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ABSTRACT

Three-dimensional potential field migration for rapid
imaging of entire total-magnetic-intensity (TMI) surveys is
introduced, and real time applications are discussed. Potential
field migration is based on a direct integral transformation of
the measured TMI data into a 3D susceptibility model, which
could be directly used for interpretation or as an a priorimodel
for subsequent regularized inversion.Theadvantageofmigra-
tion is that it doesnot require anyapriori informationabout the
typeof the sources present, nordoes it relyon regularization as
per inversion.Migration is very stablewith respect to noise in
measured data because the transform is reduced to the down-
ward continuation of a function that is analytical everywhere
in the subsurface.The3DmigrationofTMIdata acquiredover
the Reid-Mahaffy test site in Ontario, Canada is used as a test
study.Our results are shown to be consistentwith those results
obtained from 3D regularized inversion as well as the known
geology of the area. Interestingly, the migration of raw TMI
data produces results very similar to the inversion of
diurnally corrected and microleveled TMI data, suggesting
that migration could be applied directly to real-time imaging
during the acquisition.

INTRODUCTION

The earth’s magnetic field is the vector sum of contributions from
two main sources: a background field due to the dynamo effect of
the earth’s liquid core, and anomalous fields due to magnetic rocks
and minerals above the Curie isotherm. Magnetic vector data, mea-
sured by orthogonal fluxgate magnetometers, are dominated by the
earth’s background field and are thus very sensitive to instrument
orientation. The development of reliable and low-cost optically
pumped magnetometers in the 1960s enabled direct measurement

of the total magnetic intensity (TMI), regardless of instrument or-
ientation. It is now routine practice that every airborne geophysical
survey produces TMI data as a standard deliverable.
Relative to the millions of line-kilometers of TMI data acquired

each year during early stages of exploration, 3D inversions are rarely
performed. This is a reflection of the limited capability of existing 3D
inversion software to invert entire surveys to relevant 3Dearthmodels
with sufficient resolution in sufficient time so as to affect exploration
decisions.At their simplest, interpretationsarebasedonpicking linea-
ments from the maps of the first vertical derivative of the TMI. Struc-
tural interpretations are usually based on some kind of Euler
deconvolution, eigenvector, wavelet, analytic signal, or depth-
from-extreme-points methods (e.g., Nabighian et al., 2005). We pre-
sent analternativemethodof rapid3Dimagingbasedon theprinciples
of potential field migration as originally introduced by Zhdanov
(2002). The advantage of 3D migration is that it does not require
any a priori information about the type of the sources, nor does it rely
on regularization as per 3D inversion. In Zhdanov et al. (2011), 3D
potential field migration was developed for gravity and gravity gra-
diometry. In this letter, we extend the concept to 3D potential field
migration of TMI data for a 3D susceptibility distribution.
Mathematically, migration is the action of an adjoint operator on

the observed data. This concept has long been developed for seismic
and electromagnetic wavefields, where the adjoint operators man-
ifest themselves as the (backward) propagation of seismic or elec-
tromagnetic fields in reverse time (Claerbout, 1985; Tarantola,
1987; Zhdanov, 1988, 2002). When applied to potential fields such
as gravity or magnetics, migration manifests itself as a downward
continuation of the migration field, which is obtained by relocating
the sources of the observed field into the upper half-space as mirror
images of the true sources (Figure 1) (e.g., Zhdanov et al., 2011).
We note that the downward continuation of the measured TMI field
and the migration TMI field are significantly different. The down-
ward continuation of the measured TMI field has singularities in the
lower half-space associated with its sources, so its downward
continuation can only be extended down to those singular points,
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making it an ill-posed and unstable transform (e.g., Strakhov, 1970;
Zhdanov, 1988). The migration TMI field has singular points in the
upper half-space; therefore, its downward continuation is a well-
posed and stable transform away from the mirror images of the
sources, and thus, avoids singularities. At the same time, the migra-
tion field does contain remanent information about the original
source distribution, which is why it can be used for imaging.

ADJOINT OPERATOR FOR THE TOTAL
MAGNETIC INTENSITY

We havemeasured TMI data on a surface S above a domain V that
is filled bymagnetic sources with the intensity ofmagnetization IðrÞ.
There are no restrictions on either the surface or the domain. The
problem is to determine the magnetic susceptibility χðrÞ. In what fol-
lows, we adopt the common assumptions that there is no remanent
magnetization, that the self-demagnetization effect is negligible, and
that the magnetic susceptibility is isotropic (e.g., Li and Oldenburg,
1996; Portniaguine and Zhdanov, 2002). Under such assumptions,
the intensity of magnetization is linearly related to an inducing
magnetic field H0ðrÞthrough the magnetic susceptibility

IðrÞ ¼ χðrÞH0ðrÞ ¼ χðrÞH0lðrÞ; (1)

where H0 is the magnitude of the inducing field, l is a unit vector in
the direction of magnetization, and r is the radius vector of a point

within the domain V. The inducing magnetic field is assumed
constant over the survey area.
It is well known that the anomalous TMI data ΔT generated by

the magnetic sources within the volume V can be represented by the
linear operator equation (Zhdanov, 1998),

ΔTðr 0Þ ¼ AðχÞ ¼ H0

ZZZ
V

χðrÞ
jr − r 0j3 Kðr 0 − rÞdv; (2)

where K is the TMI kernel:

Kðr 0 − rÞ ¼ 3ðl · ðr 0 − rÞÞ2
jr 0 − rj2 − 1. (3)

We introduce a real Hilbert space D of data with the metric

ðf; gÞD ¼
ZZ

S
fðr 0Þgðr 0Þds 0; f; g ∈ D (4)

and also introduce a real Hilbert space M of models (i.e., magnetic
susceptibility χ) with the metric

ðχ; ηÞM ¼
ZZZ

V
χðrÞηðrÞdv; χ; η ∈ M: (5)

According to definition, the adjoint operator A⋆satisfies to the fol-
lowing equation:

ðAðχÞ; fÞD ¼ ðχ; A⋆ðfÞÞM: (6)

Following Zhdanov (2002), one can solve equation 6 and find the
explicit form of the Hermitian adjoint operator A⋆as applied to any
function fðr 0Þ:

A⋆ðfÞ ¼ H0

ZZ
S

fðr 0Þ
jr 0 − rj3 Kðr 0 − rÞds 0: (7)

We note that the TMI adjoint operator produces a function that is
analytical everywhere in the subsurface. The significance of this
will become apparent momentarily.

MIGRATION OF THE TOTAL
MAGNETIC INTENSITY

Mathematically, migration is the action of the adjoint operator on
the observed data (Tarantola, 1987; Zhdanov, 1988, 2002). It fol-
lows that the migration TMI field ΔTmðrÞ is introduced as the ac-
tion of the TMI adjoint operator A⋆ on the measured TMI field ΔT:

ΔTmðrÞ ¼ A⋆ΔT: (8)

We note, however, that direct migration of the measured TMI field
does not produce an adequate image of the susceptibility distribu-
tion because the migration fields rapidly attenuate with the depth.
Similar to spatial weighting in 3D regularized inversion (e.g., Li and
Oldenburg, 1996; Portniaguine and Zhdanov, 2002), one should ap-
ply an appropriate spatial weighting operator to the migration TMI
field to image the sources at their correct locations. Similar to 3D
gravity migration (Zhdanov et al., 2011), the migration susceptibil-
ity can be computed from

χmðrÞ ¼ kðW⋆WÞ−1A⋆ΔT ¼ kw−2ðzÞΔTmðrÞ: (9)

Figure 1. (a) The migration susceptibility χm is obtained from the
migration transform of the anomalous TMI data ΔT away from the
mirror image above the surface S of the susceptibility distribution
χ�. (b) Anomalous TMI data ΔT measured on a surface S are due to
a susceptibility distribution χ inside a domain V.
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In the last formula, the unknown coefficient k can be determined by
a linear line search according to

k ¼ kAw⋆ΔTk2M
kAwAw⋆ΔTk2D

; (10)

where

Aw ¼ AW−1 (11)

and the linear weighting operator W is selected as an operator of
multiplication of the susceptibility χ by a depth-weighting function
w, which is equal to the square root of the inte-
grated sensitivity aðzÞ of the TMI data (Zhdanov,
2002):

wðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kδΔTobskD

δχ

s
¼

ffiffiffiffiffiffiffiffiffi
aðzÞ

p
; (12)

which is independent of the source and may be
evaluated analytically.
Substituting equations 8 and 12 into equa-

tion 9, we find that

χmðrÞ ¼ kH0

aðzÞ
ZZ

S

ΔTðr 0Þ
jr 0 − rj3 Kðr − r 0Þds 0:

(13)

The migration magnetic susceptibility 13 is
proportional to the magnitude of the weighted
migration field ΔTmðrÞ, which is analytical
everywhere in the subsurface, implying that mi-
gration is a well-posed and stable transform. It
can be shown that if the surface S coincides with
the horizontal axis z ¼ 0, migration is mathema-
tically equivalent to a form of downward conti-
nuation of a function analytical everywhere in
the lower half-space. Equation 13 can be identi-
fied as a Fredholm equation of the first kind be-
cause the migration TMI field is a weighted
average of all TMI data from the surface Swhere
the TMI kernel is the weighting function. This is
a smoothing operation, and thus we can reason-
ably expect migration to produce smooth
susceptibility models similar to smooth regular-
ized inversion. This also means migration has
similar limitations as per smooth inversion, par-
ticularly the inability to recover sharp contrasts.
Migration is a transform of the anomalous TMI
data, so one disadvantage is that the susceptibil-
ity model does not reproduce the anomalous TMI
data in a least-square sense. However, it is
possible to apply migration iteratively to
residual fields, and this would be equivalent to
regularized inversion (e.g., Zhdanov, 2002).

MODEL STUDY

To investigate the performance of 3D TMI mi-
gration, we have considered two discrete bodies
with susceptibility of 0.05 (SI units) buried about

110 m below variable topography (Figure 2a). The inducing field had
an inclination of 75° and declination of 25°. The synthetic TMI data
were computed on a 20-m regular grid draped over a variable surface
covering an area of one square kilometer. Figure 2b shows an exam-
ple of a profile of the TMI data over both bodies. We have applied 3D
migration to the entire synthetic TMI data set and calculated the mi-
gration magnetic susceptibility according to equation 13. It is impor-
tant to point out that the migration was performed on data acquired
on a variable observation surface. As an example, Figure 2c
shows a vertical cross section through the 3D migration magnetic

Figure 2. (a) Perspective of 3Dmodel consisting of two blocks of 0.05 (SI) susceptibility.
Observation sites (blue) are located across a variable topography. (b) Synthetic TMI data
along the profile y ¼ 500 m. (c) Vertical cross section of susceptibility along y ¼ 500 m,
which crosses the centers of the bodies, from 3Dmigration of synthetic TMI data. (d) Syn-
theticTMIdatawith 20%randomGaussian noise along theprofiley ¼ 500 m. (e)Vertical
cross section of susceptibility alongy ¼ 500 m from3Dmigration of noisy synthetic TMI
data. The white boxes show the true positions of the bodies.
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susceptibility model. The correct locations of the two bodies’ centers
can be determined. To demonstrate the robustness of migration to
noise, we contaminated the data with 20% random Gaussian noise,
as shown in Figure 2d. Figure 2e shows the same vertical cross sec-
tion of results for the 3Dmigration of the noisy data. As expected, 3D

migration produces a very robust image of the susceptibility distribu-
tion. Note that this model is representative of simple mineral or en-
gineering targets. More complex models should be considered in a
case of hydrocarbon exploration. Some examples of detailed study of
migration for the gravity gradiometry data can be found in Zhdanov

Figure 3. Simulation of real-time imaging during acquisition for an airborne TMI survey from the Reid-Mahaffy test site with (a and b) four , (c
and d) eight, (e and f) 12, and (g and h) 16 survey lines; horizontal cross sections of the magnetic susceptibility are shown for 100 m depth.

Figure 4. (a) Horizontal cross section of susceptibility at 100 m depth from the 3D migration of the Reid-Mahaffy anomalous raw TMI data;
(b) with geology overlain (courtesy of Ontario Geological Survey); and (c) horizontal cross section of susceptibility at 100 m depth from the 3D
regularized inversion of the Reid-Mahaffy anomalous processed TMI data.
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et al. (2011), where it is shown that the bodies separated by a small
distance are difficult to resolve. We also note that due to nonunique-
ness of potential fields, stacked sources are difficult to resolve.

CASE STUDY — REID-MAHAFFY

The Reid-Mahaffy test site is located north of Timmins on the
border of the Reid and Mahaffy townships in Ontario, Canada,
and is representative of Archean terranes. It is located in the Abitibi
Subprovince, immediately east of the Mattagami River Fault. The
area is underlain by Archean (∼2.7 billion years) mafic to inter-
mediate metavolcanic rocks in the south and felsic to intermediate
metavolcanic rocks in the north, with a roughly east–west-striking
stratigraphy. Narrow horizons of chemical metasedimentary rocks
and felsic metavolcanic rocks have been mapped as well as a mafic-
to-ultramafic intrusive suite to the southeast. Copper and lead-zinc
vein/replacement and stratabound volcanogenic massive sulfide
(VMS) mineralization occurs in the immediate vicinity. For exam-
ple, the Kidd Creek VMS deposit occurs to the southeast of the
survey area (Ontario Geological Survey, 2000).
At approximately 90 line km, the survey area is very small for an

airborne survey. However, the presence of weakly magnetic north–
northwest-striking Proterozoic diabase dikes with anomalous TMI
of several hundred nanoteslas make the site ideal for demonstration
of our 3D TMI migration. We consider the TMI data acquired as
part of an AEROTEM™ survey. The survey lines are shown in the
left panels of Figure 3. We removed the magnitude of the IGRF
from the raw TMI data and sequentially applied the 3D migration
to the anomalous raw TMI data from four, eight, 12, and 16 lines, as
shown in Figure 3a, 3c, 3e, and 3g, respectively. The flight lines
were approximately 6 km long and 200 m apart, and the data were
acquired over a variable surface. The right panels of Figure 3 show
the temporal evolution of the 3D susceptibility model at 100 m
depth during this simulated airborne acquisition. One can see
how the image evolves from just a small section on the east part
of the survey area to ultimately include the entire survey area.
The IGRF background field was then removed from the diurnally

corrected and microleveled (i.e., processed) TMI data. We then per-
formed 3D regularized inversion on the anomalous processed TMI
data, using the algorithm described byWilson et al. (2011). Figure 4
shows the horizontal cross sections of the magnetic susceptibility at
100 m depth. As expected, we can clearly see the lateral shape and

extent of the diabase dikes (Figure 4b). We also note that migration
of the anomalous raw TMI data captures the same structures as per
3D inversion of the anomalous processed TMI data (Figure 4c). A
perspective of the 3D susceptibility model obtained from TMI mi-
gration is shown in Figure 5. We note that a single iteration of 3D
migration runs several orders of magnitude faster than regularized
inversion, and this suggests that 3D migration could be applied to
real-time imaging.

CONCLUSIONS

We have introduced 3D potential field migration for the rapid 3D
imaging of TMI data. The method is based on a direct integral trans-
formation of the measured TMI data into a 3D susceptibility model.
The advantage of 3D TMI migration is that it does not require any a
priori information about the type of the sources present, nor does it
rely on regularization as per 3D inversion. Three-dimensional TMI
migration is very stable with respect to noise in the measured TMI
data because the transform is reduced to the downward continuation
of a function that is analytical everywhere in the lower half-space.
Interestingly, the migration of raw TMI data produces results very
similar to the 3D regularized inversion of diurnally corrected and
microleveled TMI data, suggesting that migration can be applied
directly to real-time 3D imaging during TMI acquisition.
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