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SUMMARY

In this paper we present an accurate and efficient method of
3D inversion of MT data. We address two common problems
of 3D MT inversion: computational time and memory require-
ments. The method is based on an IE formulation of the EM
forward modeling problem. We apply the quasi-Born approx-
imation to compute the Fréchet derivative. This allows us to
use only one rigorous forward modeling per inversion itera-
tion. We have also developed a receiver footprint approach
which dramatically reduces the computer memory needed for
the Fréchet derivative calculations. We apply our 3D inversion
method to the MT data collected in the western United States
as a part of the EarthScope project. The inverted electrical
conductivity distribution agrees reasonably well with geolog-
ical features of the region as well as with 3D MT inversion
results obtained by other researchers.

INTRODUCTION

During the last decade, a number of 3D magnetotelluric (MT)
3D inversion methods has been developed both for academic
and industrial applications (e.g., Sasaki; 2004, Mackie and
Watts, 2004). However, many recent magnetotelluric (MT)
surveys cover vast regions and contain enormous amounts of
data (Green et al., 2008; Patro and Egbert, 2008). Computa-
tional time and memory requirements become prohibitive un-
less one has access to massively parallel electromagnetic (EM)
modeling codes and sophisticated cluster hardware. Siripun-
varaporn et. al. (2005) and Newman and Alumbaugh (1997)
have developed methods of 3D MT inversion for PC clusters.
Such computational resources may not be readily available for
routine interpretation and research. Maris (2007) developed a
method of 3D MT inversion for PCs with multithreaded pro-
cessors, which provides a faster inverse problem solution, but
it still requires a significant amount of memory for storing the
sensitivity (Fréchet derivative) matrix.

In this paper we develop an accurate and efficient method of
3D inversion of MT data which addresses two common prob-
lems of 3D MT inversion: computational time and memory
requirements. Our method is based on an integral equation
(IE) formulation of the EM forward modeling problem. We
apply the quasi-Born approximation to compute the Fréchet
derivative. It is a simplification of the QAVB method described
in Gribenko and Zhdanov (2007). We have developed a new
receiver footprint approach to reduce the computer memory
needed to store the Fréchet derivatives during the inversion
process. Our approach is similar to those described in Cox and
Zhdanov (2006) for airborne EM data inversion. We tested our
method on a simple synthetic model. The test shows that the
footprint approach does not practically affect the inversion re-
sult. However, the computational cost is reduced dramatically.

The new 3D inversion method is applied to the MT data col-
lected in the framework of the NSF EarthScope project. By the
end of 2009 262 MT stations have been collected throughout
Oregon, Washington, Idaho, most of Montana and Wyoming
as a part of the EarthScope project, 139 of which were used
in this analysis. The unique geological structure of Western
United States is very important both for the study of its geody-
namical history, and for understanding physical processes con-
trolling earthquakes and volcanic eruptions. For such a com-
plex region, definitive structural interpretations based purely
on seismological observations may not be sufficient for re-
liable study of the deep earth interior. Conductivity distri-
bution plays a significant role in determining subsurface tec-
tonic activities because of its sensitivity to temperature, pres-
ence of interstitial fluids, melts, volatiles, and bulk composi-
tion (Uyeshima et al., 2002). The conductivity features recov-
ered by our inversion can be attributed to regional geological
specifications and they show similar conductivity trends com-
pared to other published works.

3D MT INVERSION METHOD

Magnetotelluric inverse problem formulation

We can describe the forward MT problem by an operator equa-
tion:

dMT = AMT (∆σ), (1)

where dMT stands for a data vector formed by the components
of the MT impedance, and AMT is the nonlinear forward oper-
ator symbolizing the governing equations of the MT modeling
problem. We use a contraction form of the integral equation
method (Hursán and Zhdanov, 2002) for forward modeling of
the components of MT impedance. The solution of the prob-
lem inverse to (1) can be nonunique and unstable. The conven-
tional way of solving ill-posed inverse problems, according to
regularization theory (Tikhonov and Arsenin, 1977, Zhdanov,
2002), is based on minimization of the Tikhonov parametric
functional:

PMT (m) = φ
MT (m)+αS(m) = min, (2)

where φ MT (m) = ||AMT (m)−dMT ||22 is the misfit functional
between the predicted data AMT (m) and the observed data
dMT , s(m) is a stabilizing functional, and α is a regulariza-
tion parameter.

We solve this minimization problem using the re-weighted reg-
ularized conjugate-gradient (RRCG) method with adaptive reg-
ularization parameter selection (Zhdanov, 2002). Our inver-
sion allows different stabilizers, requiring the solution to pos-
sess certain properties . The most common choice is the min-
imum norm (MN) stabilizer, which favors solutions with min-
imum changes in the produced anomalous conductivity distri-
bution, resulting in a smooth image of the geoelectrical struc-
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tures. In order to obtain a stable solution with sharp geo-
electrical boundaries, we apply focusing stabilizing function-
als. Our scheme provides two choices of focusing functionals:
minimum-support (MS) (Portniaguine and Zhdanov, 1999) and
minimum vertical-support (MVS) stabilizers (Zhdanov et al.,
2007).

In order to use the RRCG method for the minimization of
the parametric functional (2), it is necessary to calculate the
derivative of the data parameters with respect to the model pa-
rameters, a Fréchet derivative, sometimes called a Jacobian or
sensitivity matrix.

Fréchet derivative calculation
To calculate the derivative of the MT impedances with respect
to the anomalous conductivity ∆σ , we apply a variational oper-
ator to expressions of MT impedance. Resulting partial deriva-
tives of the impedance with respect to the field components are
easily obtained by straightforward algebra (Zhdanov, 2009).
The Fréchet derivatives of the field components themselves are
obtained by so-called quasi-Born (QB) approximation. Gribenko
and Zhdanov (2007) described the QAVB method of Fréchet
derivative computation. We use a simplified form of QAVB
for the case of small conductivity perturbation:

FE,H
(

r j | r
)
= ĜE,H

(
r j | r

)
E(n) (r) . (3)

For a number of test cases application of QB formula (3) pro-
vided comparable accuracy to the QAVB Fréchet derivative.
The big advantage of the QB expression is that it results in sav-
ing of computational time and, most importantly, in significant
computer memory savings. Note that, the electric field E(n)

is computed using the rigorous IE forward modeling method,
during the rigorous predicted field computations. Therefore,
no extra computation is required to compute the Fréchet deriva-
tive.

A footprint approach

To further increase computational speed and reduce computer
memory requirements we apply a footprint approach. Cox and
Zhdanov (2007) have developed a similar approach for air-
borne EM data inversion. In the case of conventional inver-
sion, we compute and store full Fréchet derivative matrix, Fi, j
with nonzero elements for all MT stations and inversion cells.
However, it is obvious that the currents induced in the inver-
sion cells located closer to the station will have a greater effect
on the receiver reading than those located further away from
the receiver. In fact, at large distances, this input is negligibly
small. For this reason, we can compute the Fréchet derivatives
for the data observed at a given MT station for the cells located
within the station footprint only. Thus, Fréchet derivatives for
an MT station can be computed and stored only for regions
much smaller than the entire inversion domain, resulting in
dramatic reduction of the computer memory requirements.The
footprint size is determined based on the skin depth consider-
ations, and depending on the proximity of other MT stations.

We apply the footprint approach for the Fréchet derivative cal-
culation only, and not for the computations of the predicted
field. By using all of the cells in the forward modeling com-

putations, we ensure an accurate result for the calculations of
both the predicted fields in the receivers and of the electric
fields in the domains used in formula (3).

NUMERICAL EXAMPLES

Synthetic model
In the first numerical example we compare the performance of
the two inversion methods: a conventional inversion without
a footprint and one based on the footprint approach applied to
the same synthetic dataset. The model consists of a conductive
L-shaped body with a resistivity of 1 Ohm-m located within
a resistive homogeneous background with a resistivity of 100
Ohm-m. The synthetic principle MT impedances were com-
puted for 169 MT stations at 16 different frequencies ranging
logarithmically between 0.0001 and 10 Hz; for a total number
of 5,408 data values. No noise was added to the data in or-
der to see clearly the effects of the footprint. Figure 1 shows
a 3D view of the conductive anomaly in the test model for
which the synthetic data were computed. We have selected

Figure 1: A 3D view of the conductive anomaly in the syn-
thetic model.

an inversion domain with a size of 24 km× 24 km× 10 km in
the x, y, and z directions, respectively. The domain was dis-
cretized into 23,040 cells with the size of each cell equal to
1 km×1 km×0.25 km. It was impossible to make a finer dis-
cretization due to the memory requirements of the nonfootprint
inversion. We have applied a conventional inversion algorithm
and one based on the footprint approach to the synthetic data
computed for this test model. The footprint was defined as a
circle with a radius of 10 km. Both conventional and footprint
inversions converged to the final 2% relative misfit between the
observed and predicted MT impedances after 30 inversion it-
erations, displaying a very similar convergence character. Fig-
ure 2 shows horizontal sections through the models obtained
by the inversion. A cross section of the conventional solution
is shown side by side with the inverse image obtained using
a footprint approach. The results of the two inversions are
quite similar, indicating that the footprint approach is valid.
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The memory consumption by footprint version of the inver-
sion was reduced by almost 40% compared to the conventional
inversion.

Figure 2: Horizontal sections through the inverse models ob-
tained by a conventional inversion algorithm (left panel) and
one based on the footprint approach (right panel).

EarthScope MT data inversion
Figure 2 shows locations of the 232 MT stations partially cov-
ering Oregon, Washington, Montana, Idaho, and Wyoming.
We inverted principal impedances from 139 stations at 12 fre-
quencies - 0.0002, 0.0004, 0.0007, 0.0012, 0.0019, 0.0029,
0.0046, 0.0076, 0.0117,0.0186, 0.0303, and 0.0508 Hz. The
data were selected for inversion based on quality and availabil-
ity of computational resources. Low frequency MT data can
be adversely affected by near-surface conductivity anomalies,
which leads to erroneous interpretation (Smith, 1996). Thus as
the first step field data were corrected for static shift, using a
method described in Green et al., 2008.

For 3D inversion we selected a domain from -150 to 1050 km
in the X direction and 4600 to 5500 km in the Y direction. A
receiver footprint with radius of 250 km was used to compute
and store the Fréchet derivative (Figure 3).

The vertical extent of the inversion domain was down to 700
km, with vertical cell sizes ranging from 0.5 km at the top of
the inversion domain to 50 km at the very bottom. The total
number of inversion cells was 2,764,800. We extended the in-
version domain to a depth greater then the skin depth of the
lowest frequency to allow more flexibility and better data fit.
The results of inversion below 400 km, however, are consid-
ered unreliable. The initial model was selected as a 80 Ohm-
m half-space. Inversion was run for 28 smooth iterations and
normalized misfit decreased from 27 to 8%. Figure 4 shows
an example of the observed and predicted data maps for TM
polarization at the frequency of 0.0076 Hz.

North-South and East-West sections through the recovered re-
sistivity distributions are shown in Figures 5 and 6. The main
conductive anomaly corresponds well to the location of the
Yellowstone plume, recovered from seismic and GPS data (Smith

Figure 3: The 50 km receiver footprint on the left is used for
preliminary inversion runs and the 250 km receiver footprint
on the right is used for final inversion runs. Red regions rep-
resent areas with good data coverage and lime green regions
show areas with no data coverage.

Figure 4: Example of the observed and predicted data maps
for TM polarization at the frequency of 0.0076 Hz. Top panels
show apparent resistivities, bottom panels show phase. Left
panels correspond to the observed data, right panels show pre-
dicted data.
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et al., 2009). Patro and Egbert, 2008, applied 3D inversion to
a subset of the data inverted in this project. Figure 7 shows
a comparison of our results with Patro and Egbert’s. There
is good agreement of shallow conductivity anomalies, which
may correspond to the basalts of the Snake river plane.

Figure 5: North-South sections through the 3D conductivity
distribution recovered by the MT inversion.

Figure 6: East-West sections through the 3D conductivity dis-
tribution recovered by the MT inversion.

CONCLUSIONS

We have developed an accurate and efficient algorithm of 3D
inversion of MT data based on the IE method. The quasi-Born
approximation, a modification of the QAVB method, speeds
up the Fréchet derivative computation significantly, because
the domain electric fields computed in the process of rigorous
solution of IE equations are re-used to compute the Fréchet
derivative. Thus no additional forward modeling is required.
The receiver footprint approach has been utilized to dramati-
cally reduce the computer memory needed to store the Fréchet

Figure 7: Cross-sectional comparison of Patro and Egbert
(2008) results on the left and CEMI results on the right.

derivatives during the inversion process. We have successfully
tested our method on a simple synthetic model of a conduc-
tive body located within a resistive formation. Synthetic data
example shows that the footprint approach produces results
very similar to those of the conventional inversion. At the
same time, the computational cost is reduced dramatically. An
application of the footprint approach allows us to use much
finer discretization of the inversion domain in comparison to
the conventional 3D MT inversion. We have applied the new
method to the regional field MT data, collected as a part of the
EarthScope project. Our study demonstrates that the integral
equation based inversion method can be successfully applied
to real data sets on a regional scale with large data volume.
The geoelectrical model obtained as a result of this inversion
correlates reasonably well with the available seismic informa-
tion and published MT inversion results.
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