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ABSTRACT

This paper develops a novel approach to inversion of gravity and gravity gradiometry data
based on multinary transformation of the model parameters. This concept is a generaliza-
tion of binary density inversion to the models described by any number of discrete model
parameters. The multinary inversion makes it possible to explicitly exploit the sharp con-
trasts of the density between the host media and anomalous targets in the inversion of
gravity and gravity gradiometry data. In the framework of the multinary inversion method,
we use the given values of density and error functions to transform the density distribution
into the desired step-function distribution. In order to accommodate to a possible devia-
tion of the densities from the xed discrete values, we introduce an adaptive technique for
selecting the corresponding standard deviations, guided by the inversion process. The novel
adaptive multinary inversion algorithm is demonstrated to be e ective in determining the

shape, location, and the densities of the anomalous targets. We show that this method can
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INTRODUCTION

Traditional methods of gravity inversion characterize the density distribution in the area
of interest by a function, which varies continuously within the given bounds. In order
to ensure the unique and stable solution of the gravity inverse problem, one can impose
additional conditions on the density, such as minimum norm (Tikhonov and Arsenin, 1977),
or maximum smoothness (Constable, et al., 1987) constraints. However, the inverse models
produced by traditional inversions are still represented by a continuous distribution of the
density over the anomalous targets. At the same time, typical geological structures, such
as salt dome, hydrocarbon reservior, and ore deposits, are usually characterized by a sharp

boundary separating the target and a host rock.

In recent years, several techniques have been developed to recover anomalous targets
with high contrasts between physical properties and sharp boundaries. For example, one
can use focusing regularization (Portniaguine and Zhdanov, 1999; Zhdanov, 2002, 2009) to
recover model parameters with sharp physical property contrasts. We should mention also
the clustering-based inversion methods, which are usually used to impose the constraints
on the inversion results (e.g., Paasche and Tronicke, 2007; Lelievre et al., 2012; Sun and Li,
2015). However, all these methods still produce a continuous distribution of the physical

properties, even if the inverse images become more focused and sharp.

One way of generating sharp boundaries in inverse models is based on using discrete
values of the model parameters. An example of this approach is provided by the method of
binary inversion, where the model parameters can take two possible discrete values only. A
binary inversion algorithm was realized using stochastic optimization methods (e.g. Bosch

et al., 2001; Krahenbuhl and Li, 2006), or a level set method (e.g., Osher and Sethian, 1988;

© 2017 Society of Exploration Geophysicists.



Lbrary.seg sy o o A w o =
NP o

utse/]

w5

GEOPHYSICS

Santosa, 1996; Dorn and Lesselier, 2006; Li et al., 2016).

In the paper by Zhdanov and Cox (2013), the binary inversion was extended to any
number of discrete values of the model parameters by introducing a novel method based
on multinary functions, which are de ned as those functions accepting a nite number of
discrete values. This concept is a generalization of binary density inversion. The funda-
mentally new idea of this method is related to the transformation of the continuous density
distribution into the desired step-function distribution using the given discrete values of
density and the error functions. The degree of \sharpness"of the inverse density model is
determined by the values of the corresponding standard deviations of the error functions,
used for the multinary transform. The small values of the standard deviation generate a
focused image of the density model with sharp boundaries, while the large values produce
a relatively smooth model. Therefore, selection of the optimal values of the corresponding
standard deviation represents a critical element of multinary inversion method. In this
paper, we introduce a solution of this problem based on adaptive adjustment of the values
of the corresponding standard deviation during the inversion process based on regularized

conjugate gradient method. We call this method an adaptive multinary inversion.

We have developed an algorithm of adaptive multinary inversion for gravity and gravity
gradiometry data. The method was tested on 3D synthetic models and also applied to
the gravity data generated for an SEG salt dome density model. We also present a case
study for the adaptive multinary inversion of the FTG gravity gradiometry data acquired

in Nordkapp Basin of the Barents Sea.
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root of the integrated sensitivity matrix, which is equivalent to including a depth weighting

factor in the inversion algorithm (Zhdanov, 2002).

In a general case, the recovered density distribution is described by a continuous func-
tion. In some geophysical applications, the desired physical property (e.g., density in the

case of a gravity inverse problem) can be described by the binary function as follows:
mi = {mi(l) =0, mi(z) = 1}, 5)
or by the ternary function:

m = {mi(l) = 1,mi(2) =0, mi(3) = 1}. (6)

Further, we can extend the description of the distribution of a physical property (e.g.,

density) using the multinary function of order P, having discrete number of values:

mp = {mi(l),m-(z)j...,mi(P)}. @)

The main di culty with using multinary functions in the regularized gradient type in-
version is that the derivative-based minimization of the Tikhonov parametric functional is
di cult to implement. In order to overcome this di culty, Zhdanov and Cox (2013) in-
troduced a transform of the model parameters and their sensitivities from the continuous
functions to their multinary function representation using monotonically increasing func-
tions. As a result, one can arrive at the conventional inverse problem, which could be solved

using a standard gradient-type method.

MULTINARY MODEL TRANSFORM

The nonlinear transformation of the continuous function into the multinary function can be

described as follows. We transform the original vector of anomalous density distribution,

© 2017 Society of Exploration Geophysicists.
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= [p1,p2, ., PN, 1T, iNto @ new vector model space, ~ = [p1, 2, ..., in, 1", de ned by a

number of discrete (multinary) densities, pU) (j = 1,2, ...P), using a superposition of error

functions:
1g pi. p9)
Z)]:E(pi)chi*_*z l+erf ﬁf; ai:]-""va; (8)
2 = 20
where the error function, erf(z), is de ned as follows:
2 [
erf(z) = p= e = dt, (C)]
™ Jo

and parameter o is a standard deviation of the value pU). The important property of

function E (p;) is that it is a monotonically increasing function.

We will call p; the \quasi-multinary densities"”, because they are described by some
smoothed step functions. We use the quasi-multinary density as an approximation of the
strict multinary function in order to avoid the singularities in the inverse multinary trans-
form. The constant ¢ is a small number to avoid singularities in the calculation of the deriva-
tives of the quasi-multinary densities, pj, and P is a total number of discrete (multinary)
values of the model parameters (densities), pU). The discrete densities, p0)(j = 1,2, ..., P),
can be chosen a priori based on the known geological information (e.g., core samples). We
will show below that it is not necessary to know the discrete densities exactly. The multi-
nary inversion produces a stable result even in a case of some di erences between the true
(estimated) discrete values of the density model and multinary densities present in formula

8.

Note that, the derivative of the error function 9 is equal to the corresponding Gaussian

function, therefore the derivative of the quasi-multinary densities, pj, can be calculated as

© 2017 Society of Exploration Geophysicists.
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a superposition of the Gaussian functions, G (pi pi(j)) , as follows:
~ P
dpi _ OF (pi) Q)
an an g ()=> G (p. pi ) ¢ (10)

i=1

where

)2
G (pi pi(j))=9%mexp (plzaiz[)l)

(11)

One can see that introducing ¢ > 0 ensures that this derivative is always positive,

OE (pi)/0pi > 0, which con rms the monotonic nature of function £ (p;).

Expressions 8 and 10 demonstrate that the quasi-multinary function can be interpreted
using an analogy from statistics, where the Gaussian function 11 represents the probability
density function (PDF) of each discrete density p; with the mean value pi(j) and the standard
deviation o (Zhdanov, 2015). The quasi-multinary function, E (p;), can be treated as a
corresponding cumulative density probability function (CDPF) of each discrete density, pi,

considered as a random variable.

Panel (a) in Figure 1 presents an example of the quasi-multinary function (cumulative
density probability function) of three discrete densities, while panel (b) shows its derivative
(probability density function), where values of the discrete densities are as follows: -1.0
g/cm3, 0.0 g/em® , 0.5 g/em?, and o = 0.02. One can see from this gure how a continuos
distribution of the anomalous density along the horizontal axis can be transformed into
the step-wise distribution, E(p;), along the vertical axis. It is also important to note that,
according to the basic principles of statistics, the small values of the standard deviation o
correspond to the narrow Gaussian probability distribution, while the large o generates wide
and smooth probability function. In terms of the quasi-multinary functions this means that
these functions provide a more accurate approximation of the strict multinary functions for

a smaller standard deviation . In other words, the quasi-multinary transform 8 with the

© 2017 Society of Exploration Geophysicists.
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small o produces a more focused and sharp inverse density model than that with a large
standard deviation. Thus, the choice of the optimal values of standard deviations used in

the quasi-multinary transform represents one of the critical problems of the inversion.

INVERSION ALGORITHM

As a result of the multinary model transform, the original density distribution, , is changed

into the transformed distribution, ~. Therefore, the original inverse problem 1 takes the
following form:

d=AE 'O=A (), (12)
where A is the new forward modeling operator acting in the transformed model space
~. We should note that, the inverse transform (from transformed distribution, ~, back to
original density distribution, ) cannot be described by an analytic function. Therefore, in
order to implement numerically the inverse transform, one have to create a densely sampled

look-up table over a range of the model parameters. The transformed parameters are then

converted back to the original model space with interpolation.

We solve the inverse problem 12 based on the minimization of the following Tikhonov

parametric functional:

~ 2 —~ 2
P(O)=|WaA () o) +an|[Wa( )|t min. (13)

Remarkably, the original parametric functional 4 is always convex for linear forward
operator A and has a unique global minimum (Tikhonov and Arsenin, 1977; Zhdanov,
2002). This property of the Tikhonov parametric functional ensures the convexity of the
modi ed functional, P (7), because transformation £ into the multinary model space is a

known monotonically increasing function.

© 2017 Society of Exploration Geophysicists.
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We apply the regularized conjugate gradient (RCG) method to nd the global minimum

of the parametric functional P (7) (Zhdanov, 2002, 2015):
m = ACy) d
I = IET;n Wirn + an W5 (T “apr)s
Bn = kik*/ [ 1”2’
I = lh+Baly 1,10 =g, (14)

1

+ ap ||Wml

ky = (Tnaln)/ [de&;nTn i

~n+1 - ~n kn Im
where F is the corresponding Frechet derivative operator for A .

As one can see, equations 12 through 14 include standard deviation o as a parameter.
For a relatively simple synthetic model, a xed standard deviation o usually works well for
the multinary inversion. However, in a case of inversion of the eld gravity data, a xed o
cannot guarantee the convergence. Indeed, in a case of small o we assume that the density
distribution in the subsurface could not deviate signi cantly from a number of preselected

xed discrete values, p0) (j = 1,2,...P), used in the de nition of the multinary transform
8. However, the actual distribution of the densities in the subsurface may be signi cantly
di erent from the given values of pU). In this case we will observe a slow convergence of
the RCG algorithm, or even attering of the results of the inversion, because the model
parameters would not have enough freedom to accommodate to the observed gravity data.
In order to overcome this problem, one should increase the standard deviation to provide

more exibility for the density distribution of the inverse model to t the observed data.

We have developed a method of adaptive multinary inversion, which implements the

approach outlined above by automatically increasing the standard deviation during the

© 2017 Society of Exploration Geophysicists.
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RCG iterative process if the mis t does not decrease fast enough. In the framework of this
approach, the standard deviation, oy, for each iteration, n, is determined according to the

following formula:

0n ]_+50', if 5 @n<5§0n 1

on=93 on1, if 50 5 o1, (15)

{ Omax, 1T on > omax,

where o is the increment of the adaptive standard deviation, on; 5 ¢, is the gradient of

the normalized mis t,

~ 2 ~ 2
s ={[WaB . ) o |WeA ) o /e as)
and omax is the given upper limit of o to ensure the validity of the multinary approach.

In order to calculate the Frechet derivative with respect to the new model parameters,

~, we apply the variational operator d, to equation 12, as follows:
5pd = SpA[E 1(M)]=Ad, . 17)

We note that, according to equation 10, variation J, can be calculated using scalar nota-

tions as follows:

Sepi =g “(p)opi. (18)
Formula 18 in matrix notations has the following form:
dp =9 ()5, (19)
where g is a diagonal matrix formed by the scalar components g (pi), i =1,2,...Nn.

Substituting 19 into 17, we nd

spd=Ag () =F 5. (20)
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density of 0.5 g/cm? has a size of 800 m 800 m 800 m and its center is located at a
depth of 1000 m. The horizontal distance between two bodies is of 3600 m. The value
of the background density was set at 0. The synthetic gravity eld G, contaminated by
3% Gaussian noise, was used as the observed data. The 3% is the peak noise level of the
synthetic observed data, where the mean value and the standard deviation are 1.5% and
0.5%, respectively. The multinary function was set to recover three discrete densities of 0
g/emB, -1 g/em® and 0.5 g/ecm® (where value 0 represents the background density model)
with xed standard deviation o = 0.02. The representation of the multinary model trans-
form and its derivative are shown in Figure 1 panel (a) and (b). The iterative process of
the RCG algorithm was terminated when the norm of the di erence between the observed

and predicted data reached the level of noise, 3%.

Figure 2, panel (a), presents the pro les of the predicted gravity eld (solid line) and
the synthetic gravity eld G, (dotted line), obtained by the inversion, at Y = 3500 m
(Northing). Panel (b) in the same Figure shows the vertical cross section of the synthetic
model, corresponding to this pro le, while panels (c), (d) and (e) provide the same cross
sections of the recovered density distribution using conventional, focusing, and multinary
inversions, respectively. In the case of conventional inversion, we assumed that the density
distribution was represented by a continuous function, and we applied a standard regularized
conjugate gradient method with the minimum norm stabilizer (Zhdanov, 2002). In the case
of focusing inversion, we applied a reweighted regularized conjugate gradient method with
the minimum support stabilizer (Portniaguine and Zhdanov, 1999; Zhdanov, 2002). One
can see that the conventional inversion with the minimum norm stabilizer failed to recover
the correct values of the densities and locations of the anomalous bodies. The focusing

inversion produced a more contrast plot with the clearer images of the bodies; however,

© 2017 Society of Exploration Geophysicists.
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CASE STUDY: MULTINARY INVERSION OF FTG DATA AT THE

NORDKAPP BASIN

The Nordkapp basin is a deep narrow salt basin in the southern Barents Sea (Figure 14,
modi ed from Worsley (2008)). The south-western part of the Nordkapp Basin (Obelix
survey location, in Figure 15) is a narrow, north east-trending sub-basin 150 km long and
25-50 km wide. It contains some 17 salt diapirs located along the basin’s axis (Figure 15,
modi ed from Gernigon et al (2011)). The north eastern part is a wider east-trending
sub-basin about 200 km long and 50-70 km wide. More than 16 salt diapirs occur west of
the 32 E meridian. Exploration in the Nordkapp basin started in the 1980’s but remained
limited until the early 1990’s (Neilsen et al., 1995; Henriksen and Vorren, 1996). Recent
improvements in the interpretation of the basin’s structural history and discovery of hydro-
carbons in wells outside the basin suggest it as a promising exploration target (Bugge et

al., 2002).

Figures 14 depicts the main structural elements in the Barents sea and the Nordkapp
Basin with FTG survey location. The predominant exploration features known from this
area are the complex salt diapirs (see Figure 15) and their related structural traps. The
marine FTG survey was acquired by Bell Geospace on behalf of StatoilHydro (Dr. Farrelly,

personal communication).

Much of the present uncertainty and exploration risk associated with these salt features
results from severe seismic imaging/distortion problems and subsequent interpretation am-
biguity of the salt isopach (speci cally the ability to seismically de ne/map the salt base).
Figure 16 presents an example of depth migrated pro le (line L1 in Figure 17 ) from 3D

survey showing salt feature F2 and typical imaging ambiguity of high resolution seismic.

© 2017 Society of Exploration Geophysicists.
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target area. Panel (b) shows the variation of standard deviation, o, during the adaptive

multinary inversion.

Figures 21 through 23 show the maps of the observed FTG data versus the predicted
data for Gz, Gzx and Gy components, respectively. Figure 24 (a~c) shows a comparison
between the observed FTG data (red line) used for multinary inversion and the predicted
data (blue line) for the FTG components along the A-A’ pro le. One can see a very good
data tting. The panels (d) and (e) show the cross sections of the recovered models using
the conventional smooth and multinary inversions along the A-A’ pro le, respectively. One
can see that, the conventional inversion can only show a weak anomaly for the salt diapir,
G2; however the multinary inversion recovers the boundaries of the salt body with sharp
density contrast very well. This can be also shown by the inversion result along the B-B’
pro le in Figure 25. Figure 26 shows the horizontal cross sections at a depth of 3000 m
for the recovered models. Note that, these results are in good correlation with the images
obtained by iterative migration of the FTG data (Wan and Zhdanov, 2013); however, the

multinary inversion produces a sharper density contrast.

Figure 16 (b) shows a combination plot of the seismic pro le L1 with the recovered
density distribution using the multinary approach in the same location. One can note that
the anks and the salt base are clearly seen in this gure; however, the density structure of
the salt diapir appears to be slightly more compact than in the seismic image. Thus, the
inversion results demonstrate that the multinary inversion approach has a strong potential
to improve the quality of the conventional gravity inversion for geological targets with sharp

density contrast, e.g., a salt dome structure.

© 2017 Society of Exploration Geophysicists.
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CONCLUSION

We have developed an adaptive multinary inversion method to solve the gravity and gravity
gradiometry inverse problem with the anomalous bodies characterized by a nite number
of discrete values of the densities. We have demonstrated that this inverse problem can
be solved using gradient-type optimization method with adaptive selection of the standard
deviation of the corresponding multinary transform. We have tested this method with two
3D synthetic models: a two-body model and a modi ed SEG salt dome density model.
The results of our modeling studies demonstrated that multinary inversion can recover the
approximate shapes and locations of the anomalous bodies well at their true densities. We
have also applied this method to the FTG data of the Nordkapp Basin and located the salt
diapirs with sharp density contrast. Thus, the results of our studies demonstrate that the
novel adaptive multinary inversion approach has a strong potential to improve the quality of
the conventional smooth gravity inversion for geological targets with sharp density contrast,

e.g., a salt dome structure.
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LIST OF FIGURES

1 Model 1. An example of the multinary function of the third order: (a) a cumulative
density probability function, (b) its derivative (probability density function). The values of
the discrete densities are as follows: -1.0 g/cm?3, 0.0 g/em® , 0.5 g/em?®, and o = 0.02.

2 Model 1. Panel (a): Predicted gravity eld (solid line) vs. synthetic gravity eld
G, (dotted line) along the pro le at Y = 3500 m (Northing). Panel (b): vertical cross sec-
tion of the synthetic model. Panels (c), (d) and (e) provide the same cross sections of the
recovered density distribution using the conventional, focusing, and multinary inversions,
respectively.

3 Model 1. 3D views of the synthetic model (panel a) and the inversion result (panel
b). The cut o values of the densities are > 0.45 g/cm? for a large body and < 0.9 g/cm?®
for a small body.).

4 Model 1. Panel (a) shows the approximate representations of the multinary model
transform, and panel (b) shows its derivative, Gaussian function, with the wrong densities
(dotted line) and the right densities (solid line). The values of the wrong and right discrete
densities are [ 0.7,0.0,0.35] and [ 1.0,0.0,0.5], respectively, and o = 0.02.

5 Model 1. Panels (a) and (b): Predicted gravity eld (solid line) vs. synthetic ob-
served gravity eld G, (dotted line) along the pro le at Y = 3500 m (Northing) computed
using the multinary inversion with the right densities and the wrong densities, respectively.
Panels (c) and (d) provide the same cross sections of the recovered density distribution as
Fig.1 using the multinary inversion with the right densities and the wrong densities, respec-
tively.

6 A 3D view of the SEG salt model.

7 Model 2. Panel (a) shows the approximate representation of the multinary model

© 2017 Society of Exploration Geophysicists.
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transform, and panel (b) shows its derivative, Gaussian function. The values of the discrete
densities are as follows: -0.5 g/cm® and 0.0 g/cm?, and o = 0.05.

8  Model 2-1. Gravity eld of the SEG salt model. The white lines show pro les A
and B.

9 Model 2-1: Predicted gravity eld (solid lines) vs. synthetic gravity data (dotted
lines) along the pro le A at Y = 1900 m (Northing) for (al) G, component. Panel (a2)
presents the vertical cross section of the synthetic model. Panels (a3) and (a4) provide the
same cross sections of the recovered density distribution produced by conventional inversion
and multinary inversion, respectively. Panels (b1)~(b4) show the same gures for pro le B
at Y = 2600 m (Northing).

10 Model 2-1: Predicted FTG eld (solid line) vs. synthetic FTG data (dotted line)
along pro le A at Y = 1900 m (Northing) for (al) Gz, (a2) Gx, (a3) Gy, (a4) Gxx, (a5)
Gyy and (a6) Gy, components. Panel (a7) presents the vertical cross section of the syn
thetic model. Panels (a8) and (a9) provide the same cross sections of the recovered density
distribution obtained byconventional inversion and multinary inversion, respectively. Pan-
els (b1)~(b9) show the same gures for pro le B at Y = 2600 m (Northing).

11  Model 2-2. Gravity eld of the SEG salt model with varible background. The
white lines show pro les A and B.

12 Model 2-2: Predicted gravity eld (solid line) vs. synthetic gravity data (dotted
line) along pro le A at Y = 1900 m (Northing) for (al) G, component. Panel (a2) presents
the vertical cross section of the synthetic model. Panels (a3) and (a4) provide the same cross
sections of the recovered density distribution using conventional inversion and multinary in-
version, respectively. Panels (b1)~(b4) show the same gures for pro le B at Y = 2600 m

(Northing).
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13 Model 2-2: Predicted FTG eld (solid line) vs. synthetic FTG data (dotted line)
along the pro le A at Y = 1900 m (Northing) for (al) Gz, (a2) Gzx, (a3) Gzy, (a4) Gxx,
(a5) Gyy and (a6) Gyy components. Panel (a7) presents the vertical cross section of the
synthetic model. Panels (a8) and (a9) provide the same cross sections of the recovered den-
sity distribution using conventional inversion and multinary inversion, respectively. Panels
(b1)~(b9) show the same gures for the pro le B at Y = 2600 m (Northing).

14  Main structural elements in the Barents Sea area, location of Nordkapp Basin and
3D FTG survey. Modi ed from Worsley (2008).

15 Simpli ed structural map of the Nordkapp Basin showing salt diapirs and main
fault zones. Modi ed from Gernigon et al (2011).

16 Panel (a) presents a depth migrated pro le (line L1 in Figure ??) from 3D seismic
survey showing salt feature F2. Panel (b) shows the same seismic pro le (L1) overlaped
with the cross section of the result of multinary gravity in the same location.

17 Case study. Map of the G, component of the FTG data with the salt diapirs F2
and G2. The white lines show the location of the A-A’ and B-B’ pro les and the seismic
survey line L1.

18 Case study. Panel (a) shows the approximate representation of the multinary model
transform, and panel (b) shows its derivative, Gaussian function. The values of the discrete
densities are as follows: -0.4 g/cm?3, 0.0 g/cm® , 0.2 g/cm?, and ¢ = 0.05.

19 Case study. Panel (a) shows the approximate representation of the multinary model
transform, and panel (b) shows its derivative, Gaussian function. The values of the discrete
densities are as follows: -0.4 g/cm?3, 0.0 g/cm® , 0.2 g/cm?, and ¢ = 0.08.

20 Case study. Panel (a) presents the convergence plots of the mis t (dashed line) and

parametric functional (solid line) vs. the iteration number. Panel (b) shows the variation

© 2017 Society of Exploration Geophysicists.
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of the standard deviation o during the adaptive multinary inversion.
21 Case study. Maps of the observed FTG data (panel a) and the predicted gravity
eld G2z (panel b), and their di erences (panel c).
22 Case study. Maps of the observed FTG data (panel a) and the predicted gravity
eld Gzx (panel b), and their di erences (panel c).
23 Case study. Maps of the observed FTG data (panel a) and the predicted gravity
eld G2y (panel b), and their di erences (panel c).

24  Case study. Predicted gravity eld (blue line) vs. observed FTG data (red line)
along the A-A’ pro le for (a) Gz, (b) Gzx and (c) Gy components. Panels (d) and (e)
provide the cross sections of the recovered density distribution using conventional inversion
and multinary inversion, respectively.

25 Case study. Predicted gravity eld (blue line) vs. observed FTG data (red line)
along the B-B’ pro le for (a) Gz, (b) Gzx and (c) G,y components. Panels (d) and (e)
provide the cross sections of the recovered density distribution using conventional inversion
and multinary inversion, respectively.

26  Case study. Horizontal section of the recovered model at a depth of 3000 m.

© 2017 Society of Exploration Geophysicists.
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