2007).

Two-phase composite, polarized medium with spherical
inclusions

In the case of a two-phase composite model, we have a homoge-
neous host medium of a volume V with a (complex) resistivity p, and
spherical inclusions with resistivity p;. Formula 56 is simplified:

-1
! ] . (e1)

= ol 1+ M| 1 = —————
Pe = Po Ji 1[ 1+ ()0

After some algebra, we arrive at the conventional Cole-Cole formula
for the effective resistivity:

Table 3. Three-phase GEMTIP models.

GEMTIP GEMTIP
Variable Units model 1 model 2
Po ohm-m 300 300
fi % 15 15
fa % 15 15
C, — 0.8 0.8
C, — 0.6 0.6
p1 ohm-m 0.2 0.2
o) ohm-m 0.004 0.004
a, mm 0.2 0.2
a, mm 0.2 0.1; 0.2;
0.4; 0.8
a; (ohm-m?)/sec% 2 2
@, (ohm-m?2)/sec¢ 0.4; 0.04; 0.04
0.004
GEMTIP model

—_—— alpI =2 04
DB Q) |us sy N —e— allf)I =2 0.04
—&—alp =2 0.004

Imaginary eff. resistivity (ohm-m) Real eff. resistivity (ohm-m)

Frequency (Hz)

Figure 7. Resistivity-relaxation model of three-phase heterogeneous
rock produced for GEMTIP model 1. The upper panel shows the real
part of the complex-effective resistivity, and the bottom panel pre-
sents the imaginary part of the complex-effective resistivity. The
three curves in each panel correspond to the different values of the
surface-polarizability coefficient «, of the grain of the second type:

a, = 0.4,0.04,and 0.004 (ohm-m?)/sec“, respectively.
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1
pe=po\ 1l —m| 1 — ———F|[, (62)
¢ 1 + (iow7)€
where
7 = 3f1(po — p1) (63)
2p; + po + 3f1(po — p1)
= GEMTIP model
z 9008 ; ——a =0.0002 0.0001
3 ' —&—a =0.0002 0.0002
%250 T 2 = 0,0002 0.0004
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Figure 8. Resistivity-relaxation model of three-phase heterogeneous
rock produced for GEMTIP model 2. The upper panel shows the real
part of the complex effective resistivity, and the bottom panel pre-
sents the imaginary part of the complex effective resistivity. The four
curves in each panel correspond to the different values of the radius
a, of the grain of the second type: @, = 0.1,0.2,0.4, and 0.8 mm, re-
spectively.

Table 4. GEMTIP resistivity-relaxation models of Ostrander
and Zonge (1978) synthetic rocks.

Ostrander and

Variable Units GEMTIP Zonge
Pe ohm-m
Po ohm-m 300 300 = 75
f pyrite % 1 5 —
fChalcopyrite % 15 _
prrite - 0.8 -
Cchalc()pyrite — 06 —
Ppyrite ohm-m 0.2 0.2
pcha]copyrite ohm-m 0.004 0.004
Apyrite mm 0.2; 0.5; 0.2-0.5; 0.5-1;
0.7; 1; 1-2;
1.2; 1.5; 2-3
2;3
Qchalcopyrite mm 0.2; 0.5; 0.2-0.5; 0.5-1;
0.7; 1; 1-2;
1.2; 1.5; 2-3
2;3
Qpyrie (ohm-m?)/sec 2 —
X chalcopyrite (Ohm—mz) /secC 4 —

and

a 1/c

T=13 ~(2p, + po+ 3filpo —p1)| . (64)
ag

Note that in equation 62, we use the same notations as in the origi-
nal Cole-Cole formula 47.

Thus, both the conventional Cole-Cole model and the classical
Wait’s model appear as special cases of the general GEMTIP model
of the complex resistivity of an isotropic, multiphase heterogeneous
medium filled with spherical inclusions.

Comparison to Ostrander and Zonge data

The GEMTIP resistivity model of a multiphase, composite polar-
ized medium with spherical inclusions was tested by a comparison
with the published complex-resistivity data. Ostrander and Zonge
(1978) studied synthetic rocks containing disseminated chalcopyrite
and/or pyrite at specific grain sizes. They conducted complex-resis-
tivity measurements for each synthetic rock and plotted the peak IP
response frequency as a function of grain size for synthetic rocks
containing either pyrite or chalcopyrite. As a result of the analysis of
the experimental data, Ostrander and Zonge (1978) found a close
correlation between the radius of sulfides and the frequency of the
maximum IP response in the imaginary part of the complex-resistiv-
ity relaxation curve.

Emond et al. (2006) repeated the same experiment using the theo-
retical complex-resistivity model derived from the GEMTIP ap-
proach. Table 4 presents the GEMTIP variables used and the known
parameters from Ostrander and Zonge (1978). The empirical param-
eters a and C are held constant for each mineral. These parameters
were adjusted for each mineral until a good fit to the empirical data
was established (Emond, 2007).

Figures 9 and 10 show the GEMTIP resistivity-relaxation models
of Ostrander and Zonge for synthetic rocks containing pyrite. The lo-
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Figure 9. GEMTIP resistivity-relaxation models of Ostrander and
Zonge (1978) for synthetic rocks containing pyrite. The upper panel
shows the real part of the complex resistivity, and the bottom panel
presents the imaginary part of the complex resistivity. The five
curves in each panel correspond to the different values of the radius
of the grain: a4, = 0.2,0.5, 1, 1.5, and 3 mm, respectively. The lo-
cation of the minimum imaginary resistivity is the frequency of the
maximum [P response.
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cation of the peak imaginary resistivity is the frequency of maximum
IP response (the minimum of the imaginary part of the complex ef-
fective resistivity). The GEMTIP-modeled data and the Ostrander
and Zonge (1978) empirical data are plotted in Figure 11. The
GEMTIP-modeled data yield the same trend of peak IP response fre-
quency as the empirical results with respect to grain size.

— GEMTIP model

£ 3008 R
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Figure 10. GEMTIP resistivity-relaxation models of Ostrander and
Zonge (1978) for synthetic rocks containing chalcopyrite. The upper
panel shows the real part of the complex resistivity, while the bottom
panel presents the imaginary part of the complex resistivity. The five
curves in each panel correspond to the different values of the radius
of the grain: degicopyric = 0.2, 0.5, 1, 1.5, and 3 mm, respectively.
The location of the minimum imaginary resistivity is the frequency
of the maximum IP response.
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Figure 11. Comparison of GEMTIP-predicted data with empirical
measurements of Ostrander and Zonge (1978) on synthetic rock
samples. The good fit of the GEMTIP-modeled data with the empiri-
cal data indicates that GEMTIP can accurately model the trend in
peak IPresponse as a function of grain size.

The exact volume fraction of chalcopyrite and pyrite used by Os-
trander and Zonge (1978) for each sample is unknown. However,
Figures 12 and 13 demonstrate that variations in volume fraction do
not cause a large change in the peak IP frequency, indicating the
comparison to be accurate as long as the volume fraction for each
grain-size distribution sample is kept between 5% and 30% sulfides.
Thus, I demonstrate that the GEMTIP approach can model well the
I[P effect of grain size on complex-effective resistivity.

GEMTIP model

Real eff. resistivity (ohm-m)
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Figure 12. The small effect of volume fraction on maximum IP fre-
quency shown in the graphed data is for 2-mm pyrite grains.
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Figure 13. The small effect of volume fraction on maximum IP fre-
quency shown in the graphed data is for 2-mm chalcopyrite grains.
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CONCLUSIONS

I have developed an approach to constructing a physical-mathe-
matical model of the IP effect that takes into account the true com-
plexity of the rocks. This approach is based on the rock-physics de-
scription of the medium as a composite, heterogeneous multiphase
formation. It takes into account both electromagnetic induction
(EMI) and induced polarization (IP) effects related to the relaxation
of polarized charges in rock formations.

The new generalized effective-medium theory of induced polar-
ization (GEMTIP) provides a unified mathematical model of hetero-
geneity, multiphase structure, and polarizability of rocks. The
GEMTIP model can be used for mineral-containing rocks and reser-
voir rocks. However, more research is needed to determine the prac-
tical limitations of the GEMTIP model. The geoelectric parameters
of this model are determined by the intrinsic petrophysical and geo-
metric characteristics of the composite medium: the mineralization
and/or fluid content of the rocks and the matrix composition, porosi-
ty, anisotropy, and polarizability of the formations. Therefore, in
principle, the effective complex conductivity of this new model can
serve as a basis for determining the intrinsic characteristics of the po-
larizable rock formation from the observed electrical data, such as
the volume content of the different minerals and/or the hydrocarbon
saturation.

In this paper, I have illustrated the GEMTIP approach by a rela-
tively simple model of the multiphase heterogeneous rocks with
spherical inclusions that have different sizes and electrical proper-
ties. However, the general character of the GEMTIP model allows us
to consider grains of arbitrary shape. Zhdanov et al. (2008) discuss a
more complex model of heterogeneous rocks with ellipsoidal inclu-
sions.

In summary, the GEMTIP approach expands the modeling capa-
bility of EM methods. This new method allows the spectral behavior
of complex rock conductivity to be predicted based on its composi-
tion at the grain scale. Future research will be aimed at testing the
new GEMTIP model with complex resistivity data and detailed min-
eralogical and petrophysical parameters of the rock samples.
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APPENDIX A

EVOLUTION OF OUR METHOD AND
ADDITIONAL BACKGROUND INFORMATION

This research was conducted at the University of Utah from 2004
through 2007 with support from the DOE and industry under the
DOE program “Mining Industry of the Future: Exploration and Min-
ing Technology.” The project comprised a multipartner collabora-
tion among the University of Utah, Kennecott Exploration Compa-
ny, BHP Billiton World Exploration Inc., Placer Dome Inc., Phelps
Dodge Mining Company, and Zonge Engineering and Research Or-
ganization. The major part of this research was funded by the Na-
tional Energy Technology Laboratory of the U. S. Department of En-
ergy under contract DE-FC26-04NT42081.

One of the main goals of this project was to develop a new theo-
retical model and a method for quantitative interpretation of IP data
in a complex 3D environment. An important part of the research in-
cluded the development of a new generalized effective-medium the-
ory of the IP effect, which treated in a unified way different complex
models of the multiphase composite models of the rocks.

I presented an original formulation of this generalized approach
at the 76th Annual International Meeting of SEG in New Orleans
(Zhdanov, 2006a). In addition, the basic ideas of using the Born-
type QL approximation within the framework of GEMTIP were
formulated in the patent application “Geophysical technique for
mineral exploration and discrimination based on electromagnetic
methods and associated systems,” filed 22 July 2005, and granted U.
S. Patent 7,324,899 on 29 January 2008. All these papers and patent
documents are in the public domain and are freely available on the
Internet (as well as the DOE report: Zhdanov, 2006b, New geophysi-
cal technique for mineral exploration and mineral discrimination
based on electromagnetic methods, DE-FC26-04NT42081, Final re-
port, available at http://www.osti.gov/bridge/servlets/purl/909271-
Dykq2P/, accessed 22 December 2007).

Habashy and Abubakar (2007) employed the Born-type approxi-
mation within the framework of the EMT theory to derive a material-
averaging formula similar to what was introduced originally in our
papers on GEMTIP. Habashy and Abubakar do not include in their
analysis the IP effect, however, which is the major subject of this pa-
per. They point out that these new ideas could be useful in develop-
ing the effective numerical methods to study rock heterogeneity.

Indeed, an application of the GEMTIP theory and methods can
make it practical to model the EM field in the complex heteroge-
neous rock formations by applying the effective-conductivity aver-
aging method, developed within the framework of GEMTIP. This
application of the GEMTIP method can constitute an important new
area of EM research in the future.

APPENDIX B

CALCULATION OF THE DEPOLARIZATION
TENSORS FOR A SPHERE

The generalized effective-medium theory of the induced polar-
ization (GEMTIP), developed in this paper, requires the calculation
of two depolarization tensors—the volume-depolarization tensor I o
and the surface-depolarization tensor /A\O (see Table 1 for the defini-
tions). The problem of the calculation of the volume-depolarization
tensor for a sphere was discussed in many publications (e.g., see the
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classic book by Landau and Lifshitz, 1984). However, we also need
to compute the surface-depolarization tensor, AO, which naturally
appears in the GEMTIP model. The good news, however, is that the
calculation of the surface-depolarization tensors can be reduced to
the calculation of the conventional volume-depolarization tensor.
That is why, for completeness, I begin this appendix with the calcu-
lation of the tensor ﬁ) for a sphere of aradius a:

I, = ff gp(r/r")n(r")ds’
So

ff r—-r r o
4o, |r—r|3|r|

In the center of the spherer = 0, we have

s [
T T dmo,d® ) ) e

— 477}7Jf n(r')n(r’)ds’, (B-1)
So

where n(r’) is a unit vector normal to the sphere

nr) =r'/r'|= X n,d,.

Y=X,2

The integral of the diadic multiplication of the normal vectors

n(r’)n(r’) is equal to
ff nodongdgds’
a= xyzﬁ X,V,2 So

ff n(r')n(r’)ds’
So
f f “—@ds(saﬁ
So

0, a# B

ff 4772,
nn,ds = —a
S 3

where & 4 is a symmetric Kronecker symbol.

Indeed, we have
s | =] ]
a=xyz So
:JJ ds = 4ma*.
So

ff 4m 2
nnyds =
So E
4
IJ nahpgds = ——a 5aﬁ,

Therefore,

I
Q

and

4 4m .
ff n(rn@)ds' = 3 a2, pddy = o

(B-2)
Substituting expression B-2 into expression B-1, we have
f‘0= ff n(r’)n(r’)ds’
47Tcrba S
1 4x 1 .
= ———gi=-—1. (B3
4770';,61 3 30y

In a similar way, using expression B-2, we can find the expres-
sion for a surface-depolarization tensor in the center of the sphere (r
=0):

A0=JJ f}b(r/r’)~n(r’)n(r’)ds’
So

ff VV'g,(x/r') -n(x")n(r")ds’
So

f ——ds
4770'ba 5, Ir’| r']

2
- mff n(r')n(r')ds’. (B-4)
b s

Substituting expression B-2 into expression B-4, we obtain

N 2 4w . N
AN=———"F57al=— I (B-5)
4dmoa’ 3 3o0,a;
APPENDIX C

CALCULATION OF THE
VOLUME-POLARIZABILITY TENSOR Q

In this appendix, I discuss the method of the calculation of the po-
larizability tensor . One can obtain an integral equation for ¢ by
multiplying both sides of equation 33 by [1 + p],

q(r) = AG”(r) + AG”(r) - f J f G,(r/r") - q(r")dv’,
\%4
(C-1)

where Ag”(r) is a “polarized” anomalous conductivity

A67(r) = [1 + p(r)]- AG(r). (C-2)

The volume integral in equation C-1 can be represented as a sum
of two integrals—over the volume of one grain, V,, and over the re-
maining volume (V — V)):
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ffff},,(r/r’)-(](r’)dv'
14
- f J J Gy(r/ir') - q(r)dv’. (C-3)
Vi

We approximate the integral over (V — V) by replacing q(r’) by
its average in V, and we calculate the integral over V/, taking into ac-
count property 23: (r’) = ¢, = const. As aresult, we obtain

f f f G, (r/r’) - q(r)dv’
14
~ J f f Gy(r/r")dv' (@)
V-V,
+ f f f G,(r/r)dv’ - §,. (C-4)
Vi

According to Gauss’s theorem, the volume-depolarization tensor r I

is equal to
f‘[ = Vf f f V'gb(r/r’)dv'
Vi

fo gp(r/r")n(r")ds’. (C-5)
S

G,(r/r")-q(r")dv’

‘We can calculate the external integral within the limits of the infi-
nitely large volume V in a similar way, using Gauss’s theorem for the
external domain (V — V)):

[[f ewmw--t o

Substituting equations C-5 and C-6 into C-4, we have
f f f Gy(r/r')-q(r)dv’ = = T @ + TG (C-7)
v

The last result reduces equation C-1 to

d(r) = AG*(r) + A6”(r) - T[4 — (@) (C-8)
Assuming in the last formula thatr € V), we find
q = A6 + 467 T[4 — @) (C9)

Solving equation C-9, we determine the volume-polarizability ten-
sor, ;, for every grain:

q=[-A67-T]7 " A¢7-[1 - T)-(@)].
(C-10)

Taking an average value of both sides of equation C-10 and solving
the resulting equation for (g), we find

@ = (I—-A6"-T7H "Y1 - A67-T] ' A67).
(C-11)

This completes the calculation of the volume-polarizability ten-
sorq.
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