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A hybrid finite-difference and integral-equation method for modeling
and inversion of marine controlled-source electromagnetic data

Daeung Yoon1, Michael S. Zhdanov1, Johan Mattsson2, Hongzhu Cai1, and Alexander Gribenko1

ABSTRACT

One of the major problems in the modeling and inversion of
marine controlled-source electromagnetic (CSEM) data is related
to the need for accurate representation of very complex geoelec-
trical models typical for marine environment. At the same time,
the corresponding forward-modeling algorithms should be power-
ful and fast enough to be suitable for repeated use in hundreds of
iterations of the inversion and for multiple transmitter/receiver po-
sitions. To this end, we have developed a novel 3D modeling and
inversion approach, which combines the advantages of the finite-
difference (FD) and integral-equation (IE) methods. In the frame-
work of this approach, we have solved Maxwell’s equations for
anomalous electric fields using the FD approximation on a stag-
gered grid. Once the unknown electric fields in the computation
domain of the FDmethod are computed, the electric andmagnetic

fields at the receivers are calculated using the IE method with the
corresponding Green’s tensor for the background conductivity
model. This approach makes it possible to compute the fields at
the receivers accurately without the need of very fine FD discre-
tization in the vicinity of the receivers and sources and without
the need for numerical differentiation and interpolation. We have
also developed an algorithm for 3D inversion based on the hybrid
FD-IE method. In the case of the marine CSEM problem with
multiple transmitters and receivers, the forward modeling and
the Fréchet derivative calculations are very time consuming and
require using large memory to store the intermediate results. To
overcome those problems, we have applied the moving sensitivity
domain approach to our inversion. A case study for the 3D inver-
sion of towed streamer EM data collected by PGS over the Troll
field in the North Sea demonstrated the effectiveness of the devel-
oped hybrid method.

INTRODUCTION

The main engine for improvement in the interpretation of geo-
physical electromagnetic (EM) survey data is the continuing devel-
opment of efficient algorithms for 3D EM modeling and inversion.
There are several popular numerical approaches for 3D EM mod-
eling: integral-equation (IE), finite-difference (FD), and finite-
element (FE) methods (Zhdanov, 2002, 2009, 2015; Avdeev, 2005).
The IE method represents one of the most effective numerical

solvers for localized anomalous structures embedded in a layered
earth. One of the advantages of the IE method is that it only requires
a solution within the anomalous domain, and the electric and mag-
netic fields at the receivers are calculated based on Green’s tensor
approach. The IE modeling domain includes inhomogeneous geo-
electrical structures only, and it is typically very small compared to

the modeling domains of the differential-equation (DE) methods,
which require a large computational domain to satisfy to the cor-
responding boundary conditions. At the same time, the system ma-
trix of the IE method is dense, so if the complexity of the model
grows, the IE method requires a significantly larger amount of com-
putational memory and time. We should note, however, that many
novel approaches have been applied to the conventional IE method
to overcome those computational difficulties, including the contrac-
tion IE method, variable background conductivity, and efficient
Green’s tensor calculations (e.g., Hursán and Zhdanov, 2002; Zhda-
nov et al., 2006; Endo et al., 2008; Avdeev and Knizhnik, 2009;
Zhdanov, 2009).
The advantage of the DE method is the sparsity of the system

matrices, which improves the condition number and enables us
to use a direct solver very efficiently. Direct solvers have tradition-
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ally been considered to be too computationally demanding for 3D
problems compared to iterative solvers. However, gradual advance-
ment of direct-solution algorithms, along with the availability of
resources for parallel computation, makes it possible to apply these
algorithms for solving large-scale 3D problems very efficiently
(Streich, 2009; da Silva et al., 2012; Yang and Oldenburg, 2012;
Grayver et al., 2013; Schwarzbach and Haber, 2013; Jaysaval et al.,
2014). In particular, in the case of multisource problems such as
marine CSEM, the direct solvers may perform more efficiently than
the iterative solvers because the direct solvers reuse the decomposed
system matrix for multiple sources whereas the iterative solvers
need to solve the problem for each source separately (Chung et al.,
2014). However, DE methods require a very large computational
domain and extensive mesh refinement in the vicinity of the receiv-
ers and/or sources to reduce errors caused by the interpolation and
numerical differentiation required to calculate the electric and mag-
netic fields in the receivers. To avoid mesh refinement and/or
numerical errors, Cox and Zhdanov (2014) apply the Green’s tensor
approach to the FE method to calculate magnetic fields and their
sensitivities at the receivers, and develop a 3D airborne EM inver-
sion based on their hybrid FE-IE method. In this paper, we use a
concept similar to the Green’s tensor approach and apply it to the
FD method.
We have developed a hybrid FD-IE method, which combines the

advantages of those two methods. In the framework of this ap-
proach, the FD modeling algorithm is based on the staggered grid
(Yee, 1966) and follows the approach outlined in Newman and
Alumbaugh (1995). Once the unknown electric fields in the com-
putation domain of the FD method are computed, the electric and
magnetic fields at the receivers are calculated using the IE method
with the corresponding Green’s tensor for the background conduc-
tivity model. This approach makes it possible to compute the fields
at the receivers accurately without the need of very fine FD discre-
tization in the vicinity of the receivers and transmitters and without
the need for numerical differentiation and interpolation. We should
note that recently, Zaslavsky et al. (2011) developed a novel version
of the hybrid FD-IE method for solving 3D frequency-domain
anisotropic electromagnetic problems. However, the main focus
of the cited paper is on the construction of an effective precondi-
tioning operator for their FD solver using a volume IE approach. In
our paper, we apply a multifrontal massively parallel sparse
(MUMPS) direct solver to solve the system of FD equations. This
enables an efficient solution of large-scale problems with multiple
sources.
To verify the accuracy of the developed method, we compare the

fields computed by the hybrid FD-IE method with those computed
by the conventional FDmethod, the 1D semianalytical solution, and
the 3D IE method.
The developed hybrid algorithm was incorporated as the forward

EM modeling engine in a general regularized inversion scheme,
based on the reweighted conjugate gradient method. One of the
key elements of our inversion algorithm is computing the Fréchet
derivative matrix. A conventional approach to solving this problem
is based on using the adjoint operator (e.g., Avdeev, 2005; Abuba-
kar et al., 2011; Zhdanov, 2002, 2015). However, in a case of a
large-scale problem, typical for a towed streamer EMmethod, when
the survey covers hundreds and even thousands of line kilometers,
this approach becomes impractical. To reduce the memory require-
ments, we apply the moving sensitivity domain (MSD) approach

(Zhdanov et al., 2014a, 2014b). The MSD technique, critical for
this large-scale problem, requires assembling a “global” sensitivity
matrix for entire inversion domain corresponding to the total survey
area. The inversion runs simultaneously for this large survey, but the
sensitivity matrix becomes very sparse due to the MSD approach,
which dramatically reduces the memory requirements and makes
large-scale inversion feasible. In the developed inversion algorithm,
the Fréchet derivative matrix is calculated using a quasi-Born (QB)
approximation (Gribenko and Zhdanov, 2007; Zhdanov, 2009). The
QB approximation provides the necessary tool for solving this prob-
lem because it gives a quasianalytical representation for the Fréchet
derivative. Remarkably, using the QB approximation does not slow
the convergence of inversion, as was demonstrated in a number of
publications on EM inversion using the IE method (e.g., Gribenko
and Zhdanov, 2007; Zhdanov et al., 2014a, 2014b). The QB
approximation is extremely effective in the framework of the IE
method because the Green’s functions are already precomputed,
and QB approximation requires just one additional matrix multipli-
cation operation. The beauty of the hybrid FD-IE approach is that in
the framework of this method, we also have Green’s functions pre-
computed and QB approximation comes practically for free.
In summary, there are three advantages of the developed inver-

sion scheme: (1) the data predicted by the hybrid FD-IE method
provide a more accurate solution than the conventional FD method,
even without the mesh refinement near the receiver and source po-
sitions; (2) the QB approximation enables us to calculate the Fréchet
derivative matrix very efficiently without any extra forward model-
ing because Green’s tensors used for the EM field calculation in the
forward modeling are reused for the Fréchet derivative calculation,
so no extra computation of Green’s tensors is required; and (3) the
memory requirements for storing the intermediate forward model-
ing results and the Fréchet derivative matrix are reduced due to the
application of the MSD approach.
Although the inversion algorithm is general, this paper presents

an application of this method specifically to the 3D inversion of
towed streamer EM data. A model study of the 3D inversion of syn-
thetic towed streamer EM data is presented to demonstrate the ef-
fectiveness of the developed hybrid method. We have also applied
the novel 3D inversion method to the towed streamer EM data col-
lected by PGS in the Troll West Oil Province (TWOP; Zhdanov
et al., 2014b).

FORMULATION OF A HYBRID FD-IE METHOD

FD modeling of the anomalous electric field

The implementation of the FD method developed in this paper
follows that of Newman and Alumbaugh (1995) and Alumbaugh
et al. (1996). The method solves Maxwell’s equations in the fre-
quency domain based on an FD scheme on a staggered grid and
uses the anomalous field formulation with the total field being de-
composed into background Eb and anomalous Ea fields. The cal-
culation of the anomalous field with an equivalent source makes it
possible to avoid the discretization problems associated with dis-
crete sources. This approach has been widely used in the EM mod-
eling literature, whether with FD, finite-volume, FE, or IE methods
(e.g., Zhdanov and Keller, 1994; Zhdanov, 2002, 2009).
We should note that the approach based on a decomposition of

the total EM field into separate background and anomalous fields
plays a very important role in the developed hybrid FD-IE method.
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First, assuming that the background field is known, we can apply
the FD modeling for the anomalous field only. As a result, we avoid
the additional complexity of FD modeling of the source field be-
cause the background field is assumed to be known. Second, by
reducing the FD modeling to the anomalous field only, we can dra-
matically reduce the modeling domain because the anomalous field
attenuates much faster than the total field. Third, the background
field is required in the IE formulation of the forward modeling prob-
lem; it is a common practice to select the background field in such a
way that it could be relatively easily found. The conventional ap-
proach is based on using as a background field the EM field gen-
erated in the horizontally layered medium.
For the low-frequency EM fields considered in geophysical ap-

plications the displacement currents can be ignored in Maxwell’s
equations, which results in the second-order DE for the anomalous
electric field Ea:

∇ × ∇ × Ea þ iωμ0σEa ¼ −iωμ0ðσ−σbÞEb: (1)

The magnetic permeability within the earth μ is assumed to be
constant, μ0 ¼ 4π × 10−7H∕m, and the total σ, and background
σb conductivity tensors are considered to be diagonal, composed
of the principal components of the conductivity tensor. The electric
fields are assigned to the edges of the cells in the staggered grid. For
simplicity, we use the Dirichlet boundary condition; i.e., all com-
ponents of the anomalous electric field are set to zero at all sides
of the computational domain. This is justified because in marine
environment, the anomalous field attenuates fast enough in the con-
ductive water. Therefore, at some large enough distance of the
boundaries from the anomalous domain, we may neglect the values
of the anomalous field at the boundaries (including those located
above the sea level in the air). However, in a general case, a more
accurate boundary condition can be used (e.g., Zhdanov, 2002; Av-
deev, 2005; Newman, 2014).
An FD representation of equation 1 on a staggered grid can be

written as a linear system of equations as follows:

Ke ¼ R; (2)

where e is the unknown vector of the anomalous electric field and R
is a vector containing the source terms. The matrixK is a sparse and
symmetric complex matrix composed of real numbers except for the
diagonal elements. We use MUMPS direct solver (Amestoy et al.,
2001, 2006) to solve the system of equation 2, which enables an
efficient solution of large-scale problems with multiple sources.

IE method for computing the EM field at the receivers

The conventional FD method requires an interpolation to calcu-
late the electric fields at the receivers, a numerical approximation of
the curl of the electric field, and an interpolation to calculate the
magnetic fields at the receivers. Such numerical differentiations
and interpolations can cause some numerical errors and require
mesh refinement in the vicinity of the receivers to reduce the errors.
To avoid those problems, we use an IE approach to calculate the
electric and magnetic fields at the receivers. The anomalous electric
and magnetic fields at the receiver position rl, l ¼ 1;2; : : : ; L can be
expressed as an integral over the excess currents in the anomalous
domain D:

EaðrlÞ ¼
ZZZ

D

ĜEðrljrÞ · ½ΔσðrÞ · ½EbðrÞ þ EaðrÞ��dv; (3)

HaðrlÞ ¼
ZZZ

D

ĜHðrljrÞ · ½ΔσðrÞ · ½EbðrÞ þ EaðrÞ��dv; (4)

where ĜEðrljrÞ and ĜHðrljrÞ are the electric and magnetic Green’s
tensors defined for an unbounded conductive medium with the
background (horizontally layered) anisotropic conductivity σb;
the anomalous domain D represents a volume with the anisotropic
anomalous conductivity distribution ΔσðrÞ ¼ σðrÞ − σbðrÞ.
Note that, in the case of the IE method, we use the node-based

grid with vector r located at the center of the cell, in which all three
components of the electric fields are assigned. However, in the FD
scheme based on the staggered grid, the electric fields to be solved
are located at the edges of the cells. Therefore, to use the IE method,
we need to adjust either the electric fields on the staggered grid to
the center of the cell or the Green’s tensor itself for the staggered
grid. Thus, one can introduce two different ways to use the IE for-
mulation to compute the fields at the receiver positions. The first
approach uses the interpolation of the electric field in the center
of the cell. The second is based on computing the Green’s tensors
directly on the staggered grid without any interpolation.
We have tested both approaches to the solution of this problem.

In the case of the first approach, interpolation of electric fields form
the edges of the cell to its center, we have used the scheme intro-
duced in Streich (2009). As discussed above, the second approach is
based on computing the Green’s tensors on the staggered grid with-
out any interpolation. We will present a discrete form of equation 3
for this situation below. Obviously, the hybrid FD-IE method based
on this second approach requires additional computations of the
Green’s tensors in comparison with the first approach, discussed
above, because the Green’s tensor has to be calculated not only
in the centers of each cells, but also in the centers of every edge
as well. However, it is preferable to use this approach in the frame-
work of the hybrid FD-IE method because in this case one can avoid
the interpolation and differentiation errors or refinement near
receivers to enhance the accuracy of the field calculation. The re-
sults of our numerical study have confirmed that, indeed, the second
approach provides a more accurate result. That is why we use the
second approach in our inversion algorithm as well.
In discrete form, we define the main node ði; j; kÞ to be located at

the center of the cells in the inhomogeneous domain D and denote
the total number of cells in domain D as follows: N ¼ Nx ×
Ny × Nz. The total number of edges of the cells is calculated
as follows: Ne ¼ Ne

x þ Ne
y þ Ne

z , where Ne
x ¼ Nx × ðNy þ 1Þ ×

ðNz þ 1Þ, Ne
y ¼ ðNx þ 1Þ × Ny × ðNz þ 1Þ, and Ne

y ¼ ðNx þ 1Þ ×
ðNy þ 1Þ × Nz.
In the case of node-based grid with three-directional anisotropic

conductivity, equation 3 can be simplified using matrix notations as
follows (Hursán and Zhdanov, 2002):

Ea ¼ ĜEΔσE; (5)

where Ea is a 3L × 1 vector column of x-, y-, and z-components
of anomalous electric fields at the receiver positions rl, l ¼
1;2; : : : ; L,
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Ea ¼ ½Ea
x;1; : : : ;E

a
x;L;E

a
y;1; : : : ;E

a
y;L;E

a
z;1; : : : ;E

a
z;L�T; (6)

and E is a 3N × 1 vector column of electric fields at the centers of
the cells within the inhomogeneous domain D:

E ¼ ½Ex;ð1;1;1Þ; : : : ;Ex;ðNx;Ny;NzÞ;Ey;ð1;1;1Þ; : : : ;Ey;ðNx;Ny;NzÞ;

Ez;ð1;1;1Þ; : : : ;Ez;ðNx;Ny;NzÞ�T: ð7Þ

Matrix ĜE is a 3L × 3N rectangular matrix containing the inte-
grals of the electric Green’s tensors,

ĜE ¼

2
64
GE

xx GE
xy GE

xz

GE
yx GE

yy GE
yz

GE
zx GE

zy GE
zz

3
75; (8)

GE
αβ ¼

2
6664
Γ1ð1;1;1Þ
αβ · · · Γ1ðNx;Ny;NzÞ

αβ

..

. . .
. ..

.

ΓLð1;1;1Þ
αβ · · · ΓLðNx;Ny;NzÞ

αβ

3
7775; α; β ¼ x; y; z;

(9)

Γlði;j;kÞ
αβ ¼

ZZZ
Dði;j;kÞ

GE
αβðrljrði;j;kÞÞdv; (10)

where GE
αβðrljrði;j;kÞÞ, α ¼ x; y; z, are the components of the electric

Green’s tensors; Δσ is a 3N × 3N diagonal matrix with anomalous
conductivities; and

Δσ ¼ diagð½Δσxð1;1;1Þ; : : : ;ΔσxðNx;Ny;NzÞ;Δσyð1;1;1Þ; : : : ;

ΔσyðNx;Ny;NzÞ;Δσzð1;1;1Þ; : : : ;ΔσzðNx;Ny;NzÞ�Þ: (11)

Note that rði;j;kÞ in equation 10 is located at the center of the cell
where the electric field is computed using the IE method. However,
as we discussed above, in the framework of the FD scheme based on
the staggered grid, the electric fields are calculated at the edges of
the cells. Therefore, to apply the IE formulation in equation 3 to the
FD scheme on the staggered grid, equation 5 should be modified
accordingly as follows:

Ea ¼ Ĝ 0EΔσ 0E 0; (12)

where “prime” indicates that the components of all matrices in
equation 12 are given at the midpoints of the edges of the corre-
sponding staggered grid, as shown below.
Matrix Δσ 0 is an Ne × Ne diagonal matrix of the weighted aver-

aging anomalous conductivities, defined in Appendix A,

Δσ 0 ¼ diag
�h

Δσxð1;12;12Þ; : : : ;ΔσxðNx;Nyþ1
2
;Nzþ1

2Þ;Δσyð12;1;12Þ; : : : ;

ΔσyðNxþ1
2
;Ny;Nzþ1

2Þ;Δσzð12;12;1Þ; : : : ;ΔσzðNxþ1
2
;Nyþ1

2
;NzÞ

i�
:

(13)

Vector E 0 is an Ne × 1 vector column of electric fields within the
inhomogeneous domain D,

E 0 ¼
�
Ex;ð1;12;12Þ; : : : ;Ex;ðNx;Nyþ1

2
;Nzþ1

2Þ;Ey;ð12;1;12Þ; : : : ;

Ey;ðNxþ1
2
;Ny;Nzþ1

2Þ;Ez;ð12;12;1Þ; : : : ;Ez;ðNxþ1
2
;Nyþ1

2
;NzÞ

�
T

:

(14)

Matrix Ĝ 0E is a 3L × Ne rectangular matrix containing the inte-
grals of the electric Green’s tensors, defined according to the fol-
lowing formula:

Ĝ 0E ¼

2
64
G 0E

xx G 0E
xy G 0E

xz

G 0E
yx G 0E

yy G 0E
yz

G 0E
zx G 0E

zy G 0E
zz

3
75: (15)

In the last formula, G 0E
αx is an L × Ne

x matrix,

G 0E
αx ¼

2
664
Γ
1ð1;12;12Þ
αx · · · Γ

1ðNx;Nyþ1
2
;Nzþ1

2Þ
αx

..

. . .
. ..

.

Γ
Lð1;12;12Þ
αx · · · Γ

LðNx;Nyþ1
2
;Nzþ1

2Þ
αx

3
775; (16)

G 0E
αy is an L × Ne

y matrix,

G 0E
αy ¼

2
664
Γ
1ð12;1;12Þ
αy · · · Γ

1ðNxþ1
2
;Ny;Nzþ1

2Þ
αy

..

. . .
. ..

.

Γ
Lð12;1;12Þ
αy · · · Γ

LðNxþ1
2
;Ny;Nzþ1

2Þ
αy

3
775; (17)

and G 0E
αz is an L × Ne

z matrix:

G 0E
αz ¼

2
664
Γ
1ð12;12;1Þ
αz · · · Γ

1ðNxþ1
2
;Nyþ1

2
;NzÞ

αz

..

. . .
. ..

.

Γ
Lð12;12;1Þ
αz · · · Γ

LðNxþ1
2
;Nyþ1

2
;NzÞ

αz

3
775; (18)

Where

Γlði;j;kÞ
αβ ¼

ZZZ
Dði;j;kÞ

GE
αβðrljrði;j;kÞÞdv: (19)

Magnetic fields at the receiver positions can be calculated in a sim-
ilar way, by replacing the magnetic Green’s tensors in equation 19
for the electric Green’s tensors.
The hybrid FD-IE method makes it possible to avoid the inter-

polation and differentiation errors and/or refinement of the grid in
the vicinity of the receivers to improve the accuracy of the field
calculation. Also, the discretization grid outside the anomalous do-
main can be coarser than for the conventional FD method because
the hybrid method requires an accurate solution within the anoma-
lous domain only.
Obviously, the hybrid FD-IE modeling method requires an addi-

tional computation of Green’s tensors in comparison with the con-
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ventional FD modeling method. The advantage of this approach in
the inversion algorithm is that the Green’s tensors used for the field
calculation in the receivers are the same as those used for the Fré-
chet derivative calculation for the EM inversion. Therefore, the pre-
computed Green’s tensor for the field calculation in the receivers
can be reused for the Fréchet derivative calculation with practically
no extra computation required.

INVERSION METHODOLOGY

We have implemented the developed hybrid FD-IE modeling
method in the algorithm of inversion of the marine CSEM data fol-
lowing the paper by Gribenko and Zhdanov (2007). The regularized
inversion algorithm is based on minimization of the Tikhonov para-
metric functional (Tikhonov and Arsenin, 1977; Zhdanov, 2002,
2015):

PðΔσÞ ¼ kWdðAhðΔσÞ − dÞk2 þ αsðΔσÞ ¼ min; (20)

where d is the vector of the observed data, AhðΔσÞ is the forward
modeling operator for computing the predicted data based on the
hybrid FD-IE method, α is the regularization parameter, and Wd

is the diagonal data weighting matrix formed by the inverse ampli-
tudes of the background electric field.
The first term of the parametric functional in equation 20 represents

the weighted misfit functional, and the second term is a stabilizer.
There are several possible choices for the stabilizer, such asmaximum
smoothness (e.g., the Occam or minimum norm), or focusing stabi-
lizers (e.g., minimum support, minimum gradient support, and
minimum vertical support). One can find a detailed description of
the family of different stabilizing functionals in Zhdanov (2002,
2015). In the numerical examples presented below, we use the mini-
mum norm and the minimum vertical support stabilizing functionals.
We apply the regularized conjugate gradient (RCG) algorithm of

the parametric functional minimization, summarized as follows
(Zhdanov, 2002, 2015):

rðnÞ¼ AhðΔσðnÞÞ − d;

lðnÞ ¼ FðnÞ�W�
dWdrðnÞ

þ αðWmWeÞ�ðWmWeÞðΔσðnÞ − ΔσaprÞ;
βðnÞ ¼ klðnÞk2∕klðn−1Þk2;
~lðnÞ ¼ lðnÞ þ βn~l

ðn−1Þ; ~lð0Þ ¼ lð0Þ;

kðnÞ ¼ ð~lðnÞ; lðnÞÞ∕ðkWdFðnÞ~lðnÞk2 þ αkWmWe
~lðnÞk2Þ;

Δσðnþ1Þ ¼ ΔσðnÞ − kðnÞ~lðnÞ; (21)

where rðnÞ is a residual at the iteration step n, lðnÞ is the gradient
direction, ~lðnÞ is the conjugate direction, FðnÞ is a Fréchet derivative
matrix, kðnÞ is a length of the iteration step, andWm is the weighting
matrix of the model parameters determined based on the weighted
Fréchet derivative matrix (sensitivities):

Wm ¼ diagðF�W�
dWdFÞ1∕4: (22)

In the case of focusing stabilizers, we use the reweighted RCG
(RRCG) method introduced in Zhdanov (2002, pp. 161–166). This
algorithm is similar to the RCG algorithm represented by equa-

tion 21. However, the inversion is conducted in the space of the
weighted conductivities Δσ ðnÞ

w
, which are related to the original

conductivities by the following formula:

Δσ ðnÞ
w

¼ WmWenΔσ
ðnÞ
w

; (23)

whereWe is the variable weighting matrix determined based on the
types of the stabilizer. The in-depth description of the RRCG algo-
rithm and the corresponding analytical formulas for matrix We

can be found in the books on inversion theory by Zhdanov
(2002, 2015).
Direct computation of the Fréchet derivative is very time consum-

ing, and at least one extra forward modeling is required at every
iteration, if one would use an adjoint solution for the Fréchet deriva-
tive. This approach becomes impractical for a very large survey
area, typical for towed streamer EM method, when the survey cov-
ers hundreds and even thousands of square kilometers. To overcome
this problem, we calculate the Fréchet derivatives based on the QB
approximation (Gribenko and Zhdanov, 2007), which does not re-
quire any extra forward modeling, so that it results in a very efficient
inversion method.
Note that, in our inversion algorithm, the electric fields are com-

puted by hybrid FD-IE modeling at the centers of the edges of the
cells, whereas the model parameters are assigned to the centers of
the cells. Therefore, we have to derive a discrete form of the QB
approximation of the Fréchet derivatives on the edges of the cells
of the staggered grid (see Appendix B). The advantage of comput-
ing the Fréchet derivatives on the staggered grid is that the Green’s
tensors we used in the field calculation are the same as those for the
Fréchet calculation. Therefore, we do not require any extra compu-
tation of the Green’s tensors for the Fréchet derivative computation.
We precompute the Green’s tensors only once and reuse them for
the Fréchet and field calculations at every iteration of the inversion
method.
Another difficulty in computing the Fréchet derivative matrix is

related to the size of the computer memory required for its storage.
The size of the Fréchet derivative matrix is proportional to the num-
ber of EM data points times the number of the cells in the inversion
domain. If the numbers of data points and cells in the inversion do-
main are large, the computer memory requirements may exceed the
available storage size. To reduce these requirements, we apply the
MSD approach to our inversion algorithm (Cox et al., 2012; Zhda-
nov and Cox, 2012; Zhdanov et al., 2013, 2014a, 2014b).
In the framework of the MSD approach, for a given transmitter-

receiver pair, the responses and Fréchet derivatives are computed
from a subdomain that encapsulates the towed EM system’s sensi-
tivity domain. The Fréchet matrix for the entire inversion domain is
then constructed as the superposition of the Fréchet derivatives from
all transmitter-receiver pairs over the entire inverse model (Zhdanov
et al., 2014a, 2014b). This makes the originally dense matrix of the
Fréchet derivative a sparse one. In this way, we can reduce the
memory requirement for the Fréchet derivative calculation while
retaining maximum accuracy.

VERIFICATION OF THE HYBRID FD-IE
MODELING METHOD

To verify the accuracy and the efficiency of the hybrid FD-
IE forward modeling method, we compare it with three other
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techniques: a 1D semianalytical solution, a conventional FD
method, and a 3D IE method.

Comparison with a semianalytical solution

Model 1 is a horizontally layered geoelectrical model with an
isotropic resistive rectangular reservoir (Figure 1). The background
is a seawater-sediment model with an air-earth interface at z ¼ 0 m

and a seawater depth of 1000 m. The resistivities of air, seawater,
and sediments are 106, 0.3, and 1 ohm-m, respectively. The electro-
magnetic field is excited by a horizontal electric dipole oriented in
the x-direction with a moment of 1 Am and located in the seawater
with coordinates (0, 0, 950 m), which is 50 m above the seafloor.
The frequency of the current in the transmitting dipole is 1 Hz. The
receivers are located 5 m above the seafloor from −3 km to 3 km
with 200 m spacing in the x-direction. To have nonzero values of all
of the scalar components of the electromagnetic field, we have
placed the receivers along a profile parallel to the transmitter profile,
but shifted them 50 m in the y-direction (at y ¼ −50 m). An iso-
tropic 3D resistive rectangular reservoir with a resistivity of
100 ohm-m is embedded in the sediments from a depth of 1400
to 1500 m and with a size of 3 km × 3 km × 100 m in the x-,
y-, and z-directions, respectively, which makes it possible, based
on the skin depth for this model, to approximate this reservoir ac-
curately enough by an infinite horizontal resistive layer. The volume
of the 3D resistive reservoir is considered as a domain with anoma-
lous conductivity (anomalous domain).
To demonstrate the accuracy and efficiency of the developed hy-

brid FD-IE method over the conventional FD method, we calculated
the EM responses for model 1 using coarse and fine grids. The re-
sponses obtained by conventional FD and hybrid FD-IE methods
were then compared with the 1D semianalytical solution. For all

grids, the FD modeling domain was selected based on the skin
depth as follows: f−4 ≤ x; y ≤ 4 km;−0.5 ≤ z ≤ 3 kmg. The
coarse grid consisted of 41 × 41 × 25 ¼ 31;775 cells, with uniform
cell size of 200 × 200 m in the x- and y-directions, and logarithmi-
cally increasing cell size from the boundaries of the reservoir
(anomalous domain) to the boundaries of the FD domain in the
z-direction, as shown in the left panel of Figure 1. The anomalous
domain was discretized using a 200 × 200 × 10 m uniform grid.
The anomalous electric and magnetic fields were computed by
the conventional FD and hybrid FD-IE methods on different grids
(see Figures 2 and 3). In the FD-only approach, the anomalous
fields were linearly interpolated to the receiver points. These fields
were compared with the 1D semianalytical solutions based on the
Hankel transform (Ward and Hohmann, 1988; Zhdanov and Kel-
ler, 1994).
We have also calculated the relative errors e of the FD modeling

results using the following formula:

e ¼ kEa
san − Eak∕kEa

sank × 100; (24)

where Ea
san is anomalous electric field based on semianalytical sol-

ution, and Ea is anomalous electric field based on FD and/or hybrid
FD-IE solutions. A comparison of the relative errors and the cor-
responding computational time is given in Table 1.
As one could see, in a case of the coarse grid, the hybrid FD-IE

responses are in a good agreement with the semianalytical solution,
showing less than 3% relative errors, whereas the FD responses
exhibit very large errors.
On the next step of the numerical study, we gradually increased

the number of cells within the same FD modeling domain from a
coarse grid to the fine one, by refining the areas surrounding the
receivers, until the FD response was characterized by relative errors

similar to those produced by the hybrid FD-IE
method on the coarse grid. The fine grid, which
was finally determined by this process, consisted
of 81 × 61 × 52 ¼ 256;932 cells, with 100 ×
100 m uniform cell size in the x- and y-direc-
tions, a minimum cell size of 5 m near the
receiver positions, and a maximum cell size of
250 m in the z-direction, as shown in the right
panel of Figure 1. Note that to have the level
of errors for the FD responses similar to those
for the hybrids FD-IE responses on the coarse
grid, we had to refine not only the grid in the
vicinity of the receivers, but also the entire grid
within the FD modeling domain.
We ran the code using one node of a cluster

with 20 Intel Xeon processors, 64 GB, and
2.5 GHz. The computational time for the FD
method on the coarse grid was approximately
10 s. The hybrid FD-IE method required an addi-
tional time for Green’s tensor calculation, and the
total computational time was approximately 16 s
(see Table 1). The FD method on the fine grid
took approximately 196 s. Therefore, to produce
the same relative errors, as the hybrid FD-IE
method on the coarse grid, the conventional
FD algorithm had to be run on a fine grid,
which required approximately 10 times as much
computational time. Figures 2 and 3 present a

Figure 1. Model 1: A horizontally layered geoelectrical model with an isotropic reser-
voir approximated by an infinite horizontal resistive layer. The left panel shows a coarse
grid, whereas the right panel presents a fine grid. The isotropic resistive reservoir with a
resistivity of 100 ohm-m is embedded in the sediments below the seawater layer. The
star indicates the position of the electrical dipole source, and the circles denote the
receiver positions.
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comparison of the responses computed by the hybrid FD-IE method
on the coarse grid, the FD method on the coarse and fine grids, and
the 1D semianalytic solution based on the horizontally layered
model with an isotropic resistive reservoir layer.
We have also computed the fields using the hybrid FD-IE method

on the fine grid. The corresponding computational time and the rel-
ative errors are listed in Table 1. One can see that, if the grids are the
same, the hybrid FD-IE method shows smaller relative errors than
the FD method.
Thus, the modeling study for a simple horizontally layered model

has demonstrated that the hybrid FD-IE method always provides the
smaller errors than the conventional FD method for the same dis-
cretization grids. Also, the hybrid method provides practically the
same responses with and without the mesh refinement near the
receivers, whereas the results of the conventional FD method
strongly depend on the mesh refinement, especially for the Ea

z

and Ha
y fields.

It is clear that the current implementation of the hybrid scheme
does not allow us to consider an anomalous layer of infinite extent
due to the use of zero boundary condition for the anomalous field.
In principle, this can be avoided by using a more accurate boundary
condition, as was mentioned above. However, in our case studies,
considered below, we are dealing with the anomalous domains hav-
ing limited horizontal extent, which is typical for a hydrocarbon
reservoir. In this situation, the current version of the hybrid scheme
works well to resolve the target.

Comparison with 3D IE method

In the next model study, we have simulated the marine CSEM
response of a 3D reservoir using the hybrid FD-IE scheme and com-
pared the results with those produced by a conventional 3D IE
method (Zhdanov et al., 2006).
We consider a 3D model with an anisotropic background and

anisotropic 3D rectangular reservoir. The background is a sea-

Figure 2. Model 1: The plots of anomalous electric fields computed
using the hybrid FD-IE method, the FD method, and a 1D semian-
alytic solution based on the horizontally layered model with an iso-
tropic resistive reservoir layer. The solid and dotted lines denote the
real and imaginary parts of the fields computed by the 1D semian-
alytic solution. The real and imaginary parts of the fields computed
by the hybrid FD-IE method on the coarse grid are denoted by
circles and diamonds, respectively. The real and imaginary parts
of the fields computed by the FD method on the coarse and fine
grids are denoted by pluses, x-marks, pentagrams, and hexagrams,
respectively. The panels (a-c) present the x-, y-, and z-components
of the anomalous electric field, respectively.

Figure 3. Model 1: The plots of anomalous magnetic fields com-
puted using the hybrid FD-IE method, the FD method, and a 1D
semi-analytic solution based on the horizontally layered model with
an isotropic resistive reservoir layer. The solid and dotted lines de-
note the real and imaginary parts of the fields computed by the 1D
semianalytic solution. The real and imaginary parts of the fields
computed by the hybrid FD-IE method on the coarse grid are de-
noted by circles and diamonds, respectively. The real and imaginary
parts of the fields computed by the FD method on the coarse and
fine grids are denoted by pluses, x-marks, pentagrams, and hexa-
grams, respectively. The panels (a-c) present the x-, y-, and z-com-
ponents of the anomalous magnetic field, respectively.
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water-sediments model consisting of three transverse anisotropic
layers. From the first top sediment layer to the bottom half-
space, the horizontal resistivities are 1, 2, and 4 ohm-m, and the
vertical resistivities are 5, 10, and 7 ohm-m, respectively. The
anisotropic resistive reservoir is embedded in the second sediment
layer, with a horizontal resistivity of 10 ohm-m and a vertical re-
sistivity of 100 ohm-m (Figure 4). The electric dipole oriented in the

Table 1. Model 1: Computational times and relative errors of
the FD and hybrid FD-IE method for the horizontally
layered model with the coarse and fine grids.

Coarse grid Fine grid

Time (s) Relative
error (%)

Time (s) Relative
error (%)

FD 10.28 Ex 15.63 196.19 Ex 3.20

Ey 15.28 Ey 1.40

Ez 163.03 Ez 1.57

Hx 6.47 Hx 2.52

Hy 7.69 Hy 2.93

Hz 13.21 Hz 0.76

Hybrid
FD-IE

10.28þ 5.6 Ex 3.01 196.19þ 20.82 Ex 2.84

Ey 1.59 Ey 0.83

Ez 1.74 Ez 0.95

Hx 2.02 Hx 0.83

Hy 3.02 Hy 2.86

Hz 0.19 Hz 0.21

Figure 4. Model 2: Vertical sections of (a) the horizontal and (b) the
vertical resistivity distributions. The star indicates the electric dipole
source position, and the circles represent the receiver positions.

Figure 5. Model 2: A comparison of anomalous electric fields com-
puted using the hybrid FD-IE method and the conventional IE
method. The solid and dotted lines denote the real and imaginary
parts of the fields computed by the IE method. The real and imagi-
nary parts of the fields computed by the hybrid FD-IE method are
denoted by circles and diamonds, respectively. The panels (a-c)
present the x-, y-, and z-components of the anomalous electric field,
respectively.

Figure 6. Model 2: Computation time of solving the corresponding
systems of linear equations for the electric field within the anoma-
lous domain for IE and hybrid FD-IE methods as a function of in-
creasing number of the sources.

E330 Yoon et al.

D
ow

nl
oa

de
d 

08
/0

3/
16

 to
 6

3.
22

6.
94

.3
0.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SE

G
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 T

er
m

s 
of

 U
se

 a
t h

ttp
://

lib
ra

ry
.s

eg
.o

rg
/



x-direction is located in the seawater with coordinates (0, 0, 950 m),
which is 50 m above the seafloor, and the frequency is 1 Hz. The
receivers are located 5 m above the seafloor from −3 to 3 km with
200 m spacing in the x-direction, and shifted them 50 m in the y-di-
rection (at y ¼ −50 m).
The FD modeling domain was selected as f−3 ≤ x; y ≤ 3 km;

−0.5 ≤ z ≤ 3 kmg based on the skin depth, and it was discretized
with a nonuniform grid, refined near the reservoir only, and not near
the receivers. The reservoir (anomalous domain) was discretized
using a 100 × 100 × 10 m uniform grid.
To demonstrate the accuracy and efficiency of the developed hy-

brid FD-IE method for 3D forward modeling, we have compared
the FD-IE results with those calculated using a 3D IE method
(Zhdanov et al., 2006). The PIE3D IE code is based on the parallel
implementation of the contraction IE (CIE) method, and the system
of the CIE equations is solved using an iterative solver, the complex
generalized minimal residual (CGMRES) method (Zhdanov, 2002,
2009, 2015). In the framework of the IE method, we discretized the
anomalous domain using the same cell size as those used within the
anomalous domain in the hybrid FD-IE method. The IE and hybrid
FD-IE codes were run on one node of a cluster with 20 Intel Xeon
processors, 64 GB, and 2.5 GHz. Figure 5 shows a comparison be-
tween the anomalous electric fields computed using the developed
hybrid FD-IE method and the original IE method. One can see that
the hybrid FD-IE method produces practically the same results as
those obtained by the IE method.
We have also compared the computation times

for both methods. The computations required by
the both methods can be divided into two stages:
(1) electric field calculation within the anoma-
lous domain by solving the corresponding sys-
tems of linear equations and (2) calculation of
the electric field at the receiver positions using
the integral formulas in equation 3. Note that
stage 2 is identical for both methods. Therefore,
we have only compared the computation times
required for the first stage, which involves
solving the corresponding systems of linear
equations for the electric field within the anoma-
lous domain. The root-mean-square misfit for the
IE method, which uses an iterative solver, was set
equal to 1−10, which was the misfit level achieved
by the direct solver in the hybrid FD-IE method.
Figure 6 shows computation times of solving

the corresponding systems of equations for both
methods as a function of increasing number of
the sources. As one can see, the IE method dem-
onstrates an excellent performance if the number
of the sources is relatively small (less than 25).
Indeed, for a single source, the iterative solver
CGMRES of the IE method took only approxi-
mately 1.5 s, whereas the direct solver MUMPS
of the hybrid FD-IE method required approxi-
mately 6.17 s. However, if the number of sources
increases, the computational time of the IE
method increases linearly as well. At the same
time, the runtime of the hybrid FD-IE method,
practically, is not affected by the number of
the sources. The reason is that the FD system

of equations is solved using a MUMPS direct solver. This solver
requires most of the computation time for numerical factorization
and much less time for the forward and backward substitution,
which depends on the number of sources (Chung et al., 2014).
These tests demonstrate that the developed hybrid FD-IE method

provides a more accurate solution than the conventional FD method
and, at the same time, it is characterized by a better performance
than the conventional IE method for the multisource data.

SYNTHETIC MODEL STUDY OF THE INVERSION
ALGORITHM BASED ON THE HYBRID

FD-IE METHOD

We have applied our inversion algorithm to synthetic towed
streamer EM data computer simulated for a typical sea-bottom geo-
electrical model. Model 3 consists of two thin hydrocarbon reser-
voirs embedded in a conductive layer of the sea-bottom sediments
as shown in Figure 7. The bodies at the left and right sides in Fig-
ure 7 represent oil and gas reservoirs with resistivities of 50 and
100 ohm-m, respectively. The background consists of a 320 m sea-
water layer with a resistivity of 0.3 and 1 ohm-m half-space repre-
senting the sea-bottom sediments. The oil and gas reservoirs are
located 1100 and 1200 m below the sea surface, with thicknesses
of 200 m for both of them.

Figure 7. Model 3: (a) Vertical section at y ¼ 1000 m, (b) top view with transmitter
(star) and receiver (circle) positions, and (c) 3D resistivity distributions.
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The EM survey consists of five survey lines running in the
x-direction, with distances of 1 km between the lines as shown
in Figure 7b. The electromagnetic field is excited at every
500 m by a horizontal electric dipole oriented in the x-direction with
a moment of 1 Am, which is towed at a depth of 10 m below the sea
surface. Five receivers with offsets between 2400 and 5400 m
are towed at a depth of 100 m and measure inline electric fields
at three frequencies between 0.1 and 2.75 Hz. The synthetic ob-
served towed streamer EM data were generated using the 3D IE
forward modeling code (Hursán and Zhdanov, 2002) with cell sizes

of 100 × 100 × 50 m. The data were contaminated with random
Gaussian noise of 2% of the total electric fields.
The dimensions of the inversion domain were 18 × 8 × 1.6 km.

The inversion domain was discretized into 250 × 250 × 100 m uni-
form cells, from a depth of 400 to 2000 m. The FD modeling do-
main was designed by padding all sides of the inversion domain
with four more layers with logarithmically increasing size; however,
the discretization inside the modeling domain was kept the same as
for the inversion domain. Note that different methods, domains, and
discretizations were used for modeling and inversion. The regulari-

Figure 8. The resistivity distribution recovered
by the inversion of the synthetic towed streamer
EM data on model 3. (a) Vertical section at
y ¼ 1000 m, (b) horizontal section at a depth of
1300 m, and (c) 3D resistivity distributions with
a cutoff value of 3 ohm-m.

Figure 9. The survey configuration for seven-line
data inversion in the local coordinate system.
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zation was based on the combination of the minimum norm and
minimum vertical support stabilizing functional. The inversions
were run on one node of a cluster with 20 Intel Xeon processors,
64 GB, and 2.5 GHz, and it required approximately 3 hours and 25
iterations until the misfit between the observed and predicted data
reached the noise level of 2%.
Figure 8 presents the inversion results. As one can see from the

results, the inversion recovered well the shapes and depths of the
reservoirs.

3D INVERSION OF TOWED STREAMER EM DATA
COLLECTED FROM THE TWOP

We applied the 3D inversion based on the hybrid FD-IE method
to towed streamer EM data collected in the TWOP. The Troll field is
located in the Norwegian sector in the northern part of the North
Sea. The field is separated into three parts: the TWOP, the Troll
West Gas Province (TWGP), and the Troll East Gas Province.
The towed streamer EM data were acquired by PGS over the Troll

field in 2010 and 2012, and the data were inverted successfully
based on the IE method (Zhdanov et al., 2014a, 2014b). In the cur-
rent paper, considering the size constraints of the journal publica-
tion, we present the results of the isotropic inversion only using the
data acquired in 2012. However, the hybrid FD-IE could be applied
for an anisotropic inversion as well. For more information about the
data, geologic setting, and exploration history, we refer the reader to
Zhdanov et al. (2014a, 2014b).
The towed streamer EM data we inverted comprised seven lines

of data at three frequencies between 0.1 and 1.04 Hz. The 8700 m
long EM streamer with eleven receivers with offsets between 1860
and 7554 m was towed at 100 m depth. The EM source was towed at
10 m depth. Figure 9 shows the survey configuration for the seven-
line data over the true locations of the TWOP and TWGP in the
local coordinate system. In this case study, the inversion domain
represents the entire volume under the survey area, where we would
like to reconstruct a 3D distribution of the conductivity. The
inversion domain was selected from −16 to 16 km, −4 to 4 km,
and 400 to 2400 m in the x-, y-, and z-directions. The inversion
domain was discretized using a uniform grid with a cell size
of 250 × 250 × 50 m. The horizontal size of the MSD was
4 × 4 km. The starting model for the inversion consists of 320 m
seawater with a resistivity of 0.27 and a 2 ohm-m half-space.
The inversion was run without any a priori information. The process
of iterative inversion was terminated after 49 iterations when the
normalized misfit reached 2.5%. Figure 10 shows the convergence
plot for the hybrid FD-IE inversion of the Troll survey data.
We present in Figure 11 a comparison of the observed and pre-

dicted data for the final inversion result along line 1. Note that, we
present in this figure the conventional common middle point (CMP)
plots with the half of actual offsets shown in the vertical axis. One
can see a very good fit between the real and the imaginary parts of
the observed towed streamer electric field data and the synthetic
data, generated for the inverse model at a frequency of 0.496 Hz
with the exception of the very near-offset data. This can be caused

Figure 11. (a and b) Observed and (c and d) predicted real, (a and c) and (b and d) imaginary data for inline electric fields at 0.496 Hz along line
1 presented as the CMP plots for the case of unconstraint hybrid FD-IE inversion of Troll field data.

Figure 10. Convergence plot for hybrid FD-IE inversion of the
Troll survey data.
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by simplifications used in our inversion by assuming constant sea-
water conductivity and flat bathymetry.
Figure 12 presents the inversion results at this misfit level. As one

can see, the inversion results correlate very well with the true posi-
tions of the TWOP and TWGP reservoirs. Also, the recovered im-
ages agree well with those recovered by Zhdanov et al. (2014b)
using fully parallelized IE-based inversion.

CONCLUSIONS

We have developed a novel 3D modeling and inversion approach,
which combines the advantages of the FD and IE methods. In the
framework of this approach, Maxwell’s equations for anomalous
electric fields are solved using the FD method on a staggered grid.
The corresponding system of linear FD equations is solved using a
direct solver, MUMPS, which is based on a multifrontal method for

LU factorization. After the unknown electric
fields are determined in the modeling domain us-
ing the FD method, the electric and magnetic
fields at the receiver are computed based on
the Green’s tensor approach. This approach
makes it possible to compute the fields at the
receivers accurately without the need of very
fine FD discretization in the vicinity of the
receivers and without the need for numerical diff-
erentiation and interpolation. The hybrid FD-IE
modeling method was carefully validated by
comparing the results with a 1D semianalytical
solution and with the 3D IE solution. We have
also developed an algorithm of 3D inversion
of towed streamer EM data based on the novel
hybrid FD-IE method. The developed inversion
method was demonstrated in synthetic model
study and a case study from the Troll field.
The resistivity images produced by the hybrid
FD-IE inversion method agree well with the
known reservoir extents and previous inversion
results for the Troll field towed streamer
EM data.
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APPENDIX A

WEIGHTED AVERAGING CONDUC-
TIVITY AND THE CORRESPONDING

VOLUME

In the staggered-grid scheme, the anomalous
electric fields are assigned to the edges of the
cells. The conductivities where the electric fields
are located are represented by a weighted average
of conductivities of the four adjoining cells based
on Ampere’s law (Wang and Hohmann, 1993;
Alumbaugh et al., 1996).
For example, the x-directional conductivity

Δσxði;j−1∕2;k−1∕2Þ located at the edge-center is
averaged by the areas of the four adjoining cells
(Figure A-1a and A-1b) as follows:

Figure 12. The resistivity distribution recovered by the inversion of the towed streamer
EM data from Troll field. (a) Vertical section at y ¼ 1115 m below the survey line 1,
(b) horizontal section at a depth of 1475 m (white dots represent transmitter positions),
and (c) 3D resistivity distributions with a cutoff value of 8 ohm-m.

Figure A-1. Illustration of the process of computing an average conductivity and the
corresponding volume.
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Δσxði;j−1∕2;k−1∕2Þ

¼Δσxði;j;kÞAði;j;kÞþΔσxði;j−1;kÞAði;j−1;kÞþΔσxði;j;k−1ÞAði;j;k−1ÞþΔσxði;j−1;k−1ÞAði;j−1;k−1Þ
Aði;j;kÞþAði;j−1;kÞþAði;j;k−1ÞþAði;j−1;k−1Þ

:

(A-1)

The volume for the corresponding auxiliary cell with respect to the
averaged conductivity Δσxði;j−1∕2;k−1∕2Þ is calculated (Figure A-1c)
as follows:

vði;j−1∕2;k−1∕2Þ ¼ ðAði;j;kÞ þ Aði;j−1;kÞ þ Aði;j;k−1Þ

þ Aði;j−1;k−1ÞÞ · Δxi; (A-2)

where Δxi is the length of the corresponding edge, which deter-
mines the dimension of the cell in the x-direction. Similar consid-
erations are valid for the y- and z-components of the average
conductivities and the corresponding volumes. This volume
of the auxiliary cell is used to solve the volume integral of
Green’s function in equation 10 based on the Gaussian quadrature
method.

APPENDIX B

CALCULATION OF FRÉCHET DERIVATIVES

To derive the Fréchet derivatives based on the QB approximation
on the staggered grid, we start with a discrete form of the equa-
tion 12 at inversion iteration (n) as follows:

E
aðnÞ
α ðrlÞ

¼
XNx

i¼1

XNyþ1

j¼1

XNzþ1

k¼1

Γlði;j−1∕2;k−1∕2Þ
αx ΔσðnÞxði;j−1∕2;k−1∕2ÞE

ðnÞ
xði;j−1∕2;k−1∕2Þ

þ
XNxþ1

i¼1

XNy

j¼1

XNzþ1

k¼1

Γlði−1∕2;j;k−1∕2Þ
αy ΔσðnÞyði−1∕2;j;k−1∕2ÞE

ðnÞ
yði−1∕2;j;k−1∕2Þ

þ
XNxþ1

i¼1

XNyþ1

j¼1

XNz

k¼1

Γlði−1∕2;j−1∕2;kÞ
αz ΔσðnÞzði−1∕2;j−1∕2;kÞE

ðnÞ
zði−1∕2;j−1∕2;kÞ;

(B-1)

where EaðnÞ
α ðrlÞ is the α component of a predicted anomalous elec-

tric field at the receiver position; rl, Δσ
ðnÞ
β , and E

ðnÞ
β are anomalous

conductivity and electric fields in the β direction within the inver-
sion domain on the staggered grid.
By substituting equation A-1 into equation B-1, we can find

the Fréchet derivatives based on QB approximation with respect
to the β directional conductivity Δσβ. For example, the Fréchet
derivative of the α component of the electric fields, receiver position
rl, and n iteration with respect to the x-directional conductivity
ΔσðnÞxði;j;kÞ is

F
ðnÞ
α ðrlÞjΔσxði;j;kÞ

¼ FðnÞ
αx ðrlÞ ¼

Aði;j;kÞΓ
lði;j−1∕2;k−1∕2Þ
αx E

ðnÞ
xði;j−1∕2;k−1∕2Þ

Aði;j;kÞ þ Aði;j−1;kÞ þ Aði;j;k−1Þ þ Aði;j−1;k−1Þ

þ
Aði;j;kÞΓ

lði;jþ1∕2;k−1∕2Þ
αx E

ðnÞ
xði;jþ1∕2;k−1∕2Þ

Aði;j;kÞ þ Aði;jþ1;kÞ þ Aði;j;k−1Þ þ Aði;jþ1;k−1Þ

þ
Aði;j;kÞΓ

lði;j−1∕2;kþ1∕2Þ
αx E

ðnÞ
xði;j−1∕2;kþ1∕2Þ

Aði;j;kÞ þ Aði;j−1;kÞ þ Aði;j;kþ1Þ þ Aði;j−1;kþ1Þ

þ
Aði;j;kÞΓ

lði;jþ1∕2;kþ1∕2Þ
αx E

ðnÞ
xði;jþ1∕2;kþ1∕2Þ

Aði;j;kÞ þ Aði;jþ1;kÞ þ Aði;j;kþ1Þ þ Aði;jþ1;kþ1Þ
: (B-2)

In the case of a cell-center-based grid such as in the IE method,
the Fréchet derivative based on QB approximation with respect to
ΔσðnÞxði;j;kÞ can be represented as follows:

F
ðnÞ
α ðrlÞjΔσxði;j;kÞ ¼ Γlði;j;kÞ

αx E
ðnÞ
xði;j;kÞ: (B-3)

Comparing equations B-2 and B-3, one can see that the Fréchet
derivative at a point ði; j; kÞ is a weighted average of the Fréchet
derivatives at the four points of the edge-centers of the cell
ði; j; kÞ. The Fréchet derivatives with respect to the y- and z-direc-
tional conductivity can be derived in a similar way.
In matrix notation, equation B-2 can be generalized as follows:

FðnÞ
β ¼ FðnÞjΔσβ ¼ Ĝ 0E

β E 0ðnÞ
β Cβ ¼

2
64
G 0E

xβ

G 0E
yβ

G 0E
zβ

3
75E 0ðnÞ

β Cβ; (B-4)

where FðnÞ
β is a 3L × N matrix of the Fréchet derivatives with respect

to the β directional conductivity, Δσβ; Ĝ
0E
β is a 3L × Ne

β matrix con-
taining the electric Green’s tensor integrals with respect to the β
directional conductivity; E 0ðnÞ

β is an Ne
β × Ne

β diagonal matrix with
β components of the electric fields; and Cβ is an Ne

β × N weighted
averaging matrix. For representation purposes, we introduce the
weighted averaging matrix Cβ but the actual calculation of the
weighted average of Ĝ 0E

β E 0ðnÞ
β can be easily made in a 3D ma-

trix array.
In the case of isotropy, the Fréchet matrix can be represented as

FðnÞjΔσ ¼
2
4
G 0E

xx

G 0E
yx

G 0E
zx

3
5E 0ðnÞ

x Cx þ
2
4
G 0E

xy

G 0E
yy

G 0E
zy

3
5E 0ðnÞ

y Cy

þ
2
4
G 0E

xz

G 0E
yz

G 0E
zz

3
5E 0ðnÞ

z Cz ¼ FðnÞ
x þ FðnÞ

y þ FðnÞ
z : (B-5)

The Fréchet derivatives for the magnetic field can be found by
replacing the electric Green’s tensors in equation B-5 with the mag-
netic Green’s tensors.
As one can see, the Green’s tensors used for field calculations in

equation B-1 are the same as those used for Fréchet calculation in
equation B-2. Therefore, we can precompute the Green’s tensors on

Hybrid FD-IE modeling and inversion E335

D
ow

nl
oa

de
d 

08
/0

3/
16

 to
 6

3.
22

6.
94

.3
0.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SE

G
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 T

er
m

s 
of

 U
se

 a
t h

ttp
://

lib
ra

ry
.s

eg
.o

rg
/



the staggered grid only once and reuse them for the Fréchet calcu-
lation as well as the field calculation, which results in a very effi-
cient inversion method.
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