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Gravity and long-period magnetotelluric data are combined in a joint Gramian inversion to obtain structurally-
similar 3D density and electrical resistivity models of the Yellowstone magmatic feeding system. Structural
constraints are enforced through a correlation of the model gradients. Gravity data are sensitive to upper-crustal
structure, whereas long-period magnetotelluric data are more sensitive to deeper structure. By combining these
complementary data, the jointly inverted models provide a consistent image of the partially molten structure

underlying the Yellowstone Caldera from the surface to the Moho. Discrete zones of inferred partial melt in the
upper and lower crust are fed by a southwest trending plume, and satisfy expectations from modern mantle

plume models.

1. Introduction

The deep magma-feeding structures underlying volcanoes are often
poorly resolved. To better resolve these structures, integration of all
available data needs to be done; however, this has not been done at
Yellowstone. We partially address this problem by jointly inverting
existing gravity and magnetotelluric (MT) data using a joint inversion
based on Gramian constraints (Zhdanov et al.,, 2012). The various
geophysical data are complementary for subsurface characterization,
making it natural to consider a formal mathematical framework for
their joint inversion to a shared model of Yellowstone. In particular, the
gravity method is generally more sensitive to density and upper-crustal
structure, whereas long-period MT sites are more sensitive to resistivity
and deeper structure. By exploiting the strengths of both methods in a
joint inversion, we gain the benefit of limiting null space in the models.
By structurally constraining each physical property distribution with
the other, we obtain uniform spatial boundaries of anomalous zones, to
be demonstrated.

There are two main approaches to the joint inversion of geophysical
data: a direct petrophysical correlation, or a structural correlation. In
the petrophysical approach, direct correlation or anti-correlation is
assumed to exist between the modeled geophysical properties
(DeStefano et al., 2011; Moorkamp et al., 2013). This approach is de-
pendent on the validity of the petrophysical operator, which may be
constituted using some empirical relation (e.g., Archie's law) or

stochastically from well-logs (Colombo and Rovetta, 2018). Haber and
Oldenburg (1997) developed a framework for the structural approach,
which is not dependent on a direct correlation between the modeled
parameters. In this approach, structural similarity between the models
is based on the correlation of a model property such as the gradient,
Laplacian, etc. An applied example of the structural approach is the
cross-gradients method of Gallardo and Meju (2003). Zhdanov et al.
(2012) introduced a unified approach to joint inversion using Gramian
constraints. In this generalized approach, it can be shown that methods
based on direct correlations and/or structural constraints are special
case reductions. Zhdanov et al. (2016) applied this approach to air-
borne electromagnetic and potential field data. We present an appli-
cation of the Gramian approach to the joint inversion of gravity and MT
data.

The inversion workflow consists of performing standalone 3D in-
versions of the gravity and MT data to select appropriate inversion
parameters. This information is passed as input to the joint 3D inversion
using Gramian constraints. The results of standalone and joint inver-
sions are compared for a synthetic model of Yellowstone to demonstrate
the efficacy of the developed method and algorithm. We then apply our
method to the joint inversion of gravity and MT data acquired around
Yellowstone National Park.

Basaltic and rhyolitic volcanism has migrated northeastward along
the Yellowstone Snake River Plain (YSRP) axis during the late Cenozoic,
possibly due to interactions with a deep mantle plume (Hadley et al.,
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1976; Smith and Braile, 1994; Smith et al., 2009). The Yellowstone
region is composed of an outer zone with rhyolitic ash-flow tuffs, small
rhyolitic lava flows, and basaltic sheets; and an inner zone with very
large rhyolitic lava flows (Boyd, 1961). The large Basin and Range type
faults surrounding Yellowstone are terminated on or near the caldera
rims; therefore, these structures apparently existed before the arrival of
the Yellowstone hotspot to its current location (Glen and Ponce, 2002;
Zoback and Thompson, 1978). They were destroyed on the surface by
the large caldera-forming eruptions; however, they are still present at
depth. Therefore, one of the important goals of studying the Yellow-
stone volcanic system is understanding how the caldera interacts with
the magma-feeding system at depth.

We focus on constructing the deep magma-feeding structure of the
Yellowstone volcanic system. Until recently, this problem was primarily
studied using seismic methods (e.g. Farrell et al., 2014; Smith et al.,
2009). These models commonly resolve a discontinuous low-velocity
zone extending into the upper mantle. The shallowest (< 20 km depth)
component of this zone has broadly been interpreted as rhyolitic partial
melt, which fails to explain the high CO, flux measured in the caldera
(Lowenstern and Hurwitz, 2008). More recently, Huang et al. (2015)
resolved a distinct lower-crustal low velocity zone interpreted as ba-
saltic partial melt-providing a magmatic link between the mantle
plume and the upper-crustal partial melt. In the last decade, various
density models have been developed (e.g. DeNosaquo et al., 2009)
which commonly resolve an upper-crustal low density zone consistent
with an interpretation of rhyolitic partial melt. Various resistivity
models have also been developed (Cuma et al., 2017; Kelbert et al.,
2012; Megbel et al., 2014; Zhdanov et al., 2011), which commonly
resolve a deep conductive mantle plume, but widely vary with respect
to crustal structure. We develop and present images of the Yellowstone
magmatic system which share common structure from the surface to the
Moho.

2. Forward modeling

Gravity data, g,, are calculated with the following integral formula:

g.@) = yffﬁ) p(r)ﬁdw o

where vy is the universal gravitational constant and p(r) is the anom-
alous density distribution.

We also utilize all components of the MT impedance tensor. The
total EM fields used to determine impedance values are calculated with
the following integral equations (Zhdanov and Keller, 1992):

E(r) = Eb() + fﬂ; G (r' | ©)Ac (r)(BEV(r) + E%(r))dv, @

H@) = B@) + [[f 64(' 100 @ E @) + E@)dv, 3

where Gg(r' | ¥) and Gy (r' | 1) are the electric and magnetic Green's
tensors and Ao(r) is the anomalous conductivity distribution. We use
the contraction integral equation method of Hursan and Zhdanov
(2002) to solve Egs. (2) and (3). More details about the computer im-
plementation of the integral equation method for MT field modeling
can be found in Zhdanov (2018).

3. Joint inversion with Gramian constraints

The gravity and MT inverse problems can be written in the form of
the following operator equations:

m® = AV-1d0 i = 1, 2, @

where d®, (i = 1,2) are the observed gravity and MT data, and m®,
(i=1,2) are the unknown density and geoelectrical resistivity dis-
tributions, respectively. Following the principles of Tikhonov regular-
ization (Tikhonov and Arsenin, 1977) and Gramian stabilization
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(Zhdanov, 2015), we solve Eq. (4) by minimizing the following joint
parametric functional:

2 2
P*(m®, m®) = Z »® (m®) + Z aOsyy (m®) + s (Vm®,Vm®)
i=1 i=1

(5)

where the terms ¢® are the data misfit functionals:

@ (m®) = WP (ADm®) — dD)I?, i =1, 2, 6)

W, are the data weighting operators, and A® are the forward
modeling operators. The terms syn(m®) are the minimum norm sta-
bilizing functionals:
sun (m®) = IWQ(m®» — mQ)IP, i= 1,2, @
where W, are the model weighting operators, and mapr( are the a
priori models. The Gramian constraint term for structural correlation of
the models is defined as follows:

i)

(Vm®D,ym®y (Vvm®,vm®@)

) 2y =
sg (VmY,Vm?)y (Vm(z),vm(l)) (Vm(z),Vm(z))~

®

where Vm® are the model gradients. The determinant is basically a
measure of two gradients being parallel, similar to the cross-gradient
method. As we minimize this term, the model gradients become par-
allel, enforcing structural similarity. Finally, the terms a® and $ are
adaptive regularization parameters which monotonically decrease the
stabilizers. The first iteration is run with these parameters set to zero, or
no regularization. After the first iteration, the initial values are de-
termined as follows:

af) = @@ (m®)

syn (m®)’ )
[3 _ qo(i) (m(i))
°7 5¢(Vm®D,Vvm®@)y’ (10)

and regularization on subsequent iterations is determined by the fol-
lowing progression of numbers:

al =a’q", g <1, (11

B.=hq"q<1,

where n is indexed up on iterations where the data misfit fails to de-
crease by 1% relative to the misfit on the previous iteration, and
q = 0.95.

Model parameters are normalized by a function of the sensitivity:

a2

W) = diag ({/F)"F)), as)
where Fm(i) is the Fréchet derivative of A®(m®). This normalization
ensures the uniform sensitivity of the data to the normalized model
parameters. Matrices W, are stored as sparse m x m diagonal ma-
trices.

The model parameters are further scaled in the joint inversion such
that they are approximately bounded between [—1,1] with the fol-
lowing transform:

Wi (m® — m)

mo = —— —,
max WD (m®s2 — mP)|

14

where m® *%® is obtained from standalone inversion, and m,® is the
model background.

The data weights, W4, are computed component-wise by the mean
of the gravity data and the variance of the MT data, stored as d x d
matrices, and yield the transforms:

39 = wido, as)
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Fig. 1. Vertical sections of the synthetic model: panels A and B show true anomalous density and total resistivity models, respectively; panels C and D present the
standalone inverted density and resistivity models; panels E and F show the jointly inverted density and resistivity models, respectively.

KO @0y = WOAD (), (16)
The error floors of 5% are imposed on the impedances. The data are
further scaled in the joint inversion such that the data misfits on the

first iteration are unity:
RO —

O oy = 42 2777 "
@ (@Y) = ———————,
IR, — dOpp a7

where () is the initial model.
The parametric functional in Eq. (5) is minimized using the reg-

ularized conjugate gradient method outlined in (Zhdanov, 2015):

F = A(f)) — d,
~T ~ ~ ~
1% = F,,W;T; + ¢ W,,,(m — mapr) + 6leV,
g2
6ka = ozk 2’
I _ i

L=B+aT, T =1
58 = MLIH/(E, TP + e ITIR + B Gy, TIP),
il = 8 - 5P, (18)
where d is a concatenated vector of the gravity and MT data
a _ (agrav’ ‘d"MT)T’ (19)

m; is a concatenated vector of the density and resistivity models
computed at iteration k,

Ty = (S, mE, (20)
operator A is a combined matrix of forward operators
~ ~grav
A= [A NMT},
A 2D

and finally, the directions of the steepest ascent for the Gramian sta-
bilizer in Eq. (18) are given by the following formula (Zhdanov, 2015):

19—

n
&= 2 (UG VD

j=1 (22)

If the data misfit converges far above the noise level, the Gramian
constraint is relaxed, and the iterative process is terminated when the
data misfit reaches the noise level or fails to decrease by 1% relative to
the misfit on the previous iteration for three successive iterations.
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4. Synthetic model study

We demonstrate the efficacy of the method of joint Gramian in-
version of gravity and MT data with the synthetic model study shown in
Fig. 1. We use the same inversion parameters, receiver locations, and
data components from the case study in the next section; allowing us to
verify depth resolution of the data. The geomorphology of the synthetic
model is roughly based off the Huang et al. (2015) seismic velocity
model. Three anomalous zones are modeled with different sizes, depths,
and physical properties. The synthetic data are contaminated with 5%
Gaussian noise added to the MT fields and 1% added to the gravity data.

The standalone inverse models highlight the depths where the re-
spective methods lack resolution. The gravity data were largely in-
sensitive to a priori density anomalies placed under the Moho (~45 km
in this region). Conversely, the MT data were sensitive to conductors
placed in the upper crust; however, they were not resolved by the
standalone inversion without their inclusion a priori.

15 T r T T r T T
—o— separate gravity
—e— separate MT
1.25 —6— joint ]

0.75

Percent misfit

0.5

0.25

! L L

0 1 1
0 50 100 150

200
Iteration

250 300 350 400

Fig. 2. Comparison of misfit convergence behavior of the standalone and joint
inverse solutions to the synthetic model. The blue line corresponds to the
standalone gravity misfit, the red line corresponds to the standalone MT misfit,
and the black line corresponds to the joint misfit. (For interpretation of the
references to color in this figure legend, the reader is referred to the web ver-
sion of this article.)
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Fig. 3. Comparison of the observed and predicted data for
standalone and joint synthetic inversions. The observed data
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We contrast the standalone inverse solutions with the jointly in-
verted solutions-both run from homogeneous starting models, where
we find reasonable depth resolution throughout the domain with the
added structural constraint. The jointly inverted models recover three
distinct anomalies which mirror the true models with respect to size,
shape, and location. Both standalone and joint inversions were termi-
nated at a gravity RMS misfit of 0.1 and an MT RMS misfit of 1.5. A
comparison of the misfit convergence behavior for the standalone and
joint inversions is shown in Fig. 2. Observed and predicted data for the
synthetic model are shown in Fig. 3.

5. Summary of the Yellowstone data

The Yellowstone area of the survey and the station map are shown
in Fig. 4. The complete Bouguer anomaly data were downloaded from
the North American gravity database (Hinze et al., 2005). These data
were interpolated onto an equidistantly-spaced grid (10 km spacing),
Fourier transformed, and bandpass filtered to eliminate effects from the
overlying sedimentary basin and the deep mantle. The filter passed
wavelengths of 40-500 km, which should correspond to a depth of in-
vestigation of roughly 6-83km (Hinze et al., 2013). The complete
Bouguer anomaly data used are shown in Fig. 5.

The MT data used in this study were collected as part of the
EarthScope USArray project. MT station spacing is roughly 70 km with
denser coverage provided by a YSRP transect. A significant static shift
was found in the MT data, and was removed using the complex dis-
tortion tensor method of (Gribenko and Zhdanov, 2015; Gribenko and
Zhdanov, 2017). A representative static shift correction is shown in

15
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Fig. 6. We fit the four components of the MT impedance tensor for all
sites, using 16 periods from the interval of 20-3160s.

6. Yellowstone inversion results and discussion

We applied the developed method to gravity and MT data gathered
in the Yellowstone survey area. Inversion parameter testing yielded an
optimal horizontal cell size of 7.75 km, with 36 logarithmically spaced
vertical layers. The inversion domain is extended laterally to 400 X 400
km, and centered about Yellowstone. Both standalone and joint inver-
sions were run with the homogeneous starting models (120 Ohm-m and
—0.001 g/cm3) to provide unbiased results. All inversions were run on
a single 16-core Xeon compute node with 64 GB memory. The standa-
lone inversions converged in 100-300 iterations, while the joint in-
version ran for 900 iterations. Total runtime for the joint inversion was
roughly 4 h. Both standalone and joint inversions were terminated at a
gravity RMS misfit of 0.1 and an MT RMS misfit of 1.7, which was
where the joint inversion converged.

The 3D inverse models are shown in a series of truncated vertical
sections, and compare standalone and joint inverse solutions. The most
striking features in Fig. 7 are two distinct zones of anomalous low
density and resistivity directly underlying the caldera. We infer these to
be zones of upper-crustal rhyolitic and lower-crustal basaltic partial
melt (Huang et al., 2015; Lowenstern and Hurwitz, 2008), which ap-
pear to be fed by a deflected plume trending to the southwest. Tradi-
tional mantle plume models (e.g. Morgan, 1971) were constructed
around a vertical plume; however, newer models (Steinberger et al.,
2004) account for the deflection of plume material by convective
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Fig. 4. Map of the gravity and MT stations used in this study
and the locations of the vertical sections in the Yellowstone
area. The Earthscope MT sites are marked by the blue trian-
gles. The YSRP transect MT sites are shown by the yellow
triangles. Observed and predicted data shown in Figs. 3 and
10 correspond the MT site marked by the green triangle. The
interpolated gravity sites are marked by the black dots. The
solid black line outlines the Yellowstone National Park
boundary. The solid red line outlines the caldera. Solid blue
lines indicate US state borders. The locations of the vertical
sections in Figs. 7 and 11 are shown by the solid white lines
with the labels. The insert map shows the location of the in-
version domain (a black box). (For interpretation of the re-
ferences to color in this figure legend, the reader is referred to
the web version of this article.)
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Fig. 5. Complete Bouguer anomaly data. Panels A and B present the maps of the unfiltered data and the bandpass filtered data used in the inversion, respectively.
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Fig. 6. Representative plots of the MT static shift correction.
The observed data are shown by the red lines, while the blue
lines represent the predicted data. One can see that static shift
is present across all frequencies in the uncorrected im-
pedances (A), but it is removed after correction using a
complex distortion tensor (B). (For interpretation of the re-
ferences to color in this figure legend, the reader is referred to
the web version of this article.)
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Fig. 7. Comparison of standalone and joint inverse solutions — vertical sections along line AA’. Panels A and B show the standalone inverted anomalous density and
total resistivity models, respectively. Panels C and D present the jointly inverted density and resistivity models, respectively.
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Fig. 8. Vertical sections of the joint inverse solutions along profile line AA” with
seismic velocity model from Huang et al. (2015) superimposed. Panel A shows
the jointly inverted density model. Panel B shows the jointly inverted resistivity
model.

mantle flow. The lateral extent of the rhyolitic zone is easily explained
by advective heat transfer via hydrous fluid.

The boundaries of the anomalous zones are reasonably spatially
consistent with anomalous low seismic velocity zones found by Huang
et al. (2015) shown superimposed over our joint inverse solutions in
Fig. 8. There is significant structural correlation with respect to the size,
shape, and location of the rhyolitic zone across density, resistivity, and
seismic velocity models; however, there is disagreement with respect to
the lateral location of the basaltic zone between our inverse models and
the seismic. This depth is where the electromagnetics dominate in the
joint inversion, and it is possible the differences in seismic and MT
station placements and the inversion methods could be the cause. The
next step will be joint inversion of seismic, gravity, and MT data to
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Fig. 9. Comparison of misfit convergence behavior of the standalone and joint
inverse solutions to the Yellowstone model. The blue line corresponds to the
standalone gravity misfit, the red line corresponds to the standalone MT misfit,
and the black line corresponds to the joint misfit. (For interpretation of the
references to color in this figure legend, the reader is referred to the web ver-
sion of this article.)

address this issue. Expandability is a key strength of the Gramian
constraint. The determinant in Eq. (8) can be expanded to a 3 x 3 with
respect to the three models; however, regularization of a parametric
functional incorporating three or more data sets is non-trivial.

A comparison of the convergence behavior of the standalone and
joint inversion is shown in Fig. 9. The observed and predicted data for
profile AA’ are shown in Fig. 10. The vertical sections of the inverse
solutions along profile line BB’ are shown in Fig. 11, and with the
Huang et al. (2015) seismic velocity model superimposed in Fig. 12.

The volumes and melt fractions are estimated from inverted re-
sistivity values and Archie's law (Archie, 1942; Yoshino et al., 2010).
Based on a mean temperature of 800 °C, an assumption of 8% hydrous
fluid and CO, (Chu et al., 2010), and a bulk resistivity isosurface of 10
Ohm-m, we estimate a melt fraction of ~19% and total volume of
8400km® for the rhyolitic zone. Similarly, based on a mean
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Fig. 11. Comparison of standalone and joint inverse solutions — vertical sections along line BB’. Panels A and B show the standalone inverted anomalous density and
total resistivity models, respectively. Panels C and D present the jointly inverted density and resistivity models, respectively.
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Fig. 12. Vertical sections of the joint inverse solutions along profile line BB’
with seismic velocity model from Huang et al., 2015 superimposed. Panel A
shows the jointly inverted density model. Panel B shows the jointly inverted
resistivity model.

Table 1
Estimates of melt fractions and total melt volumes of the upper crustal rhyolitic
and lower crustal basaltic zones of partial melt.

Rhyolitic zone Basaltic zone

Mean temperature 800°C 1100°C
H,0 and CO, 8% 1%

Bulk resistivity 10 Ohm-m 5 Ohm-m
Melt fraction 19% 5%

Total volume 8400 km® 20,900 km®
Melt volume 1600 km® 1000 km®

temperature of 1100 °C, an assumption of ~1% hydrous fluid (Leeman
et al., 2009), and a bulk resistivity isosurface of 5 Ohm-m, we estimate a
melt fraction of ~5% and total volume of 20,900 km® for the basaltic
zone. Multiplying the total volumes by the melt fractions yields
1600 km® rhyolitic melts and 1000 km® basaltic melts. The estimate of
rhyolitic melts is comparable to the last eruption which ejected
1000 km? of rhyolitic material (Christiansen, 2001), and the estimate of
basaltic melts can explain the large CO, flux seen in the caldera. This
data is summarized in Table 1.

7. Conclusions

We have developed a method of joint inversion of gravity and MT
data based on Gramian constraints and applied it to imaging the deep
magma-feeding structure of the Yellowstone supervolcano. Our im-
plementation is based on the integral equation method for computing
gravity and MT data, and on the regularized conjugate gradient method
for minimization of the joint parametric functional.

The synthetic model study demonstrates that the jointly inverted
models tend to more accurately represent the geomorphology of the
target versus the separately inverted models, while still maintaining the
same level of data misfit. We have applied the developed method to
data collected around the Yellowstone volcanic region. The recovered
density and resistivity distributions provide a consistent model of both
the upper-crustal rhyolitic zone of partial melt and the lower-crustal
basaltic zone of partial melt-satisfying expectations from modern
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mantle plume models. Future research will focus on extending these
results by jointly inverting existing seismic, gravity, and MT data ac-
quired around Yellowstone using the developed Gramian approach to
data fusion.
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