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SUMMARY

In this paper we develop a method of 3D inversion of tensor
electric and magnetic field data in induction well-logging ap-
plications. Our method is based on the integral equation EM
field formulation. An efficient Fréchet derivative computation
is achieved by applying the modified Born approximation. The
inversion method is tested on several synthetic models. The re-
sults of inversion show that both magnetic and electric tensor
components can be used in 3D inversion about a single bore-
hole.

INTRODUCTION

We describe a method of 3D inversion of the tensor (multicom-
ponent) induction well-logging data, applicable to both electric
and magnetic field tensors. There is growing interest in de-
veloping advanced techniques for 3D interpretation and imag-
ing of induction well-logging data from a single borehole. It
was demonstrated in several publications (Kriegshauser et al.,
2001; Zhdanov et al., 2004; Wang et al., 2003; Abubakar et
al., 2006 ) that, the tensor induction well-logging (TIWL) in-
strument can be used both for studying the anisotropy of the
formations penetrated by the borehole and for imaging 3D
structures in the borehole vicinity. Gribenko and Zhdanov,
2007a, presented a method of 3D nonparametric inversion of
the TIWL magnetic field data, based on localized quasi-linear
(LQL) approximation (Zhdanov et al. 2004) and on rigorous
updates of the domain electric field (Cox and Zhdanov, 2008).

In this work we extend our interest to not only the magnetic
field but also to the electric field components generated by
the magnetic dipole transmitters. We introduce a new rigorous
method of TIWL data inversion based on integral equation (IE)
forward modeling (Hursán and Zhdanov, 2002). The Fréchet
derivative calculation is based on the modified Born approx-
imation, which has been proven to be an effective and accu-
rate technique for EM data inversion (Gribenko and Zhdanov,
2007b). As a result, the IE-based method of TIWL inver-
sion requires just one forward modeling at every iteration step,
which dramatically speeds up the computations and results in
a relatively fast and economical inversion method. To obtain
a stable solution of a 3D inverse problem we apply regular-
ization method (Tikhonov and Arsenin, 1977) with an option
of focusing stabilizing functional (Portniaguine and Zhdanov,
1999). This stabilizer helps generate a sharp and focused im-
age of anomalous conductivity distribution. We use regular-
ized conjugate gradient method (Zhdanov, 2002) to minimize
parametric functional.

A new algorithm for 3D TIWL data inversion is tested on sev-
eral models of typical 3D structures located in the vicinity of
the borehole. One of the synthetic models considered in this

paper is similar to the oil-water contact model presented by
Abubakar et al. (2006).

ELECTRIC AND MAGNETIC INDUCTION TENSORS

Figure 1 shows schematically a TIWL instrument, contain-
ing three orthogonal transmitter coils and three orthogonal re-
ceivers. Figure 1 also shows the relations between the axes
x′,y′,z′ of the instrument coordinate frame and the axes x,y,
and z, of the medium coordinate frame. The angle α between
z and z′ is a relative deviation of the instrument with respect to
the medium, and angle β is the so-called relative bearing an-
gle. Tensor rotations can be applied to transform field compo-
nents from one coordinate system to another (Zhdanov, et al.,
2001) Three vectors of electric fields due to each of the three

Figure 1: Three mutually orthogonal transmitter coils with mo-
ments Mx′ , My′ , and Mz′ , and three mutually orthogonal elec-
trical receivers oriented parallel to the transmitters. The angle
α between z and z′ is a relative deviation of the instrument with
respect to the medium, and β is the so-called relative bearing
angle.

transmitters have three components each. These three vectors
form an electric tensor given in the matrix representation as
following:
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Similarly, three vectors of magnetic field due to each of the
three transmitters form a magnetic induction tensor:
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The elements of these tensors are the EM field components for
unit magnetic dipole transmitters in the directions of the basis
vectors.

RIGOROUS 3D INVERSION OF TIWL DATA

The TIWL inverse problem
In the TIWL method, the EM field is excited by three mutually
orthogonal magnetic transmitters. Three mutually orthogonal
receivers record magnetic field at some distance from transmit-
ter location. Another set of three mutually orthogonal receivers
located at the same point can record electric fields generated by
transmitters in the medium penetrated by the borehole (Peksen
and Zhdanov, 2003). We can describe the forward TIWL prob-
lem by an operator equation:

d = A(m), (1)

where d stands for a data vector formed by the components
of the electric and/or magnetic field recorded in the receivers,
A is the nonlinear forward operator symbolizing the governing
IE equations, and m is the vector of model parameters, which
consists of the anomalous conductivities of the inversion cells
∆σ . The purpose of the inversion is to recover the anomalous
conductivity distribution ∆σ by solving the operator equation
(1). The problem of finding ∆σ is ill posed, i.e., the solu-
tion can be nonunique and unstable. The conventional way
of solving ill-posed inverse problems, according to regulariza-
tion theory (Zhdanov, 2002), is based on minimization of the
Tikhonov parametric functional:

P(m) = φ(m)+αS(m) = min, (2)

where φ(m) = ||A(m)−d||22 is the misfit functional between
the predicted data A(m) and the observed data d, s(m) is a
stabilizing functional, and α is a regularization parameter.

Minimization of parametric functional
The common approach to minimization of the parametric func-
tional P(m) (2) is based on using gradient-type methods. In
the case of a minimum-norm (MN) stabilizer, we can solve this
minimization problem using the regularized conjugate-gradient
(RCG) method. The algorithm of the RCG method can be
summarized as follows (Zhdanov, 2002):

Rn = A(m)−d
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where k̃αn
n is the step length, lαn

n is the gradient direction com-
puted using an adjoint Fréchet derivative matrix, F∗n, and αn are
the subsequent values of the regularization parameter. Matri-
ces Wd and Wm are the data and model parameter weighting
matrices, respectively.

In the case of focusing inversion with minimum-support (MS)
and minimum vertical-support (MVS) stabilizers (Zhdanov et
al., 2007), we use the re-weighted regularized conjugate-gradient
(RRCG) method introduced in Zhdanov (2002).

NUMERICAL EXAMPLES

Model 1
To test the developed algorithm we use the model shown in
Figure 2. The model consists of one resistive and one conduc-
tive L-shaped anomaly located at different depths on opposite
sides of the borehole. Figure 2 is a 3D image of the anoma-
lous conductivity distribution, showing only anomalous bod-
ies and positions of transmitters (stars) and receivers (circles).
The background resistivity is of 20 Ohm-m, the resistivity of
the conductive anomaly is 10 Ohm-m, and that of the resis-
tive anomaly is 100 Ohm-m. We tested the algorithm with the

Figure 2: 3D view of true Model 1. The figure show the re-
gions with the anomalous conductivity only. The stars show
the transmitter locations, while circles represent the receivers.

data at multiple frequencies (1, 10, and 100 kHz), and mul-
tiple transmitter-receiver separations (0.33, 1, and 2 m). The
synthetic observed TIWL data were computed by the IE code
INTEM3D (Hursán and Zhdanov, 2002) for twenty one instru-
ment positions with nine different components of the observed
field at three frequencies and three separations, forming a to-
tal of 1701 data points. All nine components of the magnetic
induction tensor and all nine components of the electric tensor
were used in inversion as input data.

With appropriate data weighting, the developed algorithm al-
lowed us to jointly invert magnetic and electric field compo-
nents. We applied joint inversion to both magnetic and electric
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induction tensors. Figure 3 shows a 3D image of the inver-
sion result recovered by joint inversion. We have also achieved
good data fit by joint inversion with the normalized error reach-
ing less then 2% after 100 iterations.

Figure 3: 3D image of the anomalous conductivity distribution
recovered by the joint inversion of the magnetic and electric
induction tensors for Model 1.

Model 2
The second model that we investigated is similar to the water-
oil contact model considered by Abubakar and Habashy (2006).
We use a homogeneous half-space with 20 Ohm-m resistivity
as a background for this model. The formation consists of a
water layer with 10 Ohm-m resistivity and a water-oil contact
region. The conductivity of the oil is 100 Ohm-m and that of
the water is 10 Ohm-m. Figure 4 represents a 3D view of the
anomalous conductivity distribution in the true Model 2, and
Figure 5 is a vertical section through the same model.

Figure 4: 3D view of the true Model 2. Only anomalous re-
gions are shown. The stars show the transmitter locations, and
the circles represent the receivers.

The joint inversion of magnetic and electric field tensors was
applied to the model data. 20 Ohm-m half-space was used as

Figure 5: Vertical section through the true Model 2.

initial model for the 3D inversion. Inversion domain consisted
of 14440 cells 0.2x0.2x0.2 m3 in size. Figure 6 shows the con-
vergence curve. The normalized error reached less then 1% in
100 iterations. Figures 7 and 8 show the plots of the real and
imaginary parts of the observed and predicted fields for one of
the transmitter directions, Y, at 20 kHz frequency.

Figure 6: Normalized error behavior during joint inversion of
the electric and magnetic field components for Model 2.

Figure 9 shows a 3D image of the inversion result, display-
ing only cells with anomalous conductivity larger then 50% of
the maximum anomaly present in the distribution. Figure 10
represents vertical section through the inversion result. The in-
verted conductivity distribution is a good representation of the
true model shown in Figures 4 and 5.

CONCLUSION

In this paper we have investigated a new method of induction
logging based on both magnetic and electric field measure-
ments. We have developed a new method of inversion of TIWL
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Figure 7: Plots of the real parts of the observed and pre-
dicted anomalous electric and magnetic fields excited by the
Y-directed transmitter component for the Model 2 at a fre-
quency of 20 kHz. The different colors correspond to different
transmitter-receiver separations, the lines show the observed
fields, and the dots represent the predicted fields.

Figure 8: Plots of the imaginary parts of the observed and
predicted anomalous electric and magnetic fields excited by
the Y-directed transmitter component for the Model 2 at a fre-
quency of 20 kHz. The different colors correspond to different
transmitter-receiver separations, the lines show the observed
fields, and the dots represent the predicted fields.

data based on IE forward modeling. The important compo-
nent of this method is the Fréchet derivative calculation using
the modified Born approximation. This technique allows us to
simplify the inversion algorithm and to use just one forward
modeling in every iteration step, which speeds up the compu-
tations and reduces the computer memory requirements. By
introducing appropriate data weights we were able to jointly
invert electric and magnetic components of the TIWL data suc-
cessfully. The electric and magnetic components complement
each other, providing a better image of the conductivity distri-
bution in the formation penetrated by the borehole.

Figure 9: 3D image of the anomalous conductivity distribution
recovered by the joint inversion of the magnetic and electric
field components for Model 2.

Figure 10: Vertical section through the anomalous conductiv-
ity distribution recovered by the joint inversion of the magnetic
and electric field components for Model 2.
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