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Three-Dimensional Inversion of Magnetotelluric
Data for the Sediment—Basement Interface

Hongzhu Cai and Michael Zhdanov

Abstract—Determining the sediment-basement interface is the
major step in evaluating the mineral resource potential of a region.
The magnetotelluric (MT) method can be effectively used for
solving this problem because there exists a strong contrast in
resistivity between a conductive sedimentary basin and a resis-
tive basement. Conventional inversions of MT data are aimed at
determining the volumetric distribution of the conductivity within
the inversion domain. The recovered distribution of the subsurface
conductivity is typically diffusive, which makes it difficult to select
the sediment-basement interface. This letter develops a novel
approach to 3-D MT inversion for the depth-to-basement estimate.
The key to this approach is selection of the model parameter-
ization, with the depth to basement being the major unknown
parameter. In order to estimate the depth to the basement, the
inversion algorithm recovers both the thickness and the conduc-
tivities of the sedimentary basin. The forward modeling is based
on the integral equation approach. The inverse problem is solved
using a regularized conjugate gradient method. The Fréchet deriv-
ative matrix is calculated based on quasi-Born approximation.
The developed method and the algorithm for MT inversion for
the depth-to-basement estimate are illustrated on several realistic
geoelectrical models.

Index Terms—Basement depth, integral equation (IE), inver-
sion, magnetotelluric (MT).

I. INTRODUCTION

HERE is a strong interest in developing effective geo-

physical methods for depth-to-basement estimation. Three
main geophysical methods are used for this application—the
seismic, potential field, and electromagnetic (EM) methods
[1]-[4]. It is well known that seismic imaging is characterized
by the highest resolution of the subsurface structures. However,
in the case of complex near-surface heterogeneity (e.g., shallow,
high-velocity, and highly heterogeneous basalt sills), typical
for many frontier exploration regions, interpretation of seismic
data represents a significant challenge, while using 3-D seismic
surveys is very expensive [5]. These circumstances stimulated
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growing interest in using nonseismic geophysical methods,
which could provide reasonable resolution but with lower
cost [5].

Among the passive-source geophysical methods, potential
field surveys have been widely used to estimate the depth to
basement for decades (e.g., [3], [4], [6], and [7]). It is well
known, however, that potential field data have relatively low
resolution to the deep target. The EM data can provide higher
resolution for subsurface formation than the gravity and mag-
netic data due to the frequency dependence of the EM field and
the depth of investigation [8].

The magnetotelluric (MT) method is a passive-source EM
method based on the analysis of the impedance tensor defined
by the ratio of electric and magnetic fields [9], [10]. It has been
demonstrated that this method can be used in exploration on
local and regional scales [9]. The MT method also provides
an effective approach for sedimentary basin analysis such as
depth-to-basement estimation based on the conductivity con-
trast between the sediments and bedrocks [2], [5]. Conventional
inversions of the MT data are usually aimed at determining the
volumetric distribution of the conductivity within the inversion
domain [8], [10], [11]. By the nature of the MT method,
the recovered distribution of the subsurface conductivity is
typically diffusive, although it can be focused by adopting
more advanced regularization schemes such as focusing stabi-
lizers [11].

In the problem of depth-to-basement estimation using geo-
physical data, the goal is to recover a sharp boundary between
a sedimentary basin and a crystalline basement. Therefore,
we need to adopt a sharp boundary parameterization of the
subsurface for the inversion. This type of parameterization has
been widely used for potential field inversion to recover the
depth to basement (e.g. [3], [4], and [7]). These parameter-
ization approaches, however, have not been widely used for
MT inversion problems, especially in the 3-D case. The main
reason is that it is difficult to find a straightforward relationship
between the EM data and the depth to the basement in a
sharp boundary parameterization. Chen et al. [12] introduced
a stochastic inversion algorithm for a 2-D MT inverse problem
to recover the location of the sediment—basement interface and
also the conductivities within each layer. However, this method
cannot be easily extended to a 3-D case because of the high
computational cost of stochastic inversion.

In this letter, we introduce a parameterization for the
MT inversion, similar to the discretization used in Gallardo-
Delgado et al. [7] for potential field inversion. For simplicity,
it is assumed that the subsurface comprises a conductive layer
of sediments and a resistive bedrock foundation. The interface
between the sediments and the bedrock has an arbitrary shape.
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Fig. 1. Sketch of a conductivity model of the sedimentary basin. Domain D
represents the conductive sediments with conductivity o, which is discretized
into a grid of vertical columns.

The sediment packs are discretized into a grid of columns
with known horizontal dimensions. The MT response of the
geoelectrical model is computed using the integral equation
(IE) method. The advantage of the IE approach is that, in this
case, the Fréchet derivatives of the data with respect to the
columns’ thickness and the sediment’s conductivity could be
calculated in closed form using the IE representation based on
the quasi-Born approximation. A realistic model study shows
that the developed method can be used for fast and accurate
estimation of the depth to basement using MT data.

II. REGULARIZED INVERSION BASED ON THE IE METHOD

The methodology of a 3-D contraction IE method for geo-
physical EM modeling was discussed in detail by Zhdanov [8],
[11]. We present here the basic equations of the IE method
for completeness. In the framework of the IE formulation, the
total electric and magnetic fields are decomposed into their
background (E?, H) and anomalous (E¢, H?) parts [8], [11],
with the anomalous fields expressed as an integral of the excess
currents within domain D with anomalous conductivity, Ao, as
follows:

E¢(r;) = // Gg(rjr)Ac(r) - [Eb(r) +E*(r)] dv (1)
D

H%(r;) = // Gu(rj|r)Ao(r) - [E(r) + E*(r)] dv (2)
D

where Gg(r;|r) and Gy (r;|r) are the electric and magnetic
Green’s tensors defined for a medium with the background
conductivity op.

Formula (1) becomes an IE if r; € r. The anomalous electric
field inside domain D can be obtained by solving the IE. Once
the electric field in domain D is found, the anomalous field
at the receivers outside domain D can be calculated using
the aforementioned two formulas. The components of the MT
impedance tensor are then computed using the known linear
relationships between the horizontal components of the electric
and magnetic fields [9], [10].

In order to formulate a corresponding inverse MT problem,
we consider a model of the sedimentary basin shown in Fig. 1.
The basement has the background conductivity o, and domain
D represents the conductive sediments. We assume for sim-
plicity that the sediments have a uniform conductivity of oy;
however, in a general case, the method can be extended to the
case of an arbitrary distribution of the conductivity

os(r) = op(r) + Ao(r). 3)

In the inversion, domain D is discretized into N columns,
denoted as subdomains D;, with conductivity o,. The horizon-
tal dimension of each subdomain is known and fixed. Contrary
to the conventional MT inversion, which recovers a volumetric
distribution of the subsurface conductivities, the goal is to find
the depth of each column. If the conductivity of the sediments
is unknown, the inversion can also recover o(r) jointly with
the depth-to-basement estimate. We should note that, for IE
forward modeling, the columns should be further discretized
in the vertical direction.

The inversion of MT data is an ill-posed problem. In order
to obtain a stable and geologically reasonable result, one has to
apply regularization to impose some restrictions on the solution.
The regularized inversion is based on the minimization of the
Tikhonov parametric functional [14]

P(m, d) = (WdA(m) — de)*(WdA(m) — de)
+ (Wmm - Wmmapr)T(Wmm - Wmmapr) (4)

where A is the forward modeling operator, d is the vector of the
observed data, W is a diagonal data weighting matrix, m is
the vector of the model parameters, m,,,, is the a priori model
of the depth to the basement, and “x” is the symbol of complex
conjugate transposition.

A diagonal matrix of the model parameter weights W, is
calculated based on the integrated sensitivity as follows [8]:

W,, = diag(FTF)? (5)

where F is the Fréchet derivative matrix. The minimization is
based on the reweighted regularized conjugate gradient (RCG)
method [11].

This algorithm involves the matrix multiplication only.
Therefore, the computational complexity of the developed in-
version method depends primarily on the complexity of the
forward modeling operation. We use the fully parallelized EM
forward modeling software PIE3D, developed by the Con-
sortium for Electromagnetic Modeling and Inversion (CEMI),
which is designed for distributed memory machines. The details
of the numerical scheme implemented in PIE3D can be found
in related publications [8], [11], [13].

III. FRECHET DERIVATIVE CALCULATIONS

One key aspect of nonlinear inversion using the conjugate
gradient method is the need for computing the Fréchet deriv-
ative of the observed data with respect to the thickness of the
column and the sediment conductivity os. The most effective
way of solving this problem in the framework of the IE method
is using the quasi-Born approximation [8], which provides a
reasonable estimation of the Fréchet derivative for the depth-
to-basement inversion.

First, we will derive the expression of the Fréchet derivative
with respect to the thickness of the column with a given
sediment conductivity os. Consider the sediment-basement in-
terface model shown in Fig. 1 with a column discretization. The
anomalous field in the receiver’s positions r; can be calculated
according to formula (1) as follows:

N
E“(ri):// Ge(rr) - [Ac(r)E(r)] dv :ZE?(IH) (6)
D i=1
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where E(r) is the total electric field within anomalous domain
D and Ef(r;) represents the anomalous field at receiver r;
contributed from the jth column D; of the sediments’ pack

E4(r;) = / / Gp(rr) - [Ac(r)E(r)] dv. (7)
D;

The volume integral in the last formula can be written explic-
itly as a combination of the surface integral over the horizontal
section of the jth column (S;) and a linear integral along the
vertical coordinate from the surface (z = 0) down to the bottom
of the jth column (z = z;)

zj

El(r;)= / ! / G (xil(z, . 2) - [Ac (1) B, y, ) dady y dz.
J 8)

The Fréchet derivative of the anomalous field to the thickness
z; of the jth column can be calculated by considering the
variation 0E*(r;) of the anomalous electric field with respect
to variations 0z; of the depth of the jth column as follows:

0B _ O By _ 0B
) 62] 52] 6zj

. C)]

Taking into account (8) and using the concept of quasi-Born
approximation [8], the Fréchet derivative in (9) can be reduced
to the following expression:

Sj

Expression (10) requires knowledge of the total electric field
E(z,y, z) within the anomalous domain. On the first iteration
of the inversion, we may substitute the background electric
field E°(z,y, z;) for the total electric field, just arriving at the
conventional Born approximation for the Fréchet derivative cal-
culation. However, on iteration number n, following Zhdanov
[8], one can use a quasi-Born approximation, which is based on
substituting the total electric field E(™ computed for the current
iteration, for the unknown total electric field E in formula (10),
as follows:

R = / / G (ril(z,,2;)) - |AGE™ (2,1, 2)]| dady.
S;

(1)

The advantage of using the quasi-Born approximation is that
it provides an explicit expression for the Fréchet derivative,
which is at the same time very accurate due to the presence
of the total electric field E(™), estimated at the current iteration,
in formula (11). Note also that the accuracy of the quasi-Born
approximation increases with the iteration number because we
obtain a more accurate approximation E(™ of the total field
inside the anomalous domain. The surface integrals in formula
(11) are computed numerically with high accuracy using a fine
discretization of the column in the z and y directions.

In a case of inversion for both the column’s thickness and
the sediment’s conductivities, we need to determine the Fréchet
derivative with respect to conductivity. This expression can also
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Fig. 2. Synthetic sediment—basement interface model with asymmetric shape.
Panel (a) shows a 3-D view of the sediment—basement interface model, with
red dots indicating the MT receivers on the Earth’s surface. The color scale
represents the depth of the sediment—basement interface. Panel (b) shows a
vertical cross section at y = 0 of model 1. The black line with circles indicates
the actual sediment—basement interface, while the prismatic approximation of
the interface is shown by the two different colors, reflecting the conductivity
of the sediments of 0.05 S/m on the corresponding color scale.

be found in a similar way using the quasi-Born approximation
[8]. The Fréchet derivatives for the magnetic fields can also be
derived in a similar way.

For MT inversion, the input data are the components of the
impedance tensor, which involve the combinations of electric
and magnetic fields. The Fréchet derivatives for the impedances
can be obtained by using the relationships between the im-
pedances and the EM fields with two different polarizations.
The analytical expressions of the Fréchet derivatives of the
impedance tensor can be found in Zhdanov [8].

IV. MODEL STUDIES

We will illustrate our inversion algorithm using several re-
alistic synthetic models of the sediment—basement interface. In
the model study, we consider the inversion for both the depth
to the basement and the conductivity of the sediments. We
should note, however, that in practical applications, one should
apply a conventional 3-D inversion of the MT data first in order
to determine the volumetric distribution of the conductivity in
the subsurface. The model produced by the conventional MT
inversion can be used to create the initial model for the depth-
to-basement estimate using the developed novel algorithm.

Model 1 represents a sediment-basement interface with a
maximum depth of 600 m. The conductivity of the basement is
0.001 S/m, while the conductivity of the sediments is 0.05 S/m.
Fig. 2(a) shows a 3-D model view of the sediment—basement
interface model with MT receivers located on the Earth’s sur-
face. The survey covers the area from —3000 to 3000 m in
the z direction and from —2000 to 2000 m in the y direction
with 250-m receiver and line spacing. The size of the columns
used to discretize the inversion domain is 125 m in both the
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Fig. 3. Inversion result for model 1 at y = 0. Panel (a) shows the inversion
result of the sediment—basement interface with a flat surface as initial model.
Panel (b) shows a vertical section of the subsurface conductivity distribution
recovered from the conventional MT inversion method. Panel (c¢) shows the
inversion result for the sediment—basement interface, with the starting model
created from the conventional MT inversion in panel (b). The circles in
panels (a) and (c) represent the recovered model, and the stars show the true
sediment—basement interface.

x and y directions. Fig. 2(b) shows a vertical cross section of
the conductivity distribution for this model.

We used nine frequencies uniformly distributed from 0.01 to
100 Hz in logarithmic space, and the data were contaminated
by 5% random noise. Based on the experience, at least two
frequencies per decade is required to recover both the depth to
the basement and the sediment’s conductivity in the model.

In the first numerical experiment, we assume that there is no
a priori information for the sediment-basement interface and
the sediment conductivity. We have used a flat surface at 300 m
depth and sediment conductivity of 0.1 S/m as the initial model.
We run 80 iterations of the RCG method until the misfit
reaches 5%. We used adaptive regularization, with the reg-
ularization parameter updated in every iteration [11]. The se-
lected regularization parameter should be able to balance the
misfit and stabilizer functionals. The too large regularization
parameter will slow the convergence, while the too small pa-
rameter can produce a result, which is not geologically mean-
ingful. Adaptive regularization automatically selects an optimal
value of the regularization parameter [11], [13]. Fig. 3(a) shows
a vertical section of the inversion result, with the yellow circles
representing the recovered model and the black stars indicating
the true sediment-basement interface. The maximum depth
recovered from the inversion was 573 m, while the actual max-
imum depth of the sedimentary basin was 600 m. The inverted
sediment conductivity converged to the value of 0.0437 S/m,
which was very close to the true value of 0.05 S/m.

We have also applied the conventional 3-D MT inversion
for this model to get a volumetric distribution of the sub-
surface conductivity distribution. Fig. 3(b) shows a vertical
section of the recovered conductivity distribution at y = 0.

One can see that the shape of the sedimentary basin and the
sediment conductivity is roughly recovered. However, it is
hard to determine the sediment-basement interface since the
conductivity distribution recovered from the conventional MT
inversion is very diffusive. We have approximately determined
the sediment—basement interface from the conventional MT
inversion. We use this interface and the estimated sediment
conductivity (0.03 S/m) from the conventional MT inversion as
the initial model for the depth-to-basement inversion. Fig. 3(c)
shows a vertical section of the inversion result, with the yellow
circles representing the recovered model and the black stars
indicating the true sediment-basement interface. One can see
that the recovered sediment-basement interface is very close to
the true model. The inverted sediment conductivity converged
to the value of 0.0454 S/m, which was very close to the true
value of 0.05 S/m.

By comparing Fig. 3(a) and (c), one can see that the loca-
tion of the sediment-basement interface recovered from the
developed method with the initial model created from the
conventional MT inversion [Fig. 3(c)] is much closer to the true
model. Moreover, the final recovered sediment conductivity in
Fig. 3(c) is also much closer to its true value. In addition, we
should note that the inversion result shown in Fig. 3(a) required
80 iterations, while the inverse model shown in Fig. 3(c) was
obtained after 30 iterations only.

The conventional MT inversion result in Fig. 3(b) took 12 h
on 12 core workstation, whereas our depth-to-basement inver-
sion took 1 h only since 2-D discretization of the sediment—
basement interface only is required in our method.

V. INVERSION OF THE MT DATA FOR
A USGS BASIN MODEL

In this section, we consider the inversion of MT data com-
puter simulated for the USGS basin model (Big Bear Lake
basin). The Big Bear Lake area is located in the southeast
part of California. It is characterized by deep sediment basins
surrounded by uplifted bedrocks. The basin was well studied
by using collected gravity anomaly data [15]. Cai and Zhdanov
[4] also inverted the depth to basement in this area using the
released gravity data. However, the MT data were not available
in this area.

We computer simulated the synthetic MT data at 441 MT
stations located on a rectangular grid at 9 frequencies ranging
from 0.01 to 100 Hz using the basin model that was produced
by the gravity inversion [4]. A 5% random noise was added
to the synthetic data as well. In the USGS basin model, the
conductivities of the basement and sediments were selected as
0.001 and 0.05 S/m, respectively. The inversion was done for
the depth-to-basement estimate and the sediment conductivity.
The inversion process was terminated after 30 iterations, when
the misfit between the observed and predicted data reached the
noise level.

Fig. 4 shows a comparison of the maps of the true model
and the inversion result. One can see that the geometry of the
USGS basin model was reconstructed very well. The recovered
maximum depth of the basin was 830 m, which was very
close to the actual maximum depth of 850 m. Fig. 5 presents
the vertical sections of the inversion results along two profiles
(y = —1300 m and y = 200 m), shown by the dashed white
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Fig. 4. Maps of the true model of the sediment—basement interface (top panel)
and of the inversion result (bottom panel) for the USGS model. The dashed
white lines show two selected profiles at y = —1300 m and y = 200 m,
respectively.
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Fig. 5. Comparison of the true interface and inversion result for the USGS
model at the profiles y = —1300 m and y = 200 m. The solid curve shows the
true model, while the circles represent the inversion result.

lines in Fig. 4. One can see that the inversion did a good job
in determining the correct interface between the sedimentary
basin and the basement. The final recovered sediment conduc-
tivity is 0.059 S/m, which is also very close to its true value.

VI. CONCLUSION

We have developed a novel approach to the inversion of the
MT data for the depth to the basement. The key component
of this approach is selection of the model parameterization,

with the depth to the basement being the major unknown
parameter. An effective and accurate method of computing the
Fréchet derivatives with respect to the depth to the basement
has been introduced based on the quasi-Born approximation of
the anomalous EM fields.

The proposed method provides a fast imaging technique
for recovering a surface with the sharp conductivity contrast
using the MT data. Comparing to the conventional methods, the
developed method produces a clearer image of the conductivity
contrast surface. The method works well for the sedimentary
basin environment without a significant localized anomaly.

The developed method and computer code were tested us-
ing several typical sedimentary basin models. The numerical
studies have also demonstrated that the MT inversion can
simultaneously recover both the thickness of the sedimentary
basin and its conductivity.
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